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PREFACE. 



'T^lIE following work is not a republication of a former trea^ 
tiae by the Autlior, entitled, The Mathematical Analysis 
of Logic." Its earlier portion is indeed devoted to the same 
object, and it begins by establishing the same system of fmiila- 
mentai laws, hot its methods are more genera]» and its nmge of 
applicatiofis far wider. It exhibits the results, matured by some 
years q£ study and reflection, of a principle of inTCStigation re- 
lating to the intellectoal operatioinB, the prerions exposition of 
which was written within a few weeks after its idea had been 
ooneeiTed* 

That portion of this work which relates to Logic presupposes 
in its reader a knowledge of the most important tenns of the 
aoienee, as usQaUy treated, and of its general object. On these 
points there is no better guide than Archbishop Whately's 
«« Elements of Logie," or Mr. Thomson's Outlines of the Laws 
of Thought." To the former of these treatises, the present re* 
TiTai of attention to this class of studies seems in a great measure 
doe. Some aoquaintanee with the principles of Algebra is also 
requisite, but it is not necessary that this application should have 
been carried beyond the solution of ample equations. For the 
6tudy oi' those chapters which relate to the theory of probablUties, 
• somewhat larger knowledge of Algebra is requbed, and espe- 
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dally of the doctrine of Elimination, and of the solution of Equa- 
tions containing more than one unknown qnanti^. Preliminary 
information upon the subject-matter will be found in the special 
treatises on Probabilities in Lardner's Cabinet CydopaBdia," 
and the " Libraty of Usefiil Knowledge," the former of these by 
Professor De Morgan, the latter by Sir John Lubbock ; and in 
an interesting series of Letters translated from the French of 
M. Quetelet. Other references will be given in the work. On a 
first perusal the reader may omit at his discretion. Chapters x., 
XIV., and xix., together with any of the applications which he 
may deem uninviting or irrelevant. 

In difierent parts of the work, and especially in the notes to 
the concluding chapter, will be found references to various writers, 
ancient and modem, chiefly designed to illustrate a certain view of 
the liidtory of philosophy. With respect to these, the Author 
thinks it proper to add, that he has in no instance given a cita- 
tion which he has not believed upon careful examination to be 
supported either by parallel authorities, or by the general tenor 
of the work from which it was taken. While he Would ^adly 
/have avoided the introduction of anything which might by pos- 
sibility be construed into the parade of learning, he felt it to be 
due both to his subject and to the truth, that the statonients in 
the text should be accompanied by the means of yerification. 
And if now, in bringing to its close a laboiur, of the extent of 
which few persons will be able to judge from its apparent fruits* 
he may be permitted to speak fi>r a single moment of the feelings 
with which he has pursued, and with which he now lays aside, 
his task, he would say, that he never doubted that it was worthy of 
his best efforts; that lie felt that whatever of truth it might bring 
to light was not a private or arbitrary thing, not dependent, as to 
its essence, u[X)n any human opinion. He was fully aware that 
learned and able men maintained opinions upon the subject of 
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Lo^ directly opposed to the views upon which the entire argu- 
ment and procedure of his work rested. While he believed those 
opinions to be erroneous, he was conscious that his own views 
might insensibly be warped by an influence of another kind. He ' 
ielt in aii cs])€cial muuuer tlie clanger oi'that intellectual bma whicU 
long attention to a particular aspect of* truth tends to produce. 
But he trusts that out of this conflict of opinions the same truth 
will but emerge the more free from any personal admixture ; that 
its diflferent parts will be seen in their just proportion ; and that 
none of them will eventually be too highly valued or too lightly 
regarded because of the prejudices which may attach to the 
mere fomi of its exposition. 

To his valued friend, the Kev. George Stephens Dickson, 
of Lincoln, the Author desires to record his obligations for much 
kind assistance in the revibion of this work, and for some impor- 
tant suggestions. 

5, GuMvujii-PLACB, Cork, 
Nop. 30tk, 1853. 
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AN INVESTIGATION 



THE LAWS OF THOUGHT. 

CHAPT£B L 

NATUBB AND DI8ION OF THM WOEK. 

1. nnH£ design of the following treatiae la to investigate the 
fundamental kwaofthoeeopemliona of the mind by which 

resBoning is performed ; to give expression to them in the symboli- 
cal langiiaf:^e of aCalculuy, and upon this foundation to establish the 
science of Logic and construct its method » to make that method . 
itaelf thefaaaiaof a general method for the applicataon <tf the nu^ 
thematical doctrine of Fkobahilities ; and, finally, to oolleet from 
the Tarions dements of troth brought to view in the eonrse of 
these inquiries some probable intimations concerning the nature 
and constitution of the human mind. 

2. That this design is not altogether a novel one it is almost 
aeedlesB to remaik, and it is well known that to its two main 
praetioal divisions of Logic and Probabilities a very conriderable 
fhare of the attention of philosophers has been directed. In its 
ancient and scholastic form, indeed, the sul)jcct of Logic stands 
almost exclusively associated with the great name of Aristotle. 
As it was presented to ancient Grreeoe in the partly technical, 
partly metaphyseal disqnimtions of the Organon, such, with 
seaiedy any essential change, it has conlinned to the present 
day. The stream of original inquiry has rather been directed 
towards questions of genend philosophy, which, though they 
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have arisen among the disputes of the lo^dans, have outgrown 

their origin, and given to suocessive ages of epecuUtion their pe- 
culiai' bent and character. The enis of Porphyry and Prochis, 
of Anselm and Abelard, of Bamus, and of Descartes, together 
with the final protests of Baoon and Locke, xise up before the 
mind as examples of the remoter influenoes of the study upon the 
course of human thought, partly in suggesting topics fertile of 
discussion, partly in provoking remonstrance against its own un- 
due pretensions. The history of the theory of Probabilities, on 
the other hand* has presented fiur more of that character of steady 
growth which belongs to science. In its origin the early genius 
of Pascal, — in its maturer stages of development the most recon- 
dite of all the mathematical speculations of Laplace, — were direct- 
ed to it^ improvement ; to omit here the mention of other names 
scarcely less distinguished than these. As the study of Logic has 
been remarkable for the ^dred questions of Metaphysics to 
which it has given occasion, so that of Probabilities also has been 
remarkable for the impulse which it has bestowed upon the 
higher departments of mathematioal science. Each of these sub- 
jects has, moreoTer, been justly regarded as having relation to a 
specolatiye as well as to a practical end. To enable us to deduce 
correct inferences from given premises is not the only object of 
Logic ; nor is it the sole claim of the theory of Probabilities that 
it teaches us how to establish the business of life assurance on a 
secure basis ; and how to candense whatever is valuable in the 
records of innumerable observations in astronomy, in phyncs, or 
in that field of social inquiry which is fiist a^jsuming a character 
of great nnportance. Both these studies have also an interest 
of another kind, deiived &om the li^t which they shed upon 
the inteUeotual powers. They instruct us concerning the mode 
in which language and number serve as instrumental aids to the 
processes of reasoning ; they revciil to us in some degree the 
connexion between different powers of our common intellect; 
they set before us what, in the two domains of demonstratiye and 
of probable knowledge, are the essential standards of truth and 
correctness, — standards not derived from without, but deeply 
founded in the constitution of the human faculties. These ends 
of speculation yield neither in interest nor in dignity, nor yet, it 
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mftj be added, iu iiuportsnoe, to the practical objects, with the 
pmiiit of whioh ihej have been historically associated. To voh 
*V ffrr*^ l»wa and rektkNie of thoee high fiMSulties of 
^ngglil by which all bejond the merely perceptive knowledge 
of the world and ul our^elvea is attained or nmturetl, id an object 

which does not stand in need of commendation to a rational 
aund. 

3. fioi althoogheortam parte ofthedenga of this wotk ha 
hmm eBtertemed hf others, ite general coaeepCion» ito method, 
and, to a l un-idi rable extent, its results, are Mieved to be ori- 
ginal* i; or tiua reason I shall offer, in the present chapter, some 
pnpaimtory atatemento and ezpknatioiM, m order that the real 
mm of tUa treatiaa bh^ be imdenlood, and ^ tnalmenl of Ha 
a^Keel ftoifitated. 

It id de»i{j:ncd, in the firdt place, to investigntc the fundamen- 
tal laws of those operations of the miud by which reasoning is 
p a ri b w wd. It ia inmaf—aiy to enter here into any aigomeni to 
fmt thai the op er atio n a of the mind are ia a eartain real aenae 
aahjeet to lawa, and that a science of the mind is therefore possible. 
if the^ are quefttions which admit of douI)t, that doubt id not 
to be met by an endeavour to settle the i)oint of dispute d priarit 
hoi bf diractii^ the attaotiop of the objeoter to the evideoee of 
aehial hwa, by reftnring himtoanactoalacianee. Andthnathe 

i<.lutiMn of that doubt would belong not to the introduction to 
this treati<ie, but to the treatise itdelf. Let the assumption be 
gmtod, that a seieDoe of the inteUeetoal powers ia poaadde, and 
let «a Ar a aooMnt eoi»d» how the knowledge of it ia to be 
eotaiwen 

4. Like all other r»ciencc.«, that of the intellectual operations 
Mat primarily rest upon observation, — the subject of such ob» 
aarvalaoa being the ireiy operationa and pcooeaaea of whioh wo 
dariMtodeteraunethelawa. Biitwh3e the aeoeasity of aibim* 
datioa in experience is thus a condition common to all sciences 
iburv are some f«j)ecial differences U-twcen the modes in which 
this principle becomes available for the determination of general 
tnrtha vhaa the aabjeet of inquiry ia the miad, aad whea the 
aa ij a et ia eatgaai aatore. To theae it ia aeoeasary to dveet 

lilFWti oil- 

B 2 
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The general Isws of Nature are not, Ant the most part, imme-> 

diate objects of perception. They are either inductive inferences 
from a large body of facts, the common tnith in which they ex- 
preas, or, in their origin at least, physical hypotheses of a cauaal 
nature serving to explain ph«nomena with nndeviating pieoinon, 
and to enable na to prediot new oombinationB of them. They 
are in all cases, and in the strictest sense of the tenn, 'probable 
conclusions, approaching, indeed, ever and ever nearer to cer- 

^tainty, aa they receive more and more of the confirmation of ex- 
perience. Bnt of the character of probability, in the strict and 
proper sense of that term, they are never wholly divested. On the 

^other hand, the knowledge of the laws of the mind does not require 
as its basis any extensive collection of observations. The general 

\ truth is seen in the particular instance, and it is not confirmed 

\}>y the repetition of instances. We may illustrate this position 
by an obvious example. It may be a question whether that fbr^ 
mula of reasoning, Avhich is called the dictum of Aristot le, de omni 
et ntUlOf expresses a primary law of human reasoning or not ; but 
it is no question that it expresses a general truth in Logic. Now 
that truth is made manifest in all its generality by reflection 
upon a single instance of its application. And this is both aa 
e\ndence that the particular j)rinciple or formula in question is 
founded upon some general law or laws of the mind, and an illus- 
tration of the doctrine that the perception of such general truths 
is not derived from an induction from many instances, but is in- 
volved in the dear apprehension of a single instance. In con- 
nexion with tliis truth is seen the not less importimt one that 
our knowledge of the laws upon which the science of the intellec- 
tual powers rests, whatever may be its extent or its deficiency^ is 
not probable knowledge. For we not only see in the particular 
example the general truth, but we see it also as a certain truth,-^ 
a truth, our confidence iii which will not continue to increase 
with increasing experience of its practical verifications. 

6. But if the general truths of Logic are of such a nature that 
when presented to the mind they at once command assent, 
wherdn consists the difficulty of constructing the Science of 
Logic? Not, it may be answered, in collecting the materials of 
knowledge, but in discriminating their nature, and determining 
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tlieir mutual place and relation* All sdenoee oonoBt of general 
trot]i8» but of thoee tnitha eome only are primaiy and fundamen- 
tal, othere are secondary and deriyed. The laws of elliptic mo- 
tion, discovered by Kepler, are general truths in aistrononiy, but 
they are not its fundamental truths. And it is so also in the 
purely mathematical sciences. An almost boundless diversity of 
tfaeoremsy which are known, and an infinite poenbility of others, ^'^'^^ * 
as yet unknown, rest together upon the fbundation of a few dm- 
pie axioms ; and yet these arc all general truths. It may be ^' 
added, that they are truths which to an intelligence sufficiently 
refined would shine forth in their own unborrowed light, with- 
out the need of thoee connecting links of thought, those steps 
of wearisome and often painful deduction, by which the know- 
ledge of them is actually acquired. Let us define as fundamental 
those laws and i)rinci])le3 from which all other general truths of 
acience may be deduced, and into which they may all be again 
resolved. Shall we then err in regarding that as the true sdence 
of Logic which, laying down certain elementary laws, confirmed 
by the Tery testimony of the mind, permits us thence to deduce, 
by uniform processes, the entire chain of its secondary conse- 
quences, and furnishes, for its practical applications, methods of 
perfect generality ? Let it be considered whether in any science, 
viewed either as a system of truth or as the foundation of a prao- 
tieal art, there can properly be any other test of the completeness 
and the fundamental character of its laws, than the completeness 
of its system of derived truths, and the generality of the methods 
which it serves to establish. Other questions may indeed pre- 
sent themsdyes. Convenience, prescription, individual prefe- 
rence, may urge their claims and deserve attention. But as 
r e s pe cts the question of what constitutes science in its abstract 
integrity, I apprehend that no other considerations than the 
abov e arc properly of any value. 

6. It is designed, in the next place, to give expression in this 
treatise to the fondamental laws of reasoning in the symbolical 
knguage of a Calculus. Upon this head it will sufSce to say, that 
those laws are such ik> to suggest this mode of expression, and 
to give to it a peculiar and exclusive fitness for the ends in view. 
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There is not onlj a doee analogy between the operations of the 
mind in general raeoning and its operatbns in the- partaonlar 
fldenoe of A]gebra» bat there is to a considfinibleeztent an exact 
agreement in the laivs by which the two bbmee of operations are 

conducted. Of course the laws must in both cases be determined 
independently ; any formal agreement between tibem can only be 
established a pa$teriori by actual comparison. To borrow the 
notation of the ecience of Number, and then assume that in ite 
new application the laws by which its use is goyemed will remain 

' unchanged, would be mere hypothesis. There exist, indeed, 
certain general principles founded in the very nature of language, 
by which the use of symbols, which are but the elements of 
soientific langnsge» is detennined. To a oerlain extent these 

^ elements are arbitrary. Their interpretation is purely conyen- 
taonal : we are permitted to employ them in whatever sense we 
please. But tliis permission is limited by two indispensable con- 
ditions, — iirst, that irom the sense once conventionally established 
we never, in the same process of reasoning, depart; seooQdly» 
that the laws by whidi the process is conducted be ^Mmded ex-^ 
chirively upon the above fixed sense or meaning of llie symbols 
employed. In accordance with these principles, any agreement 
which may be established between the laws of the symbols of 
Logic and those of Algebra can but issue in an agreement of pro* 
cesses. The two provinces of interpretation remain apart and 
independent, each subject to its own laws and conditions. 

Now the actual investigations of the following pages exhibit 
Logic, in its practical a^ipect, as a system of procet^ses carried on 
by the aid of symbols having a definite interpretation, and sub* 
ject to laws founded upon that interpretation alone. But at the 
same tame they exhibit those laws as identicsl in ftnn witii the 
laws of the general symbols of algebra, with this single addition, 
viz., that the symbols of Logic are further subject to a special 
law (Chap. II.), to which the symbols of quantity, as such, are 
not subject. Upon the nature and the evidence of this law it is not 
purposed here to dwelL These questions will be ftQly discussed 
-in a future page. But as constituting the essential ground of 
difference between those forms of infereuce with which Logic is 
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co nver wnti and thoie wluch preeent themflelves in the portieubr 
mamoe of Number, the law m question is deserving of more 
than a passing notice. It may be said that it lies at the very 
foundation of general reasonincr, — that it governs those intellec- 
tual acta of conception or of imagination wliich are preliminary to i 
ihe pmesses of logical deductiony and that it gives 4io the pro-I 
ceases themselves much of thdr aetual form and expsession. It ) 
may hence be affirmed that this Ikw constitutes the germ or semi* 
nal principle, of which every approximation to a general method 
in Logic is the more or less perfect development. 

7. The pcindple has alrsadj been laid down (5) that the 
soffioiency and tnlj fhndamental oharaoter of any assumed sys- 
tsm of laws m the sdenee of Logic must parity be seen in the 
perfection of the methods to which they conduct us. It remains, 
then, to consider what the requirements of a general method in 
Logic are, and how &r they are fulfilled in the system of the pre- 
sent wofk» 

Logic is conversant with two Unds of relations, — ^relations 

among things, and relations among facts. But as facts arc ex- 
pressed by propoeitionS} the latter species of relation may, at 
least for the purpoees of Lo^c, be resolved into a relation among 
ptofMMitioiia. The a ss e rt io n that the fiMSt or event is an inv»> 
liaUa ooosequent of the ftot or event B may, to thb extent at 
Wast, be regarded as equivalent to the assertion, that the truth 
of the proposition affirming the occurrence of the event B always 
imphes the truth of the proposition affirming the occurrence of 
the events. Instead^ then, of saying that Logic is conversant 
with lehtioiis among things and lektions among ftots,* we are 
permitted to say that it is concerned with relations among things 
and relation:? amonj; propositions. Of the former kind of relations 
we have an example in the proposition — All men are mortal;*' 
of the latter kind in the proposition — Jf the sun is totally 
ecKpaed, the stan will become vistble." The one expresses a re* 
lation be t w e en ^^men" and mortal bdngs," the other between 
the elementary proyiositions — " The sun is totally eclipsed ;** 
The stars will become visible.*' Among such relations 1 sup- 
pose to be included those which affirm or deny existence with 
isipeol to thing*, and those which affirm or deny truth with re> 
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spect to proportions. Now let those thingB or those propoatioiis 
among which relation is expressed be termed the elements of 
the propositions by which such relation Lb exoreased. Proceed- 
( ing from this definition, we may then say thati the premitei of any 
\ logical argument expeen given relations among certain element8» 
and that the conehuUm must express an implied relationf among 
those elements, or among a part of tliein, i. e* a relation implied 
by or inierentially involved in the premises. 

8. Now this bdng premised, the xequixementB of a general 
method in Logic seem to be the foUomig : — 

let. As the conclusion must express a relation among the 
whole or among a part of the elements involved in the premises, 
it is requisite that we should possess the means of eliminating 
those elements which we desire not to iqppear in the condusioo, 
and of determining the whole amount of relation implied by the 
premises among the elements which we wish to retiun. Those 
elements which do not present themselves in the conclusion are, 
in the language of the common Logic, called middle terms ; and 
the spedes of elimination exemplified in treatises on Logic consists 
in deducmg from two propositions, containing a common element 
or middle term, a coiichision connecting the two remaining terms. 
But the problem of elimination, as contemplated in tliis work, 
possesses a much wider scope. It proposes not merely the elimi- 
nation of one middle term from two proposilions, but the elimi- 
nation generally of middle terms from propositions, without 
regard to the number of cither of them, or to the nature of their 
connexion. To this object neither the processes of Logic nor 
those of Algebra, in their actual state, present any strict parallel. 
la the latter science the problem of elimination is known to be 
limited in tiie following manner : — From two equations we can 
eliminate one symbol of quantity ; from three equations two 
symbols ; and, generally, from n equations n ~ 1 symbols. But 
though this condition, necessary in Algebra, seems to prevail in 
the existing Logic also, it has no essential place in Logic as a 
sdence. There, no relation whatever can be proved to prevail 
between the number of terms to be eliminated and the number 
of propositions from which the elimination is to be effected. 
From the equation representing a single propodtion» any num- 
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ber of symbols representing terms or elements in Logic may be 
cfindnated ; and from any number of equations representing pro* 
poBtkmSy one or any other nimiber of symbols of this kind may 
be diranwted in a sinular manner. For snoh elimination there 

exists one general procej?s applicable to all crises. This is one of 
the many remarkable consequences of that distinguishing law of 
the symbols of Logic* to which attention has been akeady 
directed* 

Sndly. It should be mdun the province of a general method 
in Logic to express the final relation among the elements of the 

conclui*ion by any admissible kind of pi*oposition, or in any se- 
lected order of terms. Among varieties of kind we may reckon 
those which logicians have designated by the terms categorical, 
hypotheticaly di^nnctive» To a choice or selection in the • 
Older of the terms, we may refer whatsoever is dependent upon 
the appearance of particular elements in the subject or in the 
predicate, in the antecedent or in the consequent, of that ]n opo- 
sition which foruiti the conclusion." But waving the language 
of the sduK^ let ns consider what really distinct species of 
problems may present themsdves to our notice. We have seen 
that the dements of the final or inferred lelatlon may either be 
things or propositions, Su[)pose the Ibrmer C4U?e ; then it might 
be required to deduce from the premises a definition or description 
of some one thing, or dass of things, constituting an element of 
the oonclumon in terms of the other things involved in it* Or 
we might fi>rm the conception of some thing or class of things, 
involving more than one of the elements of the conclusion, and 
re(|uirc its expres^sion in terms of the other elements. Again, 
suppose the elements retained in the conclusion to be propo- 
sitioos, we might desire to ascertain soch points as the following, 
viz.. Whether, in virtue of the premises, any of those propo- 
ntions, taken singly, are true or false ?— Whether particular 
combiiuit ions of them are true or false? — Whether, assuming a 
particular proposition to be true, any consequences will fbllow, 
and if 80^ what consequences, with respect to the other propo- 
rtions ?— ^Whether any particular condition being assumed with 
reference to certain of the propositions, any consequences, and 
what coudcqucnccd, will follow with respect to the others ? and 
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80 on. I say that these are general questions, which it should 
fidl within the aoope or province of a general method in Lo^ to 
solve. Perhaps we mi^t indade them all mider this one state* 
ment of the "final problem of practieal Lo^c. Given a set of 

premises expressing relations among certain elements, whether 
things or propositions : required explicitly the whole relation 
oonaeqnent among ta^ of those elements muder any proposed 
conditions, and in any proposed form. That this pioblemy under 
all its aspects, is resolvable, will hereafter appear. But it is not 
for the sake of noticing this fact, that the above inquiry into the 
nature and the functions of a general method in Logic has been 
introduced. It is nec e s sa ry that the reader should qyprehend 
what axe the spedfic ends of the investigation upon which we 
are entering, as well as the prindples which are to guide us to 
the attainment of them. 

9* Possibly it may here be said that the Logic of Aristotle^ 
in its rules of syllogism and conversion, sets forth the el^nentary 
processes ofwfaioh all reasoning consists, and that beyond these, 
there is ndther scope nor occaaon for a general method. I have 
no desire to point out the defects of the common Logic, nor do I 
wish to refer to it any further than is necessary, in order to place 
in its true li^t the nature of the p rese nt treatibe. With this 
end alone in view» I would nauA : — Ist. That syllogism, con* 
version, &c., are not the ultimate proc^ses of Lo^c. It will 
be shown in this treatise that they are founded ui)on, and arc re- 
solvable into, ulterior and nior'^ >:imple processes which constitute 
the real elements of method in Logic Nor is it true in ftet that 
all inftrenceis redndble to the particolar forms of syllogism and 
conversion. — Vide Chap. xv. 2ndly. If all inference were re- 
ducible to these two processes (and it lia8 been maintiiined that 
it is redu(nble to syllogism alone), there would still exist the 
same necessity for a general method. For it wouki still be re- 
quisite to determine in what order the processes should succeed 
each other, as well as their particular nature, in order that the 
desired relation should be obtained. By the desired relation I 
mean that full reUtion which, in virtue of the premises, conuecta 
any eLemeots selected out of the inremises at will, and whioii, 
moreover, expresses that cdatioa in aaydesuedfonn and <wder. 
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ire judge firom the matiieiiuttuMd eoieiioeB, wbioh are the 
Bost pef^Mst examples of method kiiowii» ihia Hretthe fbnetioii 

of Method constitut^js its chief office and distmctkm* The fun- 
damental processes of arithmetic, for instance, arc in themselves 
but the elements of a possible science. To assign their nature is 
the first biisiaess of its method, but to amoge their sncoessioiii 
is tta eubeeqaent and higher iimction.' In the more complex 
examples of logical deduction, and eepecaally in those which ^om 
a btuiis for the solution of difficult questions in the theory of 
Probabilities, the aid of a directive method, such as a Calculus 
alone can supply, is indispensable. 

10. Whence it is that, the ultimate J yws of Lopo aremath^ 
matical in their fbnn ; why they are, except in a single pomt, 
jdentkaLBdth the general Liws of jSumbcr.; and why in that par- 
ticular point they differ ; — arc questions ujwn which it might not 
be very remote fiom presumption to endeavour to pronounce a 
pOBtive judgment. Ph>bably they lie bqr^md the reach of our 
linated fimlties* It may, perhaps, be permitted to the mind to 
attain a knowledge of the laws to which it is itself subject, with- 
out its being also given to it to understand their ground and 
origin, or even, except in a very limited degree, to comprehend 
their fitness fx their end, as compared with other and conceivable 
syatems of kir. Such knowledge is, indeed, unneoeasaiy for the 
ends of sdenee, which properly concerns itself with what is, and 
seeks not for grounds of preference or reasons of appointment. 
These considerations furnish a sufficient answer to all protests 
agunst the exhibition of Lo|^ in the form of a Calculus. It is 
not because we ciioose to assign to it such a mode of manifte- 
tation, but because the ultimate laws of thought render that mode 
possible, and ])rescribe its character, and foibid, as it would 
seem, the perfect manifestation of the science in iiny other form, 
that such a mode demands adoption. It is to be remembered 
that it is the buaness of science not to craate laws, but to discover 
them. We do not originate the constitiition of our own minds, 
greatly as it may be in our power to modify their character. 
And as the laws of the human intellect do not depend upon our 
will, so the forms of the science, of which they constitute the ba- 
as, are in all essential regards indq^dent of individual choice. 
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I L Beside the general statement of the prindples of the 
above method, this treatise will exhibit its applioation to the 
analysb of a oonnderable iranety of propositioiis, and of trains of 

propositions constituting the premises of demonstrative argu- 
ments. These examples have been selected from various writers, 
they differ greatly in complexity, and they embrace a wide range 
of subjeots. Though in this particular respect it may appear to 
some that too great a latitude of choioe has been ezerdsed, I do 
not deem it necessary to oflfer any apology upon this acoonnt. 
That Logic, as a science, is susceptible of very wide applications 
is. admitted ; but it is equally ccrtmn that its ultimate forms and 
processes are mathematical. Any objection d priori which may 
therefore be supposed to lie against the adoption of such forme 
and processes in the discnsnon of a problem of morak or of g^ 
neral philosophy must be founded upon misapprehension or Ihl.^e 
analogy. It is not of the essence of matheniatics to be conversant 
with the ideas of number and quantity. Whether as a genenil 
habit of mind it would be desirable to apply symbolical processes 
to moral aigomenty is another question. Possibly^ as 1 have 
elsewhere observed,* the perfection of the method of Logic may 
be chiefly valuable ixa an evidence of the speculative truth of its 
principles. To supersede the employment of common reasoning, 
or to subject it to the rigour of technical forms, would be the last 
desire of one who knows the Tslue of that intellectnal toil and 
warfare which imparts to the mind an athletic vigour, and teaches 
it to contend with diihculties, and to rely upon itself in emer- 
gencies. Nevertheless, cases may arise in which the value of a 
scientific procedure, even in those things which fall confessedly 
under the ordinary dominion of the reason, may be Mt and ac- 
knowledged. Some examples of this kind will be found in the 
present work. 

12. The general doctrine and method of Logic above ex- 
plained ibnn abo the basis of a theory and corresponding method 
^ of PtobabiUties* Accordingly, the development of such a theorj 
and method, upon the above principles, will constitute a distinct 
object of the present treatise. Of the nature of this api)lication 
it may be desirable to give here some account, more especially as 

• Ma th iinatifls l Anslyito of Logic. Loodoa: G. BelL 1847. 
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regMrds the chamotar of the solutioDs to which it leads* In oon- 
aeadon with tide object some fiirtfaer detail will be leqddte con- 
emaag the fosnm in whidi the xesulte of the logioal analysis an 
pmentcd. 

The ground of this necessity of a prior method in Logic, as 
the bade of a theory of Probabilities, may be stated in a &w 
wotda. Before we can determine the mode in which the expected 
frequency of ocoorrence of a particular event Is dependent upon [ 
the known frequency of occurrence of any other events, we most be 
acquainted with the mutual dependence of the events themselves. 
Speaking technically, we must be able to express the event ^ 
wliose probability is 8onght» as a function of the events whose 
probabilities are given. Now this explicit detennination belongs 
in all instances to the department of Lo^c. Probalulity, how- 
ever, in its mathematical acceptation, admits of numerical mea- 
surement. Hence the subject of Probabilities belongs equally to 
tbescienceof Number and to that of Lo^. In recognising the 
€0-otdinate existence of both these elements, the present trealiBe 
diffisrs from all previous ones ; and as this difference not only 
affects the question of the jwssibility of the solution of problems 
in a large number of instances, but also introduces new and im- 
portant elements into the solutions obtained, I deem it necessary 
to state here, at some length, the peculiar consequences of the 
theory developed in the following pages. 

13. The measure of the probability of an event is usually 
defined a.s a fraction, of which the numerator represent* the num- 
ber of cases favourable to the event, and the denominator the 
whde number of cases fiivouiaUe and un&vourable ; all cases 
being sopposed equally likely to happen. That definition is 
adopted in the present work. At the same time it is shown that 
there is another aspect of the sulycct (shortly to l)e referred to) 
which might equally be regarded as fundamental, and which 
weald actually lead to the same system of methods and conclu- 
MDs. It may be added, that so fiur as the received conclusions 
of the theory of IVobalnlities extend, and so frr as they are con- 
sequences of its fundamental definitions, they do not diHer from 
tlic results (supposed to be equally correct in inference) of the 
method of this work. 
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Again, although queetioiis in the theory of Probabilities 
present themBelves under various aspects, and nmj be wiooilj 
modified bj alg^Mrsioal and other coiiditiops» there seems to be 
one general type to whieh all such questions, or so much of eaeh 

ol them ad truly belongs to the theory of Probabilities, may be 
referred. Considered with reference to the data and the quasi' 
lion, that type may be described as ibllows : — 1st. The data are 
the papbabilities of one or more i^ven eventSy each probability 
being either that of the absohite fulfilment of the event to which 
it relates, or the probability of ita fulfilment under given sup- 
posed conditions. 2ndly. The qu<Bsitum^ or object sought, is the 
probability of the fulfilment* absolutely or conditionally, of some 
Other event diffisring in ezprassion finvm those in the daAa» bat 
more or less involving the same elements. As concerns the data, 
they are ather caumdly giveny — as when the probaHlity of a pai^ 
ticular throw of a die is deduced Irom a knowledge ot the consti- 
tution of the piece, — or they are derived from observation of 
r^eated instances of the success or fiulure of events. In the 
latter case the probability of an event may be defined as the 
Kmit toward which the ratio of the fiivourable to the whole num- 
ber of observed cases approaches (the unifoniiity of nature being 
presupposed) as the observations are indefinitely continued. 
Lastly, as concerns the nature or relation of the events in quea< 
tion, an important distinction remains* Those events are dither 
MB^ilS^ or eampowfid. By a compound event is meant one of 
which the expression in language, or the conception in thought, 
de}>cii(i8 upon the expression or the conception of other events, 
which, in relation to it, may be regarded as $impU events. To 
say it rains," or to say *^it thunders," is to express the occur- 
rence of a simple events but to say **it lams and thnnders,** or 
to say it other rains or thunders,** is to express that of a oom- 
pouiid event. For the expression ol' that event depends upon 
the elementary expressions, it rains," it thunders." The cri- 
terion of simple events is not, therefore, any supposed simplicity 
in their nature. It is fi>unded solely on the mode of their ex- 
pression in language or conception in thought. 

14. Now one general problem, which tlie existing theory' of 
Probabilities enables us to solve, is the following, viz. : — Given 
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lfcepwib<bililiatof«iyampl»6veBti: raqoiidl the proMiifity of 
ft kWcb compooad erwity i. a* of m 0f€nt oonpouiided in a given 
Wnner out of the ^ivcn 8im[»le events. The problem can also 
be eoWed when the compound event, wliose probability is re- 
^nftd, k mlgeoled to fgiifm coitdhiaiM» L e. lo conditions de- 
pitof alio m ft giwi Baaner en the glfea niple eventi. 
Beiide tlii^ general problem, there exist also pardeokr proUema 

of which the principle of solution is known. Various (questions 
fdating to causes wad effects can be solved by known methods 
■idartiia partkmhur hypothesis that the canses aie mutoaUy es- 
dasvet hut appawU iy aol otherwise. Beyond this it is not 
dear that any adranoe haa beeo nade toward the solution of 
what mny rcgarde<l aa the general problem of the science, viz.: 
Given tlie probabiiiticd of any events, simple or compound, con- 
dttsnad or naoonditioBed: reqnirsd the probahih^ of any other 
esent egnaDy aihitrsry in eapte s s i oa and eenoeption^ In the 
slatcflacnt of this question tt is not eren poetnkted that die 
rventj* nh<it*c probal)ilities are given, and the one whose ]»roba- 
biiitj is sought, should involve some common elements, because 
it is the ofiee of a method todefeeranae whether the data of a 
pNhlaB are saftoient hr the end in view, and to indicate, whea 
they are not so, wherein the defidenoy consists. 

Thi? prol»U ni, in the most unre?«trictetl fonn of its Btati iiient, 
is raaiivable by the method of the present treatL«e ; or, to speak 

ifti pvaetioal sdatSon is bsonght to depend only apon proossses 

purely mathematical, such as the resolution and analysis of oqa»- 
tinrup. The order and character of the general solution may be 
tkus dedcribed. 

14. Indiairrt plaeeitisalwiyaposdble,bydieprBlinBnaiy 
■alhod of the Calealas of Logie, to e i qiress the eieat whose 

pRihahiHty is sooght as a logical function of the events whoso 
]i«t>babi1itit'^ are given. The rc."<ult is of the folK»wing chanu*4er : 
Suppose that A' rqiresenU the event whose probability is sought, 
J, C do. the events whose probabilities are given, those 
evenls being cither simple or ooopoand. Then the tnUIr reln- 
tiofi of the event A' to the events J, /?, C\ tVc. is «letlin e«l in the 
Imtbi uf what niailwrnatkiians term a developmenl^ consisting, in 
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the most gieneral case, of four distinct classes of terms. By the 
first daas are expressed those comluiiatiinisof the evealMAf C9 
whieh both necessarily accompany and neoessarHy indicate the 

occurrence of the event A'; by the second class, those combina- 
tions which necessarily accompany, but do not necessarily imply, 
the oocurrenoe of the event ^ ; by the third class, those combi* 
nations whose occnnence in connenon with the event X is im- 
possible, bat not otherwise impossible; by the fourth da8S» 
those combinations whose oocurrenoe is impossible imder any cir- 
cumstances. I shall not dwell upon this statement of the result 
of the logical analysis of the problem, further than to remark 
that the elements whieh it presents are precisely those by which 
the expectation of the event JT, as dependent upon our know- 
ledge of the events Ai C, is, oralone can be, aflbcted. General 
reasoning would verify this conclusion ; but general reasoning 
would not usually avail to disentangle the complicated web of 
events and circumstances from which the solution above de- 
scribed must be evolved. The attainment of this object consti- 
tutes the first step towards the complete solution of tiie question 
proposed. It is to lie noted that thus far the process of solution 
b logical, i. e. conducted by symbols of logical significance, and 
resulting in an equation intcrpretable into a prqposUum* Let this 
result be tenned the^fimU logical equation. 

The second step of tiie process deserves attentive remark* 
From the final logical equation to which the previous step has 
conducted us, arc deduced, by inspection, a series of algebraic 
equations implicitly involving the complete solution of the pro- 
blem proposed. Of the mode in which this transition is effected 
let it suffice to say, that there exists % definite relation between 
the laws by which the probabilities of events axe expressed as 
algebraic functions of the probabilities of other events upon which 
they depend, and the laws by which the logical connexion of 
the events is it.sclf expressed. This relation, like the other co- 
inddenoes of formal law which have been referred to, is not 
fi>unded upon hypothesis, but is made known to us by observation 
(1.4), and reflection. If, however, its reality were assumed d/irMfi 
08 the biisis of the very definition of Probability, strict deduction 
would thence lead us to the received numerical definition as a 
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necessary consequenoe. The Theory of Probabilities stands, as 
it has already been remarked (1. 12)^ in equally oloee relation to 
Ijogic and to Arithmetic; and it is indifferent, so &r as resnlts 
mn oonoemed, whether we regard it as epiinging ont of the lat* 
ter of these sciences, or as founded in the mutual relations which 
connect the two together. 

16. There are some drcumstancesi interesting perhaps to the 
matheiimticiany attending the general solutions deduced ,fay the 
above method, whidi it may be desirable to notice. 

Ist. As the method is independent of tlie number and the 
nature of the data, it continues to be applicable when the latter 
are insufficient to render determinate the value sought. When 
•ueh is tiie case, the final ezpieseion of the solution will contain 
terms with arbitrary constant coefficients. To such terms there 
will correspond terms in the final logical equation (1. 15), the 
interpretation of which will inform us what new data are re- 
quisite in order to determine the values oi' those constauts, and 
thna fender the numerical solution complete. If such data are 
not to be obtained, we can stiU, by gmng to the constants their 
timiting values 0 and 1, determine the limits witlnn which the 
probability sought nmst lie indej>endently of all further exjxj- 
rience. AVlien the event whose probability is sought i;^ (/uite in- 
dependent of those whose probabilities are given, the limits thua 
obtained finr its value will be 0 and 1, as it is evident that they 
ought to be, and tiie interpretation of the constants will only 
lead to a re-statement of the original problem. 

2ndly. The expression of the final solution will in all cases 
involve a particular element of quantity, determinable by the so- 
lution of an algebraic equation. Now when that equation is of 
an elevated degree, a difficulty may seem to arise as to tiie se> 
lection of the proper root. There are, indeed, cases in which 
both the element j< given and the element souglit are so obviously 
restricted by necessary conditions that no choice remains. But 
in complex instances the discovery of such conditions, by un* 
asnsted force of reasoning, would be hopeless. A distinct mfr> 
thod is requiflite for this end, — a method which might not 
inappropriately be termed the Calculus of Stati^Uad Conditions. 
Into the nature of this method I shall not here further enter 

c 
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than to say, that, like the previous method, it iB based upon the 
em;doyment of the final logical equation," and that it definitely 
asogna, Ist, the conditions whidi mutt be ftilfiUed aknong the 
nimierical elements of the data, in order that the problem may 
be real, i. e. derived from a possible experience ; 2ndly, tlic nu- 
merical limits, within which the probability sought must have 
been oonfined, if, instead of being detennined by theory, it had 
been deduced directly by observation from the same system of 
phtenomena from which the data were deriyed. It is dear that 
these limits will be actual limits of the prolmbility sought. 
Now, on supposing the data subject to the conditions above as- 
signed to them, it appears in every instance which I have exa- 
mined that there eadsts one root, and only <me root, of the final 
algebraic equation which is subject to the required limitations. 
Every source of ambif^iity is thus removed. It woidd even seem 
that new truths relating to the theory of algebraic equations 
are thus inddentaily brought to li^ht. It is remarkable that 
tiie special dement of quantity, to whieh the previous discussion 
relates, depends only upon the daia^ and not at all upon the 
qu(Esitvm of the problem proposed. Hence the solution of each 
particular problem unties the knot of difficulty for a system of 
problems, via., for that system of problems which is marked by 
the possession of common data, independently of the nature of 
thdr qtuetiUi. Thb dicumstaaoe is important whenever firom a 
particular system of data it is reqmred to deduce a series of con- 
nected conclusions. And it further gives to the solutions oi" 
particular problems that character of relationship, derived from 
thdr dependence upon a central and fundamratal unity, which 
not unfieq[aently maika the application of genenJ methods. 

17* But though the above considerataoos, with others of a 
like nature, justify the assertion that the method of this treatise, 
for the solution of questions in the theory oi' Prol)abilities, is a 
general method, it does not thenoe follow that we are relieved in 
all cases firom the necessity of recourse to hypothetical grounds. 
It has been observed that a solution may consist enthrdy of terms 
atlected by arbitrary constant cxxifficients, — may, in fiict, be 
wholly indefinite. The aj>plication of the method of this work to 
some of the most impo^^tant questions within its range would — 
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jMtte tlie data of ezperieooe alone emplojed— praent results of 
Uns diameter. To obtaiB a defijdte solution it is necessary, in 

such cases, to have recourse to hypothc^jcs possessing more or less 
of independent probability, but incapable of exact verification. 
Generally speaking, such kypotbeses will differ from the imme- 
diate results of experience in partaking of a logical rather than of a 
wmMiencal diaiacter ; in prescribing the conditions under which 
phmomena occur, rather than assigning the relative frequency 
of their occurrence. This circumstance is, however, unimportant. 
Whatever their nature may be, the hypotheses assumed must 
thcBceforth be legaided as belonging to the actual data, although 
lending, as is obvious, to give to the solution itself somewhat <tf 
a hypothetical character. With this understanding as to the 
possible sources of the data actually employed, the method is 
perfectly general, but for the correctness of the hypothetical ele- 
ments introduced it is of course no more responsible than for the 
eomctness of the numerical data derived from experience* 

In illustiation of these remarks we may observe that the 
thcorv of the reduction of astronomical observations* rests, in 
part, upon hypothetical grounds. It a.«sumes certain jwsitions 
as to the nature of error, the equal probabiUties of its occurrence 
in the form of excess or defect, ^bc, without which it would be 
imposnble to obtmn any d^flmte conclusions fiom a system of 
conflicting observations. But granting such positions as the 
above, the residue of the investigation falls strictly within the 
province of the theory of ProbabiUties. Similar obser\ ations 
apply to the important problem which proposes to deduce fhun 
the reeords of tiie majorities of a deliberative assembly the mean 
probability of correct judgment in one of its memberB. If the 
method of this treatise be applied to the mere numerical thita, 
the solution obtained is of that wholly indefinite kind above de- 
scribed. And to show in a more eminent degree the insufficiency 
of those data by themselves, the interpretatiim of the arbitrary 
finnstants (1. 16) wluch appear in the solutjop^ merely produces 



• The author designs to treat this subject either in a separate work or in a 
futur*^ Appeodiix. in the present treatise he avoida the use of the int<^ral 
calcuiua. 
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a re-6tatement of the original problem. Admitting^ however, 
the hypothesis of the independent fonnation of opinion in the 
individual mind, ather abeolately, as in the speculations of 

Laplace and Poisson, or under limitations imposed by the actual 
diita, as will be seen in this treatise, Chaj). xxi., the problem as- 
sumes a far more definite character. It will be manifest that the 
ulterior value of the theory of Probabilities must depend very 
mueh upon the correct fi>rmation of such mediate hypotheses, 
where the purely experimental data are insufficient for definite 
solution, and where that further experience indicated by the in- 
terpretation of the final logical equation is unatt^nable. Upon 
the other hand, an undue readiness to form hypotheses in sub- 
jects whidi fiom their very nature are placed beyond human 
ken, must re-act upon the credit of the theory of Ph>babilitie8, 
and tend to throw doubt in the general mind over its most legi- 
timate conclusions. 

18* It would, perhaps, be premature to speculate here upon 
the question whether the methods of abstract sdenoe are likdy at 
any future day to render service in the investigation of sodal 
problems at all commensurate with those which they have ren- 
dered in various departments of physical inquiry. An attempt 
to resolve this question upon pure d priori grounds of reasoning 
would be very likely to mislead us. For example, the consider 
ration of human free-agency would seem at first sight to preclude 
the idea that the movements of the social system shoidd ever ma- 
nilest that character of orderly evolution which we are prepared 
to expect under the reign of a physical necessity. Yet already 
do the researches of the statist reveal to us &ct8 at variance vrith 
such an anticipation. Thus the records of crime and pauperism 
present a d^ree of r^ularity unknown in regions in wluch the 
disturbing influence of human want^s and pa>>iuns is unfelt. On 
the other hand, the dii?temperature of seasoujj, the eruption of 
volcanoes, the spread of blight in the vegetable, or of epidemic 
maladies in the animal kingdom, things apparently or chiefly the 
product of natural causes, refuse to be submitted to regular and 
apprehensible laws. Fickle as the wind," is a proverbial ex- 
pression. Reflection upon these poijits teaches us in some degree 
to correct our earlier judgments. We Icara that we are not to 
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czpecty under the domiiiioii of necessity, an order peroeptible to 

human observation, unless the play of its producing causes is 
sufficiently simple ; nor, on the other hand, to deem that irce 
agency in the individual is inconsistent with regularity in the 
motions of the system of whioh he forms a component unit. 
Hnman freedom stands out as' an i^[^Nurent ftct of our conscious- 
ness, while it is also, I conceiye, a highly probable deduction of 
analogy (Chap, xxn.) from the nature of tliat portion of the 
mind whose scientific constitution we are able to investigate. 
But whether accepted as a &ct reposing on consciousness^ or as 
a ooodunon sanctioned by the reason, it most be so interpreted 
as not to conflict with an established result of observation, viz. : 
that plucnunienji, In tlio |)roduction of which large miii^scs of men 
are concerned, do actually exhibit a very remarkable degree of 
legaluityi enabling us to collect in each succeeding age the ele- 
ments upon which the estimate of its state and progress, so ftr 
as mamfested in outward results, must depend. There is thus no 
tH)und objection d priori against the possibility of that species of 
data which is re([uisite for the experimental foundation of a 
eqence of social statistics. Again, whatever other object this 
tratise may accomplish, it is presumed that it will leave no 
doubt as to the eadstence of a system of abstract principles and of 
methods founded upon those principles, by which any collective 
Ixxly c»f f'lK'ial data may be made to yield, in an explicit form, 
whatever iniurmation they implicitly involve. There may, where 
the data are exceedingly complex, be very great difficulty in ob- 
, taimng thb infimnation,— difficulty due not to any imperfection 
of the theory, but to the laborious character of the analytical 
processes to which it j>oints. It is quite conceivable that in many 
fnft ft"^^^ that difficulty may be such as only united eiibrt could 
overcome. But that we possess theoretically in all cases, and 
practically, so fiur as the requisite labour of calculation may be 
supplied, the means of evolving fiom statistical records the seeds 
of general truths which lie burieil amid the mju<s of ligures, is a 
position which may, I conceive, with peH'cct safety be affirmed. 

19. But beyond these general positions I do not venture to 
speak in terms of assurance. Whether the results which might 
be expected from the application of sdentiflc methods to statis- 
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tical records, over and above those the discovery c)f which re- 
quires no 0Qoh aid, muld so &r oompeiiBftte for the labour in- 
▼oWed as to render it worth while to institate such inyestigalions 

upon a proper scale of magnitude, is a point which could, per- 
haps, only be deteriniiicJ by experience. It is to be desired, 
and it might without great presumption be expected, that in 
this, as in other instances, the abstract doctrines ol' science should 
minister to more than intelketnal giatifioadon. Nor, viewing 
the apparent order in which the sciences have been evolved, and 
have successively contributed theimid to the service of mankind, 
does it seem very improbable that a day may arrive in which si- 
nular aid maj aocrueftom departments the field of knowledge 
yet more intimately allied with ihe elements of human wdfiure. 
Let the speculations of this treatise, however, rest at present 
simply upon their claim to be regarded as true. 

30. I design, in the last place, to endeavour to educe from 
the scientific results of the previous inquiries some general inti- 
* madonB respecting the nature and constitution of the human 
mind. Into the grounds of the possibility of this species of in- 
ierence it is not necessary to enter here. One or two general 
observations may serve to indicate the track wliich I shall endea- 
vour to follow. It cannot but be admitted that our views of 
the sdence of Logic must materially influence, perhaps mainly 
determine, our opinions upon the nature of the iiituilcctual facul- 
ties, ifor example, the question whether reasoning consists 
merely in the application of certmn first or necessary truths, 
with which the mind has been mgmally imprinted, or whether^ 
the mind is itself a seat of law, whose operation is as manifest 
and as conclusive in the particular as in the general formula, or 
whether, as some not undistinguished writers seem to maintain, 
all reasoning is of particulars ; this question, I say, is one which 
not merely affects the science of Logic, but also concerns the fi>r- 
mation of just views of the constitution of the intelleotuat fhcul- 
tics. Again, if it is concluded that the mind is by original 
constitution a seat of law, the question of the nature of its sub* 
jection to this law, — ^whether, for instance, it is an obedience 
founded upon necesnty, like that which sustains the revolutions 
of the heavens, and p reserv es the order of Nature,— or whether 



Digitized by Google 



CHAP. I.] NATUBI AMD DSMON OF THI8 WORK. 23 

it is a subjection of some quite distinct kind, is also a matter of 
deep speculatiYe interest. Further^ if the mind is truly deter- 
mined to be a subject of kw, and if its laws also ore truly assigned, 
the question of their probable or necessary influence upon the 
course of human tliought in different ages is one invested with 
great importance, and well deserving a patient investigation, as 
matter both of philosophy and of histoiy. These and other 
questions I propose^ however imperfecllyy to discuss in the con- 
cluding portion of the present work. They belong, perhaps, to 
the domain of probable or conjectural, rather than to that of po- 
sitive, knowledge. But it may happen that where there is not 
suflScient warrant for the certainties of science^ there may be 
groands of analogy adequate fiir the suggestion of hi^y pro- 
baUe opinions. It has seemed to me better that this diseusskm 
should be entirely reserved for the sequel ol' the main business of 
this treatise, — which is the investigation of scientific truths and 
laws. Experience sufficiently instructs us that the proper order 
of adyanoement in all inquiries after truth is to proceed from the 
known to the unknown. There are parts, eveli of the plulosophy 
and constitution of the human mind, which have been phux'd 
fully within the reach of our investigation. To make a due ac- 
quaintance with those portions of our nature the basis of all cn- 
deaTOors to penetrate amid the shadows and uncertainties of that 
conjectural realm which lies beyond and above them, is the 
course most accordant with the limitations of our present con- 
dition. 
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CHAPTER II. 

OF SIGNS IN GENERAL, AND OF THE SIGNS APPROPRIATE TO THE 
8CIENCS OB LOGIC IK PARJICUILAR ; ALSO OF THK LAW 8 TO WHICH 

THAT CLASS Of maias4M4mBSf^ — ^ *~ 

1. 'T^HAT Langoflge is an instnmie&t of hmmui xeasDn, wad 
not merely a medium for the ezpreesion of thoughty is a 
tnith generally admitted. It is proposed in this chapter to in- 
quire what it is tliat renders Language thus subservient to the 
most important of our intellectual faculties. In the various 
steps of this inquiry we shall be led to consider the constitution 
of Language, considered as a system adapted to an end or par> 
pose ; to inves^ate its elements ; to seek to determine thmr mu- 
tual relation and dependence ; and to inquire in what manner they 
contribute to the attainment of the end to which, as co-ordinate 
parts of a system, they have respect. 

In proceeding to these inquiries, it wUl not be neoessaiy to 
enter into the discussion of that fiunous question of the schools, 
whether Language is to be regarded as an essential instrument 
of reasoning, or whether, on the other hand, it is possible for us 
to reason without its aid. I suppose this question to be beside 
the design of the present treatise, for the foUowing reason, viz., 
that it is the busmess of Sdenoe to inyestigate laws ; and tbat, 
whether we regard ngns as the representatlyes of things and of 
their relations, or as the representatives of" the conceptions and 
operations of the human intellect, in studying the l&vm of signs, 
we are in effect studying the manifested laws of reasoning. If 
there exists a difference between the two inquiries, it is one which 
does not affect the sdentifio expressions of finmal law, which are 
the object of ijivcstigation in the present stage of this work, but 
relates only to the mode in wliich those results are presented to 
the mental regard. For though in investigating the laws of signs, 
d posteriarif the immediate subject of examination is Language, 
with the rules which goy em its use; while in making the internal 
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pnicewett of thought th« direct object of inquiry, we appeal in a 
waan immediate waj to our penonal consciousness, — it will be 
iimd tlMit in both CMei the renilte obtained are fimaUjr eqai- 
indent. Nor ooold we eaaOy eonoeive, that the uimmnbered 
Umpio* and diulect^* of the earth s^hould have preserved through 
n Jong duooeMion of ages so much that is common and universal, 
wen we not aeenred of the existence of some deep foundation of 
their agreement in the kwB of theminditeelf. 

f . The dementa of which all language eonriate are ligna er 
symbols. Words arc signs. Sometimes they are Kud to repre- 
■ent things ; eometimea the operations by which the mind com- 
together the ample notione of things into complex oonoe^ 
s Bonetimea ther ftiuiieis the nsiatioiiaof aotioiu itanainn. or 
quality, which we peroave to exist among the objects of omr 
exjK-rience ; i*ometnncs the emotions of the i»en*eivinir mind. But 
woidsy although in this and in other ways they fulhi the oihce of 
or representatiTe sjmbols, are not the only signs which we 
eapahle of employing. Axbitruymariny whieh speak onlj to 
tecfB, and arliitntfy somds or actions, which address themselvee 
to ff»me otlier !»ent»e, are eqmiUy ut' the nattire of signs, provided 
thai their representative office is defined and understood. In the 
ieal sciences, letters, and the symbola •» Ac, are 
aa signs, althoo^ the term sign" is apfJied to the latter 
of symbols, which repres»ent t»peration8 or relations, rather 
than to the former, which represent the element?' uf nuniher :uid 
quantity. As the real im{>ort oia sign does not in any way dc- 
fmd mpim its partjcnhur fonn or espresaon, so neither do the 
kws which detenune its nse. In the present treatise, however, 
it is with written signs that we have to do, and it is with reference 
to the-e exclusively tlmt the term ** .•*ign" will be employed. The 
tiai propertiea of signs are enumerated in the following de- 




De^mUion. — A t*ign i? an arl»Uniry mark, having a fixcil in- 
lA-rpretation, and Busccptible of combination with other sigUK in 
saljicctioii lo fixed laws dependent upon their mutual interpr^ 



S» Lei us consider the porticuhuns involved m the above de> 
s^^atataljr. 
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(I.) In the first place, a eign is m arhUrary msark. It is 
clearly indifferent wliat particular word or token we associate 
with a given idea, provided that the association once made is 
permaaent. The Rqmans ffiqpre8864 hy tlie w»rd civitas" whai 
we designate hj the word ** state.** But both ihey and we 
might equ:Uly well have employed any other word to represent 
the same conception. Nothing, indeed, in the nature of Language 
would prevent us from using a mere letter in the same sense. 
Were tiik done, the laws aocoxding to which that letter would 
require to be used would be essentially the same with the laws 
which govern the use of " civitas" in the Latin, and of " state" 
in the English language, so far at least as the me of those words 
is regulated by any general principles common to all languages 
alike. 

(2.) In the second place, it b necessary that each sign should 

possess, within the limits of the same discourse or process of 
reasoning, a fixed inter|>retation. The necessity of this condi- 
tion is obvious, and seems to be founded in the very nature of the 
subject. There ezistSy however, a Siispute as to the precise nature 
of the representative office of words or symbols used as names in 
the processes of reasoning. By some it is maintained, that they 
represent the conceptions of tlie mind alone ; by others, that they 
represent things. The question is not of great importance herCb 
as its dedsion cannot a£fect the laws according to which dgns 
are employed. I apprehend, however, that the general answer 
to this and such like questions is, that in the processes of reason- 
ing, signs stand in the place and fulfil the office of the concep- 
tions and operations of the mind; but that as those conceptions 
and operations represent things, and the cnnnexions and relations 
of tilings, so signs represent things with their connexions and re- 
lations ; and lastly, that as signs stand in the j)lacc of the con- 
ceptions and operations of the mind, they are subject to the laws 
of those concq[»tion8 and operations. This view will be more 
fully elucidated in the next chapter; but it here serves to explain 
the third of those particulars involved in the definition of a sign, 
viz., its subjection to fixed laws of combination depending upon 
the nature of its interpretation. 

4. The analysb and classification of those signs by which the 
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(ypemtioiis Off reasonmg are condacted will be considered in the 

foliuwiug Proposition : 

Phoposition I. 

AUih$apmitfan$ of Lan^^e^ a$ an watntmeni €fna9oninff^ 
may he condud^d hy a system of sigtu oompaed of die following 

ftients, viz. : 

Ist Literal eymboUf ae x, y, ^c, representing thinge a$ subjects 
€f OUT coneepiume. 

2nd. SigfuofoperaHon^ae-k-f-fX^standrngf^r these operaib^ 
€fthe ndnd by telM Ae oonespUons ofthingi am oomdimed or «^ 

Molved 80 as to form new conceptions involving the same elements, 

3rd. The sign of identity ^ = . 

And these symbols of Logic are in their tise subject to definite 
lotM, pardy agrteimg wUh and- partly difering from Ae Unoe of due 
wrrespondxng symbds in Ae eeienee of Algebra* 

Let it be aseumed as a criterion of tlie true elements of ra- 
tional discottrse, that they should be susceptible of combination 
in the amplest forms and by the amplest laws» and thns com- 
bining should generate all other known and cono^yable fbrms of 

language ; and adopting this principle, let the following cUsiiiB- 
cation be considered* 

CLASS I. 

5. Appellative or descriptive sif/ns^ expressing either the name 
of a thing, or some quality or circumstance belonging to it» 

To this dflss we may obvionsiy refer the substantive proper 
or oommon, and the adjectiTe. lliese may indeed be regarded as 

dificring only in this respect, that the former exp^es^^e3 the sub- 
stantive cxiiitence of the individual thing or things to which it 
refers ; the latter implies that existence. If we attach to the 
adjective the universally understood subject bdng^ or thin^*' 
it becomes virtually a substantive) and may ibr all the essential 
purpodeii of reasoning be replaced by the subbUmtive. Whether 
or not, in every particuhu- of the mental regard, it is the same 
thing to say, Water is a fluid thing,*' as to say» Water is 
fluid it ieat leist equivalent in the expreanon iMfthe processes 
of resaooiag. . 



28 



SIGNS AND THEIR LAWS. 



[chap. II. 



It 18 dear slso, tbftt to the above class we must refer any sign 
which may conventionally be uj*c(1 to express some circumtitance 
or relatioxit the detailed exposition of which would involTe the 
use of many ngiu* The epithets of poetic diction are yeiy fre- 
quently of this kind. They ace usually compounded adjectives, 
singly fulfilling the office of a many- worded description. 1 1 omcr's 
** deep-edilying ocean" embodied a v irtual description in the single 
word ^aBvBlvri^. And conveationally any other description ad- 
dressed either to the imagination or to the intellect might equally 
be represented by a single sign, the use of which would in all es- 
sential points be subject to the same laws as the use of the ad- 
jective " good" or " great." Combined with the subject " thing," 
such a sign would virtually become a subBtantive ; and by a single 
substantiye the combined meaning both of thing and quality 
ought be expressed. 

6. Now, as it has been defined that a sign is an arbiti-ary 
mark, it is permissible to replace all t-l<^iis ol" the species above 
described by letters. Let us then agree to represent the class of 
individuals to which a particular name or description is appli- 
cable, by a ungle letter, as or. If the name is " men," ibr instance, 
let X represent •*all men," or the chiss " men." By a class is 
usually meant a collection of individuals, to each of which a 
particuhir name or description may be applied ; but in this work 
the meaning of the term will be extended so as to include the 
case in which but a single individual exists, answering to the 
required name or description, as well as the cases denoted by 
the terms " nothing" and " universe," which as " classes" 
should be understood to comprise respecdvely no beings," 
all bemgs." Again, if an adjective, as ^^good," is employed 
as a term of description, let us represent by a letter, as ^r, all 
things to which the description "good" is applicable, i.e. *'all 
sood things," or the class '^good things." Let it further be 
y (Agreed, that by the combination shall be represented that 
^ /, class of things to which the names or descriptions represented by 
j X and y are simultaneously applicable. Thus, if x alone stands 
^or "white things," and // for " sheep," let xj/ stand i'or " white 
^|heep;" aud in like mauuer, if z stand for " homed things," and 
and y retain their previous interpretations, let zxy represent 
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** horned white sheep," i. e. that collection of things to which 
the same sheep," and the descriptions. white" and horned" 
aie together applicable. 

Let Qg now consider the kws to which the symbols &c., 
used in the above sense, are subject. 

7. Firjit, it is evident, that according to the above combina- 
tions, the order in wliich two symbols are written is indifferent. 
The ezpcessions xy and yx equally represent that class of things 
to the seveial members of which the names or desoriptioos x and 
jf are together apj^icable. Hence we haye, 

xy^yx. (1) 

In the case of x representing white things, and y sheep, either 
of tlie members of this equation mil represent the class of'* wliite 
sheep.'* There may be a difference as to the order in which the 
conception is fixrmed, bat there is none as to the individual things 
which are comprdiended under it. In like manner, if x represent 
*• estuaries," and y " rivers," the expressions xy and yx will in- 
differently represent " rivers that are estuaries," or ** estuaries 
that are rivers," the combination in this case being in ordinary 
language that of two substantives, instead of that of a substantiye 
and an adjective as in the previous instance. Let there be a 
third symbol, as z, representmg that class of things to which the 
term navigable" is applicable, and any one of the following 
expresaionsy 

zxyt zyx^ xyz, <&a, 

will represent the class of navigable rivers that are estuaries." 

If one of the descriptive terms should liavc some implied re- 
ference to another, it is only necessary to include that reference 
expressly in its stated meaning, in order to render the above 
lemailcs still applicable. Thus, if x represent ^^wise*' and y 
counsellor," we shall have to define whether x implies wisdom 
in the absohite sense, or only the wisdom of counsel. With such 
definition the law xy = yx continues to be valid. 

We are pennUtedy tJiere/ore, to employ (he symltols x^ y, 2, 4"^., in 
tk$ piaee of the wUUmiiiWf adjectwet^ and descriptive phra$e$ subject .** 
to the nde of interpretaHoH, that any expression ta whkh seeeral of ^ 
Aese symbols are written together shall rtpremd all Ifttf chjects or indi^ 

A' 
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viduals to which their several meanings are togeilier oppUcahlej and 
to the law that the order in vfhidi tlie symboU mcceed eacJi oUier i$ 
indiffermL 

Ab the role of interpretatioii has been sufficieiitly exempti- 
fiedy I ehall deem it unnecessary always to express tlie subject 
"thingb" in defining the interpretation of a symbol used for aa 
adjective. When I say, let x represent " good,'* it will be un- 
'*V^Ur8tood that x only represents good" when a snbject for that 
quality is snpplied by anodier symbol, and that» used alone, ita in- 
terpretation win be good things." 

8. Concerning the law above determined, the following ob- 
servations, which will also be more or less appropriate to certain 
other laws to be deduced hereafler, may be added. 

first, I would remark, that this law is a law of thought, and 
not, properly spealdng, a law of things. I^fl^nce in the order 
of the qiialiticf or attributes of an object, apart from all ques- 
tions of causation, is a difference in conception merely. The law 
(1) expresses as a general truth, that the same thing may be eon- 
ceived in different ways, and states the nature of thatdiflEbrenee ; 
and it does no more than this. 
f Secondly, As a law of thought, it is actually developed in a 
I law of Language, the product and the instrument of thought. 
Though the tendeney of prose writing is toward umfiMini^y 
yet even there the order of sequence of adjeotiTes absolute in 
their meaning, and applied to the same suhject, is indifferent, 
but poetic diction borrows much of its rich diversity from the 
extension of the same lawful freedom to the substantive also. 
The language of Milton is peculiarly distinguished by this spe- * 
cies of variety. Not only does the substantive often precede the 
adjectives by which it is qualified, but it is frequently placed in 
their midst. In the first few lines of the invocation to Light, 
we meet with such examples as the following : 

Offspring of heemen firat-homy* 

The rising world of waters dark and deep,"** 

Bright effluence of hright essence inereale,^ 

Kow these inverted forms are not simply the fruits of a poetic 
license. They are the natural expressions of a fineedom sane- 
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tuned by the intimate laws of thought^ but for reasooa of oonvo- 
nienoe not eierdfled in the ddinwry use of langnage. 

Thirdly, Thelaw expraaied by (I) may be characterized by 

saying that the literal symbols x, y, z, are commutative, /iltf the 
symbols of Algebra, In sayincj this, it is not affirmed that thel 
prooe» of multiplicatioQ in Aigebca, of which the fundamental | 

hm IB expneBed by the equalaoa \ 

\ 

xy = vx, t 

. I 

tlaelf any analogy with that proceie of logical com* 
bination which xy has been made to represent above ; but only 
that if the arithmetical and the logical j)rocc;?8 are cxjiressed in 
the same manner, their symbolical expressions will be subject to 
the same fomal law. The evidence of tiiat sabjecdon ia in the 
two canes quite distinct. 

9. As the combination of two literal symbols in the form xy 
expresses the whole of that class of objects to which the names 
or qualities represented by x and y are together applicable, it 
follows that if the two symbols have exactly the same significa- 
tion, their combination expfcsses no more than either of the 
symbols taken akme would do. In snch case we should there- 
fore have 

xy ^x. 

As y is, howerer, supposed to hare the same meaning as x, we 

may replace it in the above equation by Xy and we thus get 

Now in common Algebra the combination xx is more briefly re- 
presented by 2*. Let us adopt the same principle of notation 
here; fost themodeof expressmg a particular succession of mental 
operations is a thing in itself quite as arbitrary as the mode of 

expressing a single idea or operation (II. 3). In accordance with 
this notation, then, the above equation assumes the form 

. (2) 

and ts» in fiKSt* the expression of a second general law of those 
symbols by which names, qualities^ or descriptions, are symboli- 
cally rq^resented. 
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The reader must bear in mind that although the symbols x 
and y in the examples previously ^Nrmed received significatioiis 
distiiict from each othor^ nothing prevents ns fiom attributing to 
them precisely the same ngnifieation. It is evident tluit the 
more nearly their actual significations approach to each other, 
the more nearly does the cliiss of things denoted by the combi- 
nation xy approach to identity with the class denoted by x, as 
well as with that denoted by y. The case supposed in the de- 
monstration of the equation (2) is thad of absolute identity of 
meaning. The law wbidi it e x pros s es Is practically ezempfified 
in language. To say "good, good," in relation to any subject, 
though a cumbrous and useless pleonasm, is the Bame as to say 
"good.*' Thus ** good, good" men, is equivalent to "good" 
men. Such repetitions of words are indeed sometimes employed 
to heighten a quality or strengthen an affirmation. But tlua 
effect is merely secondary and conventional ; it is not founded in 
the intrinsic relations of language and thought. Most of the 
operations which we observe in nature, or perform ourselves, are 
of such a kind that their efifeot is augmented by repetition, and 
tlus circumstance prepares us to expect the same thing in lan- 
guage, and even to use repetition when we design to speak with 
emphasis. But neither in strict reasoning nor in exact discourse 
is there any just ground for such a practice. 

10. We pass now to the consideration of another dass of the 
signs of speech, and of the laws connected with their use. 

CLASS 11. 

1 1. S^n$ of those mental aperations whereby we ealleet parte 
into a whole^ or separate a whole into its parts. 

We are not only capable of entertaining the conceptions of 
objects, as characterized by names, qualities, or circumstancea* 
applicable to each individual of the group under oonsideratioay 
but also of ibrming the aggregate conception of a group of objecte 

consisting of partial groups, each of which is .sej)aratcly named 
or described. For this purpose we use the conjunctions *'and,** 
"or," c^c. "Trees and minerals," "Imrren mountains, or fer- 
tile vales," are examples of this kind. ^In strictness, the words 
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'*and," " or," interposed between tlie terms descriptive of two on 
more classes of objects, imply that those classes are quite distinct, i 
00 that no member of one is found in anotlier. In this and in 
all otber respects the words " and" or" are analogous with the 
sign in algebra, and thdr laws are identical. Thus the ex- 
pression '* men and women" is, conventional meanings set aside, 
equivalent with the expression women and men." Let x repre- 
sent ^ men," women ;" and let -i- stand for and" and or," 
then we haire 

* + y=y + x, (3) 

an equation which would equally hold true if x and y represented 
mMmberSf and + were the sign of arithmetical addition. 

Let the 83rmbol z stand for the adjective European," then 

since it is, in effect, the same thing to t?ay " European men and 
women," as to say European men and European women," we 
have 

z(x'¥y)^zx'¥zy. (4) 

And this equation also would be equally true were y, and z 
aymbds of number, and were the juxtaposition of two literal 
symbok to represent their algebraic product, just as in the lo^^cal 
signification previously given, it represents the dass of objects to 
which botli the epithets conjoined belong. 

The above are the laws which govern the use of the sign 
•1^, here nsed to denote the positive operation of aggregating 
parts into a whole. But the very idea of an operation effecting 
some positive ehange seems to suggest to us the idea of an oppo- 
site or negative operation, having the effect of undoing what the 
former one has done. Thus we cannot conceive it possilile to 
collect parts into a whole, and not conceive it also possible to 
separate a part from a whole. This operation we express in 
common language by the sign except^ as, *'A11 men except 
Asiatics," " All states exeepi those which are monarchical." 
Here it is implied that the things excepted form a part of the 
things firom which they are excepted. As we have expressed 
the opention of aggr^ation by the sign +, so we may express 
the negative operation above described by - mmus. Thus if ;^ 
be taken to represent men, and y, Adatics, i. e. Atiatio men. 
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then the conception of All men except Asiatics ' will be ex- 
pressed hj x-y* And if we represent by 47, states,'* and by 
y the descriptive property having a monarohioal form,'* then 
the conception of All states except those which are monardu* 
cal" will be expressed by x - xy. 

As it is indifieront for all the essential purposes of reasoning 
whether we express excepted cases first or last in the order of 
speech, it is also indifferent in what order we write any series of 
terms, some of which are affected by the sign Thus we have, 
as in the common algebi'a, 

* - y " - y + (5) 

Still representing by a the class *<men,'' and by y Asiatics,** 
let z represent the adjective white.** Now to apply the adjec- 
tive white** to the collection of men expressed by the phrase 

** Men except Asiatics," is the same as to say, " White men, 
except white Asiatics/' Hence we have 

z{x~ij)-^ zx - zy. ' (6) 

This is also in accordance with the laws of ordinary algebra. 
The equations (4) and (6) may be con«dered as exemplifica* 

tion ot u single general law, which may be stated by saying, tJiat 
the literal symbols, :i\ ?/, r, cS'c. are dislribuiii c in their optratiotu 
The general fact which that law expresses is tliis, viz. : — If any 
quali^ or circumstance is ascribed to all the members of a group, 
formed dther by aggregation or exclusion of ))artial groups, the 
resulting conception is the sanie as if tlic (luality or elrcumstancc 
were lirbt ascribed to each member o\' the partial groups, and the 
aggr^^on or exclusion eflected afterwards. That which is 
ascribed to the members of the whole is ascribed to the members 
of all its parts, howsoever those parts are connected together. 

CLASS III. 

12. Signs by which relation is expressed^ and hy which we 

form propifsitions. 

Though all ver))s may with propriety be referred to this chiss, 
it is sufficient for the purposes of Logic to consider it as includ- 
ing only the substantive verb is or are, since every other verb 
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mi^ be resolved into this eUmsiity and one of the signs indoded 
nnder Class i. For as those signs are nsed to eaqpress quality or 
evennurtaiioe of every Idnd, they may be employed to express 

the active or passive relation of the subject of the verb, considered 
with reference either to pasty to present, or to future tune. 
Thus the Proposition, Caesar conquered the Gauls," may be 
res<dved into ^^CsMar is he who conqnered the CkMBls.** The 
ground of iMs analysis I oonoave to be the following: — Unless 
wc undci*stand what is meant by having cuiKiuered the Gauls, 
i. e. by the expression " One who conquered the Gauls," we 
cannot understand the sentence in question. It is, therefore, 
truly an element of that sentence ; another dement is Casar," 
and there is yet another required, the copula tf, to show the 
connexion of these two. I do not, however, affirm that there is 
no other modo than the above of contemplating tlic relation ex- 
pressed by the proposition, Caesar conquered tlie Gauls but 
only that the analyds here given is a coireot one for the particu^ 
lar point of view which has been taken, and that it suffices for 
the purposes of logical deducdon. It may be remarked that the 
passive and future participles of the Greek language imply the 
existence of the principle which has been asserted, viz. : that the 
sign if or are may be regard^ as an element of every pereonal 
veib. 

13. The above sign, is or are, maybe expressed by the sym- 
bol =. The laws, or as would usually be said, the axioms which 
the s^nnbol introduces, are next to be considered. 

Let us take the Proposition, The stars are the suns and the 
planets,** and let us represent stars by suns by y, and planets 
hjz; we have then ^ s 

+ (7) 

Now if it be true that the star:< are the suns and the planets, it 
will follow that the starg, except the planets, are suns. This 
would give the equation 

«-*=y, (8) 

which nui;<t therefore be a deduction from (7). riuis u term z 
has been removed irom one gide of an equation to the other by 

D 2 
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changing its sign. This is in accordance with Uie algebraic rule 
of transposition. 

But instead of dwelling upon particular cases, we may at once 

atiinn the j2:cnor;il axioms 

1st. ii equal thingd are added to equal things, the wholes are 
equal. 

^2nd. If equal things are taken firom equal things, the re- 
mainders are equal. 

And it hi nt e appears tliat we may add or subtract equations, 
and employ the rule of transposition above given just as in com- 
mon algebra. 

Again : If two dasses of things, «and y, be identical, that is, 
if all the members of the one are members of the other, then 

those members of the one class which possess a pvcn property z 
will be identical with those members of the otlier which possess 
the same property z. Hence if we have the equation 

then whatever class or property z may represent, we have also 

zsm zy. 

This is formally the same as the algebraic law If both mem- 
bers of an equation are multiplied by the same quantity, the 
products are equal. 

In like manner it may be shown that if the corresponding 
members of two cc^uatious arc multiplied together, the resulting 
equation is true. 

14. Here, however, the analogy of the present system with 
that of algebra, as commonly stated, appears to stop. Supfiose it 
true that those members of a class 4t which possess a certain pro- 
perty z arc identicid with those menihers of a classy whiih pos- 
sess the same property it doe^ not ibUow that the members of 
the class x universally are identical with the members of the 
class y. Hence it cannot be inferred firom the equation 

zx = zy, 

that the cquutiou 

X - y 

is also tnie. In other words, the axiom of algebraists, that both 
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^ides of an equation may be divided by the same quantity) bas no 
ionntl eqiAralent here. I aay bo formal equivalent^ because, in 
aooordanoe with the general spirit of these inquiries, it is not 

even soiight to determine whether the mental operation which is 
represented by removing a logical symbol, z, from a combination 
zxjis in iti<elf analogous with the operation of division in Arith- 
metic That mental operation is indeed identical with what is 
commonly termed Abstraction, and it wiU hereafter appear that 
its laws are dependent upon the laws already deduced in this 
chapter. What has now been shown is, that there does not 
exist among those laws anything anadogous in form with a com- 
monly received axiom of Algebm. 

But a little oonrideration will show that even in common 
algebra that axiom does not possess the generality of those other 
axioms which have been considered. The deduction of the 
equation x = y from the equation zx = zy is only valid when it 
is known that z is not equal to 0. If then the value z «= 0 is 
supposed to be admissible in the algebraic system, the axiom 
above stated ceases to be a])})licable, and the analogy before ex- 
vuijiUfied remains at least unbroken. 

15. However, it is not with the syudjols of quantity generally 
that it is of any importance, except as a matter of speculation, to 
trace such affinities. We have seen (II. 9) that the symbols of 
Logic are sul^ect to the special law, 

Now id the symbols of Number there are but two, viz. 0 and !, 
which are subject to the same formal hiw. We know that 0- = 0, 
and that I's 1 ; and the equation .r' = x, considered :is algebraic, 
his no other roots than 0 and 1. Hence, instead of determining 

J he measure of formal agreement of the symbols of Logic with 
liio:jC of Number generally, it is more imraediately suggested to 
il£jy cumpare them with syudjols of quantity admitti/u/ ojtlji tj^ 

Jfie values 0 and IT" Let us conceive, tlicn, of an Algebra in 
which the symbols or, y, jt, &c admit indifferently of the values 
0 and 1, and of these values alone. The laws, the axioms, and 
the processes, of such an Algebra will he identical in their whole 
c:kl€ut with tlic laws, the axioms, and the processes ol'an Al- 
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gebnt of Lope- Qiffiym*^ intr p'^t'OP alone divide 
them. Upon thk principle the method of the followfiig work is 

established. 

It now remains to thow that those constituent parts of 
ordinary ianguage which have not been considered in the pre- 
vionB Beotions of this chapter are either resolvable into the same 
elements as those which have been considered^ or are subsidiary 
to those elements by contributing to their more precise defi- 
nition. 

The substantive^ the adjective, and the verb^ together with 
the particles and^ except^ we have already oonndered* The pro- 
noun may be regarded as a particolar form of the substantive or 

the adjective. The adverb modifies the meaning of the verb, but 
does not aft'ect its nature. Prepositions contribute to the ex- 
pression of circumstance or relation, and thus tend to give pre- 
cision and detail to the meamng of the literal symbols. The 
conjunctions eiiker^ or, are used chiefly in the expression of 
relation among propositions, and it will hereafter be shown that 
the same relations can be completely expressed by ck inenttuy 
symbols analogous in interpretation^ and identical in form and 
law witli the symbols whose use and meaning have been ez- 
phuned in this Chapter. As to any remaining elements of 
speech, it will, upon examination, be found that they are used 
either to give a more definite significance to the terms of dis- 
course, and thus enter into the interpretation of the literal sym- 
bols already considered, or to express some emotion or state of 
feeling accompanying the utterance of a proportion, and thus do 
not belong to the province of the understanding, with wliich 
alone our present concern lies. Experience of its use will tes- 
tify to the sufficient^ of the classification which has been adopted. 
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CHAPTER III. 

rE|llTATION OF THB LAWS OF TRB SYMBOLS OF LOGIC FBOM THB 
LAWS OF THE OPERATIONS OF TUE UUMAN MIND. 

!• nnilE object of science, pru[)crly so called, is the knowledge 
(»r law.-* and relations. To be able to di8tin<;uish what 
U ei^t^enUal to this end, from what ia only accidentally ik»iuciated 
with it^ is one of the most important conditions of sdentifio pro- 
gress; 1 say, to d!£f<«n$r«tsA between these elements, because a con- 
sistent devotion to science does not require that the attention 
^houhl \)c altogether withdrawn I'roni otlier speculations, ollen ol a 
uictaphytiical nature, with which it is not unfrcqucutly counected. 
Such questionsy for instance^, as the existence of a sustaining 
ground of phnomena, the reality of cause, the propriety of forms 
of speech implying that the successive states of things are con- 
nected by operattonsy and others of a like nature, may possess 
a deep interest and eignificanee in relation to ?-cIriue, without 
being essentially scientific. It is indeed scarcely possible to 
ex]>ress the conclusions of natural science without borrowing 
the languap^e of these conceptions. Nor is there necessarily 
any practical inconvenience arising i'rom this source. They who 
U lievi', iuu\ iliev who refu.-c to believe, that there is more in the 
relation of Ciiuse and etiect than an iuvaiiablc order oi'suceession, 
agree in their interpretation of the conclusions of physical astru- 
,nomj« But they only agree because they recognise a common ele* 
ment of sdenttfic truth, which is indqxmdent of their particular 
views <jf the nature of eau.-al ion. 

2. If this distinction i» important in physical seienee, much 
more dot*s it deserve attention in connexion with the science of 
the intellectual powers. For the questions which this science 
presents become, in expression at least, almost necessarily mixed 
up with modes of thought and language, which betray a meta^ 
physical origin. The idealist would give to the hus> of reiisoning 
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one form of expression ; the sceptic^ if true to his prindples, ano- 
ther. Thejr wlio r^ard the phfenomena with which we are con- 
cerned in this inquiry as the mere sacoesrive «la#e# of the thinking 

subject devoid of any causal connexion, and they who refer them 
to the operations of an active intelligence, would, if consistent, 
equally diifer in their modes of statement. Like difference would 
also result from a diffisrenoe of classification of the mental ftcultfes. 
Now the principle which I would here assert, as affording us the 
only ground of confidence and stability amid so much of seeming 
and of real diversity, is tlio I'ullowing, viz., that if the laws in (lues- 
tion are really deduced irom observation, they have a real existence 
as laws of the human mind, independently of any metaphysical 
tlieory which may seem to be involved in the mode of their stat^ 
ment. They contain an element of truth which no ulterior cri- 
ticisiii upon the nature, or even upon the reality, of the mind's 
operations, can essentially attect. Let it even be granted that 
the mind is but a succession of states of consciousness, a series 
of fleeting impressions uncaused from without or from within, 
emerging out of nothing, and returning into nothing again, — 
the la^t refinement of the sceptic intellect, — still, v^s laws of suc- 
cession, or at least of a past succession, the results to which obser- 
vation had led would remain true. They would require to be 
interpreted into a language from whose vocabulary all such terms 
as cause and effect, operation and subject, substance and attri- 
bute, had been banished ; but they would still be valid as scien- 
tific truths. 

Morepver, as any statement of the laws of thought, founded 
upon actual observation, must thus contun scientific elements 
which are independent of metaphysical theories of the nature o^ 
the mind, the pracdcai application of such elements to the con- 
struction of a svstcm or method of reasoninj; must also be inde- 
pendent of metaphysical distinctions. For it is upon the scien- 
tific elements involved in the statement of the laws, that any 
practical application will rest, just as the practical conclusions of 
ph) sical astronomy are independent of any theory of the cause 
of gmvitation, but rest only on the knowledge of its pha?no- 
meual cfiecte. And, theieibre, as respects both the determi- 
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nation of the laws of thonghty and the practical use of them 
when ^scoYered, we are, for all really sdentific ends, uncon- 
cerned with the truth or fidsehood of any metapbydical specula- 
tions whatever. 

3. The course which it appears to me to be expedient, under 
these ciroumstanoeSy to adopt, is to avail myself as far as possible 
of the language of common discourse, without r^;ard to any 
theory of the nature and powers of the mind which it may be 
thought to embody. For instance, it is agreeable to common 
usage to say that we converse with each other by the communi- 
cation of idess, or conceptions, such communication being the 
office of words; and that with reference to any particuhur ideas or 
oonoeptions presented to it, the mind possesses certain powers or 
fiMMilties by which the mental regard maybe fixed upon some idea**, 
to the exclusion of others, or by which the given conceptions or 
ideas may, in various ways, be combined together. To those 
fiKsnltiee or powers different names, as Attention, Simple Appre- 
hension, Conoeptbn or Imaginadon, Abstraction, &Cf have been 
given, — names which have not only furnished the titles of distinct 
divi-iiou:? of the philosophy oi the luiman mind, but piissed into 
the common language of men. Whenever, then, occasion shall 
occur to use these terms, I shall do so without implying thereby 
that I accept the theory that the mind possesses such and such 
powers and faculties as distinct clients of its activity. Nor is 
it indeed necessary to inquire whether such powers of the under- 
standing liave a distinct existence or not. We may merge these 
difierent titles under the one geneiic name of OptratUnu of the 
human mind, define these operations so &r as is necessary for the 
]nirpose8 of this work, and then seek to express theur ultimate laws. 
Such will be the general order of the course which I shall pur- 
sue, though reference will occa.-ionully be made to the names wliich 
common agreement has assigned to the particular states or ope- 
rations of the mind which may fidl under our notice. 

It will be most convenient to distribute the more definite re> 
suits of the Mowing investigatbn into distinet Propositions. 
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Proposition L 

4. To deduce tJie laws of the sinnhols of Logic from a ajiisidt'- 
ration of those operations oftlie mind which are implied in tlte strict 
use of language as an instrument of reasoning. 

In every discourse, whether of tlie mind conversint^j with its 
own thoughts, or of the indiTiduai iu his intercourse with others, 
there is an assnmed or expressed limit within which the subjects of 
its operation are confined. The most unfettered diBcourse is that 
in which the words we use are understood in the widest possible 
application, and for them the limits of discourse arc co-extcnsivc 
with those of the universe itself. But more usually we confine our- 
selves to a less spacious field. Sometimes, in discoursing of men 
we imply (without expressing the limitation) that it is of men 
only under certain circumstances and conditions that we speak, 
as of civilized men, or of men in the vigour of life, or of men 
under some other condition or relation. Now, whatever may be 
the extent of the field within which all the objects of our dis- 
course are found, that field may properly be termed the universe 
of discourse. 

5. Furthermore, this uniyerse of discourse is in the strictest 

sense the ultiuiatc subject of the discourse. The uflice of any name 
or descriptive tenn employed under the limitations supposed is not 
to raise in the mind the conception of all the beings or objects to 
which that name or description is applicable, but only of those 
which exist within the supposed universe of discourse. If that 
universe of discourse is the actual universe of thlnj^s, which it 
always is when our words are taken in their rwil and literal sense, 
then by men we mean ail men that exist ; but if the universe of 
discourse is limited by any antecedent implied understanding, 
then it is of men under the limitation thus introduced that we 
speak. It is in both cases the business of the word men to direct 
a certain operation ol'the mind, by which, from the proper uni- 
verse of discourse, we select or fix upon the individuals signified. 

6. Exactly of the same kind is the mental operation implied 
by the use of an adjective. Let, for instance, the universe of dis- 
course be the actiud Universe. Then, as the word men directs 
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110 to idooi nmtilfy fion thtt Unhrsne •!! the boingv to wludli 
the term men*' is applicable ; to the adjeodve good," in the 

CMmhiiuiiluii tjood nu n," directs us ftill tiiriluT to eelect men- 
talijr frtmi the cla^s ui' men all those who poMOfli the iurt)icr 
qoafitj **good;" and. if another adjective were prefixed to the 
cfMBfabalioo good men," it would direct a further opecation of 
the tame nature, having lefapaaee to that fiirther quality wludi 

itmi^lit 1»€ chosen to cxpre^jj. 

It ia important to notice carei'uiiy the real nature oi' the ope» 
ntioo here described, lor it is cononrable, that it might hnte 
ben dift r ent firam what it is. Were the acyecdve sinqJy mUri' 
huire in its chaneter, it would seem, that when « partieuhur set 
oi' UeingB is tksignated by men, the prcHxing of the adjective 
fmd would direct us to attach mentally to all tho!*c Ijcings the 
qn^ty of goodness. But tiiis is not the real office «f the ad- 
jective. The operation iriuch we reaUj perform is one of ss- 
Uclion acrordinfj to a preierihed prineipie or idea. To what fa- 
ctiltjcsi ot lhe mind such an o|>eratiuii would !>«• ictt rivd, acconling 
to the received classiiication of it^ iH>wer8, it not iui]x)rt4int to 
intfuirei but i suppose that it would be conttdered as dependent 
upootim two faculties of O)oceptioi| or Imagination, and Attco- 
tkm« To the one of these fiiculttes migtt be referred the forma* 
taOD of the general conception ; to tlie other the fixini; of the 
mental regard upon thoae individuaU within the pre^ribed uni- 
verse ofdiseourse which answer to the conception. I( however, 
ai seems not improbable, the power of Attention is nothing more 
thiin the jxiwcrof continuing; the cxerdseof anyothrr faculty of the 
flsind, we might properly repird the whole of the mental pr(H*ef*8 
abom dflMribff* oh rcfenible to the mental faculty of Imagioataon 
or Coneeptioo, the first step of the procsss being the conceptioii 
eC the Universe itmlA and each succeeding step limitinir in a de> 
finite iit.uiner the conception thus fonned. Adujiliui: tlii.-^ view, 1 
fhaii diascribc each such t^tep, or any deiinite ctunhiuutiuu of such 
steps, as a d^tmU aei oj conceptitm. And the use of this term I 
ihdW ii ■ rciwl so as tn innlmlfi in its men ning not m\j thn rwir mprinn 
flfdasses of objects n presented by portieukr names or simple 
o^trihuti"^ of quality, hut nl:*4» the Cf»mhinftti<»n of f*uch conrep- 
taons in any manner oonsisteat with the powon> and liautatM>n» 
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of the haman mind ; indeed, any intellectual operation short 
of that which is involved in the stnietore of a sentence or propo- 
sition. The genend laws to which such operations of the mind 

are subject arc now to be considered. 

7. Now it will be shown that the laws which in the preced- 
ing chi^ter have been determined d posteriori from the consti- 
tution c£ language^ for the use of the literal symbols of Logio, 
are in reality the laws of that definite mental operation whidi 
hasjui^t been dc-^cribed. W« commence our dit^cuurse with a 
certain understanding as to the limits of its subject, i. e. a** to 
the limits of its Universe. Every name^ every term of descrip- 
tion that we employ, . direc ts him whom we address to the pei^ 
lormance of a certun incntid operat ion upon fh^fc *»^l^Mt- And 
thus is thought communicated. But as each name or descript ive 
term is in this view but the representative ol^ui intellectual ope- 
ration, that operation being also prior in the order of nature, it 
is clear that the laws of the name or symbol must be of a deriva- 
tive character, — ^must, in fact, ori^nate in those of the operation 
which they represent. That the laws of the symbol^ and of the 
mental process are identical in expression will now be shown. 

8* T^ct us then sup^iosc that the universe of our disco urse is. 
the actual universe^ so that words are to be used in the full ex* 
tenfci^thar meaning, and let qs consider the two mental opera- 
tions implied by the words white*' and men.** The word 

men" implies the operation of selecting in thought from its 
subject, the universe, all men ; and the resulting conception, 
men, becomes the subject of the next opcnition. The operation 
implied by the word white" is that of selecting from its subject, 

men," all of that class which are white. The final resulting 
conception is that of "white men." Now it is perfectly appa- 
rent that il'thc opemtions above described had been performed 
in a converse order, the result would have been the same. Whe- 
ther we begm by forming the conception of hmr," and then 
by a seccmd intellectual act limit that conception to " white 
men," or whether we begin by forming the conception of " white 
(>l>jL'cts," and then limit it to such of that class :us arc "men," is 
perfectly indiflerent so far as the result is concerned, it is ob- 
vious that the order of the mental processes would be equally 
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indiffierent if for the words white" and men*' we substituted 
any other descriptiTe or appellalive terms whatever, provided 
only that thdr meaning was fixed and absolute. And thus the 

indifference of the order of two succes:?ive acts of the facultv of 
ConceptioQ, the one of which furnishes the subject upon which 
the other is supposed to operate, is a general condition of the 
exercise of that fiiculty. It is a law of the minA and it is the 
real origin of that Iblw of the Ktend symbols of Logic which con- 
iititutcri it^? formal expression (1) Chap. ii. 

9. It is equally clear that the mental operation above de- 
scribed is of such a nature that its efiect is not altered by repe- 
tttioiu Sui^KMe that by a definite act of conception the attention 
has been fixed upon men, and that by another exercise of the 
tame iaculty we limit it to those of the race wlio are white. 
Then any further repetition of the latter mental act, by which 
the attention is limited to white objects, does not in any way 
modify the conception arrived at, viz., that of white men. This 
ia also an example of a general law of the mind, and it has its 
formal expression in the law ((2) Cliap. ii.) of the literal symbols. 

10. Apiin, it is manifest that Irom the conceptions of two 
distinct classes of things we can form the conception of tliat ooU 
lection of things which the two classes taken together compose ; 
mod it is obviously indifferent in what order of position or of 
priority those classes are pre s en ted to the mental ynew. This is 
another general law of the mind, and its expression is found in 
(3) Chap. II. 

11. It is not necessary to pursue this course of inquiry and 
comparison. Sufficient illustration has been given to render ma- 
nifest the two fi>llowing positions, viz. : 

First, That the operations of the mind, by which, in the 
exercise of its power of imagination or conception, it comhines 
and modifies the simple ideas of things or qualities, not less than 
diose operations of the reason which are ezenased upon truths 
and propositions, are sutject to general laws. 

Secx)ndly, That those laws are mathematical in their form, 
and that they are actually developed in the essentiid laws ol* 
human language. Whereibre the laws of the symbols of Logic 
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are deduoible from a oonsidefation of the operatioiis of the mind 
in leaeomog. 

12. The remamder of thii chapter will be occupied with 
questions reliitiTicf to that law of thought whose expression is 
a?' = a; (II. 9), a law which, as haa been implied (II. 15), forms 
the chaiaoteristic distinction of the operations of the mind in its 
ordinary discoarse and reasoning, as oompared with its operations 
when oeonpied with the general algebra of qnantttj. An im- 
portunt part of the following inquiry will consist in proving that 
the symbols 0 and 1 occupy a place, and are susceptible of an 
interpretation, among the symbols of Logic ; and it may first be 
necessary to show how particukr symbols, sudi as the above, 
may with propriety and advantage be employed in the represen- 
tation of distinct systems of thought. 

The ground ol' this propriety cannot consist in any commu- 
nity of interpretation. For in systems of thought so truly 
distinct as those of Logic and Arithmetic (I use the latter term 
in its widest sense as the science of Number), there is, properly 
speaking, no community of subject. The one of them is oonveiv 
fiant with tlie very conceptions of things, the other takes account 
solely of their numerical relations. But inasmuch as the forms 
and methods of any system of reasoning depend immediately upon 
the laws to which the symbols are subject, and only mediately, 
through the above link of connexion, upon their interpretation, 
there may be botli propriety and advantage in emplo} ing the 
same symbols in diti'erent systems of thought, provided that such 
interpretations can be assigned to them as shall render their for> 
mal laws identical, and their use consistent. The ground of that 
employment will not then be community of interpretation, bnt 
the community of the fonna! laws, to which in th&r respective 
systems they are subject. Nor must that community of Ibrmrd 
laws be established upon any other ground tlian that of a care^ 
observation and comparison of those results which are seen to 
flow independently fiom the interpretations of the systems under 
consideration. 

These observat ions will cxplwn the process of inquiry adopted 
in the following Proposition. The iitcr«il bymbols of Logic are 
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uniy^rsally snbjcot to the law whose expression is x. Of 
tiM symbols of Number there are two only, 0 and- 1, which sa- 
^fy this law. But each of these symbols is also subject to a law 

[>eculiar to itself in the system of numerical magnitude, and this 
suggc.st*^ the inquir}', what interpretations nm;it he given to the 
literal symbols of Logic, in order that the same peculiar and 
fonnai laws may be realised in the logical intern also. 

Propositiok II. 

13. To determine the lugical value and sigmficanee of the 
symMi 0 and I. 

The symbol 0, as used in Algebra, satisfies the following for- 
mal law, 

0 X y = 0, or Oy - 0, (1) 

whatever number y may represent. That this fottnal law may be 
obeyed in the system of Logic, we must assign to the sjrmbol 0 
rach an interpretation that the elcas represented by may be 
identical with the class represented by 0, whateyer the class y 
may l>e. A little con.«*ideration will sliow that thi.-^ condition is 
satisfied if the symbol 0 represent Nothing. In accordance with 
• previous definition, we may term Nothing a class. In fact, 
Nothing Bod Univeree are the two limits of class extennon, for 
they are the limits of the possible interpretations of general 
names, none of which can relate to fewer individualt* tlian are 
comprised in Nothing, or to more than are comprLsed in the 
Universe. Now whatever the class y may be, the individuals 
which are common to it and to the class Nothing*' are identi- 
cal with those comprised in the class Nothing,*' for they arc 
none. And thus hy asj^igning to 0 the interpretation Nothing, 
the law (I) is satisfied; and it is not otherwi.-c satislied consis- 
tently with the perfectly general character of the class y. 

Secondly, The symbol 1 satisfies in the system of Number 
the following law, viz., 

I or Ijf-y, 

whatever number y may represent. And thi.< formal ccpiation 
being assumed as e(^ually valid in tlic system of this work, in 
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•which I and y rojircscnt clas.scs, it appears that the symbol I 
miiHt represent such a cUiflS that all the individuals wliich are 
found in any proposed class y are also all the individuals ly that 
are common to that dass y and the da^s represented by L A 
litde conmderation will here show that the class represented by 1 
J must be *Mhe l^nivcrse,*' since this is the only class in which 
are found all the individuals that exist in any class. Hence the 
respective interpretations of the symbols 0 and 1 in the system 
of Logic are Nothing and Unwerse, 

14. As with the idea of any class of objects as " men,*' there 
is suggested to tlic mind the idea of the contrary class of beings 
which are not men ; and as the whole Universe is made up of 
these two classes together, since of every individual which it 
comprehends we may affirm either that it is a man, or that it is 
not a man, it becomes important to inquire how such contrary 
names are to be expressed. Such is the object of the following 
Proposition. 

Proposition III. 

Ifx ttpretent any dau of obfeetSf dun wiU l- x repreunt th$ 
eontrary or wpplementary etats of objects, i,e* the elau indudh^ 
all objects which are not comprehended in the does x. 

For greater distinctness of conception let x represent the class 
men^ and let us express, according to the last Propositum, the 
Universe by 1 ; now if from the conception of the Umversc, as 

consisting of " men" and " not-nien," we exclude the conception 
of " men," the resulting conception is that of the contrary cla^s, 
not-men." Hence the class " not-men" will be represented by 
\ "X, And, in general, whatever class of objects b represented 
by the symbol the contrary class will be expressed by 1 - jr. 

15. Although the following Proposition belongs in strictness 
to a future chapter of this work, devoted to the subject of 
maxhm or necessary truths, yet, on account of the great impor- 
tance of that law of thought to which it relates, it has been ^ 
thought proper to introduce it here. 
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Proposition IV. 

Thai aaiom of metaphysuAims whid^ is termed ^prineiple of 

contradiction ^ and which affirms that it is impossible for any heiny to 
possess a quality ^ and at the same time not to possess ity is a conse- 
qtidtee of the fundamentallaw of thought, whose etspreseion is je*mjc. 

Let OS write this equation in tlie form 

« - « 0» 

wlieDoe we have 

«(l-«)-0; (1) 

both tlicse transformations being justified by the axiomatic laws 
of combination and transposition (II. 13). Let us, for simplici^ 
of conce p tion, give to the qrmbol x the particular interpretatioii 
of aie% then 1 - « will represent the dass of ** notnaaen" 
(Prop. III.) Now the formal product of the expressions of two 
cla^j-es represents that class of individuals which is common to 
them both (II. 6). Hence a (I - a) will represent the class 
whose members are at once ^^men/' and **not men,*' and the 
eqaation (1) thus ejqpress the prindplOi thai a close whoee mem- 
hers are at ike same time men and not men doee not exist. In 
other words, that it is impossible for the same individual to be at 
the same time a man and not a man. Now let the meaning of 
the symbol a be extended from the representing of men," to 
that of eaj dass of beings diaiacteriaed by the possession of any 
quality whatever; and the equation (1) will then express that it 
is impossible for a being to possess a quality and not to possess 
that quality at the same time. But this is identically tlmt 
principle of contradiction" which Aristotle has described as the 
fimdamental axiom of all philosophy. It is impossible that the 
asme quality should both belong and not belong to the same 
thing. . . Tliis is the most certain of all principles. . . Wherefore 
they who demonstrate refer to this as an uhimatc opinion. For 
it is by nature the source of all the other axioms."* 
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The above interpretation has been introduced not on account 
of its immediate value in the present system, but as an illustration 
of a significant &ct in the philoec^y of the intellectaal powers, 
▼iz., that what has been oommoiily regarded as the fundamental 

axiom of metaphysics is but the consequence of a law of thought, 
mathematical in its form. I desire to direct attention also to the 
circumstance that the equation (1) in which that fundamental 
law of thought is expressed is an equation of the second degree.* 
Without speculating at all in this chapter upon the question, 
whether that circum.stance is necessary in its own nature, we 
may venture to assert that if it had not existed, the whole pro- 
cedure of the understanding would have been different from what 
I it is. Thus it is a consequence of the &ct that jl^ fundamental 
I equation of thought is of the second degree, that we perform the 
\ operation of analysis and classification, by division into pairs of 



• Should it here bo said that the oxisteneo of the equation x' — jr necessitates 
also the existence of the equation x' = x, which is of the third degree, and then 
inquired whether that equation docs not indicate a process of trichotomy ; the 
answer is, that the equation x is not interpretable in the system of logic 
For writing it in either of the forms 

^if-'^J^ . .(l-x)(Ux) =0. (2) 

ife see that its interpretatioa, if posalble at aU, most involTe that oFthe fketor 
1 -f- or of the fiactor - 1 - «. The former ia not interpretable, beeaaae we 
eannot eoneeiTe of the addition of any elassc to the universe 1; the latter is not 
InterpretaUe* beoanse the ajmbol - 1 is not sobjeot to the law « (1 - ») s 0, to 
whioh all class sjnd>ols sre snbjeet. Henoe the equation «* cs « adnrfts <^no in- 
terpretatioQ analogous to that of the equation Were the former equation, 

howerer, true independently of the latter, i. e. were that act of the mind which 
is denoted by the symbol x, such that its second repetition should reproduce tho 
result of a single operation, hut not its first or mere repetition, it is presumable 
that wo should be able to interpret one of the forms (2), (3), which under the 
actual conditions of thought we cannot do. There exist operations, known to 
the mathematician, the law of which may be adequately expressed by the equa- 
tion x3 = J. But they are of a nature altogether foreign to the province of 
general reasoning. 

In saying that it is conceivable that the law of thought might have been dif- 
ferent fk'om what it is, I mean only that we can frame such an hypothesis, and 
study its eonseqnences. The possibilitj of doing this iuToIvee no such doctrine 
as that the actual law of human reason is the product either of chance or of arbi- 
trar J wiU. 
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oppontesy OTy 88 H b technically said, h yjtichotom^ Now if the ^ 
eqaBtkm in question bad been of the thixd d^pree, etill admitting 
of interpretation as snob, the mental divimon mnst have been 

threefold in character, and we must have proceeded by a J?pecic8 
of trichotomy, the real nature of which it is impossible lor usy 
with our existing fiiculties, adequately to conceive, but the laws 
(»f which we migbt still inTestigate as an object of inteUectual 
apeeolation* 

16. The law of thought expressed by the equation (1) will, 
ibr reasons ^vhich are made apparent by the above discussion, be 
occasionaUy refeired to as the law of duality/' 
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CHAPTER. IV. 

OF THE DIVISION OF PROPOSITIONS INTO THE TWO CLASSES OF 
"primary" and " SECONDARY;" OF THE CHARACTERISTIC PRO- 
PBRTIB8 OF TH08B CLASSES, AND OF THE LAWS OF THS SXPIUB8- 
8I0N OF PRIMARY PROPOSITIONS. 

1. npHE laws of those mental operations which arc concerned 
in the processes of Conception or Imag^ation having 
been inyestigated, and the corresponding lawR of the symbols 
by which they are represented explained, we are led to conrider 

the practical application of the results obtained : first, in the 
expression of the complex terms of propositions ; secondly, in 
the expression of propositions ; and lastly, in the construction of 
a general method of deductive analysLs* In the present chapter 
we shall be chiefly concerned with the first of these objects, as 
an introduction to which it is necessary to establish the following 
Proposition : 

Proposition I. 

AU logical propoMons may be considered as belonging to one 
or ike other of too great eAuMS, U> tMeh the reepcetioe namee of 
Primary'* or Conerete PropoeUione/' and «* Secondary or^Ab- 
etract Propomdom^ may he gwen* 

Every assertion that we make may be referred to one or the 
other of the two following kinds. Either it expresses a relation 

tanoug things, or it expresses, or is equivalent to the expression of, 
a relation amonj^ jrropositions. An assertion respecting the pro- 
perties of thingSy or the phaonomena which they manifest, or the 
drcomstances in which they are placed, is, properly speaking, the 
assertion of a relation among things* To say that snow is 
• wlute," is for the ends of logic eqmvalent to saying, that snow 
is a white thing." An assertion ro?»pecting facts or events, their 
mutual connexion and dependence, is, ibr the same ends, generally 
equivalent to the assertion, that such and such proportions con- 
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oerning tlioee emits Iiave a certsm febtaon to each other as 

respects tlicir mutual truth or falsehood. The former cla:!S of 
propositiona, relatiDg to things^ I call ** Priiuary ;" the latter clasa, 
rekdng to propositions^ I call <^ Secondary." The distiiictioik is 
in piactice nearly but not qmte co-eztensiTe with the common 
logiosl ^Bstinedon of proportions as categorical or hypothetical. 

For instance, the propositions, "The sun shines," '*Thc earth 
is warmed," are primaiy ; the proposition, " If the eun shines 
the earth is warmed," is secondary. To say, The smi siiiaesy" 
is to say, The son is that which shines," and it expressesare- 
Istion between two classes of things, tiz., the son** and things 
which shine." The secondary proposition, however, given above, 
expresses a relation of dej)endencc between the two primary propo- 
sitions. The sun shines," and " The earth is warmed." I do not 
liereby affirm that the relation between lliese propodtions is, like 
that wluch exists between the fiicts which they express, a reb- 
tion of causality, bnt only that the relation among the propo- 
sitions so implies, and is so implied by, the relation among the 
fiicts, that it may for the ends of logic be used as a fit repre- 
sentatiye of that relation. 

8. If instead of the proposition, The son shines," we say, 
^ It Is tnie that the son shines," we then speak not direody of 
things, but of a projiosition concerning things, viz., of the pro- 
position, " The sun shines." And, therefore, the proposition in 
which we thus speak is a secondary one. Every primary pro- 
position may thos give rise to a secondary proposition, viz., to 
that secondary proposition which asserts its troth, or declares its 
falsehood. 

It will usually happen, that the particles if^ either, or, will 
indicate that a proposition is secondary ; but they do not neces- 
sarily imply that such is the case. The proposition, " Animals 
are either rational or irrational,'* is primary. It cannot be re- 
solved into Either animals are rational or animals are irra- 
tional," and it docs not therefore cx])ressa relation of (le|HMidcnce 
between the two propositions connected together in the latter 
di^uMtive sentence. The partides, eUher^ or, are in fiict no 
€riUrim of the natore of propositioos, although it happens that 
Asy aie more fivqaentlyfimiid in secondary propositions. Even 
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the conjimctioii tf msjr be fi>imd in prinuffj propoeitions. Men 
axe^ if wise, then tempenite»" is an example of the kiniL It 
cannot be lesolTed into *<If all men ace wise^ then all men axe 

temperate.*' 

3. As it is not my design to discuss the merits or defects of 
the ordinary division of propositions^ I shall simply remark here, 
that the principle npon which the present classification is founded 
is dear and definite in its application, that it involyes a real 
and fundamental distinction in propositions, and that it is of 
essential importance to the development of a general method of 
reasoning. Nor does the fact that a primary proposition may 
be put into a finm in which it becomes secondary at all conflict 
with the views here maintained. For in ti^e case thus supposed* 
it is not of tlie things connected together in the primary propo- 
sition that any direct account is taken, but only of the propo- 
sition itself considered as true or as faUe^ 

4. In the ejqpression both of primary and of secondary propo- 
ations, the same symbols, subjecty as it will i^f^pear, to the same 
laws, will be employed in this work. The difierenoe between 
the two cases is a difl'erence not of fonn but of interpretation. 
In both cases the actual relation which it is the object of the 
proposition to express will be denoted by the sign In the 
ezpresoon of primary propositions^ the members thus connected 
win usually represent the terms'* of a proposition, or, as tl^y 
are more particularly designated, its subject and predicate. 



PaoFosmojN II. 

5. To deduce a general metJiod^ founded upon the enumeration of 
possible varutie8f for the expression of any class or collection of thingt^ 
which may eonditute a ** term** of a Primiaary Propoeidon, 

First, If the class or collection of things to be expressed is 
defined only by names or qualities common to all the individuals 
of which it oonrists, its expression will consist of a nngle term, 

in which the symbols expressive of those names or qualities will 
be combined without any connecting sign, as if by the alge- 
braic process of multiplication. Thus, if a represent opaque 
-iribstances, y polished substances^ z stones, we shall have^ 
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mifz - opaque polished stones ; 

(1 - - opaque polished substances which are not stones; 
m{\ " y) {\ - z) = opaque substances which axe not polished, 

and ai'e not Btuucs ; 

«nd so on for any other combination. Let it be observed, that 
each of these expressions satisfies the same Uw of dualily, as the 

individuiil symbols which it contains. Thus» 

ndso on. Any such term as the above we shall designate as 
ft class term/' because it expresses a dass of things by means 
of the common properties or names of the individual members of 
such class. 

Secondly^ If we speak of a collection of things, different 
pordons of which arc defined by different properties^ names, or 
attributes, the expressions for those different portions must be 
separately formed, and then connected bv the sign +. But if 
the collection of which we (lc:?ire to ^peak has been formed by 
excluding from some wider collection a defined portion of its 
membcrH, the sign - must be prefixed to the symbolical expres- 
sion of the excluded portion. Bespecting the use of these sym- 
bds some further observations may be added. 

6. Speaking generally, the symbol 4- is the equivalent of the 
conjunctions "and," *'or," and the symbol -, the ciiuivalLiit of 
the preposition " except." Of the conjunctions " and" and " or," 
the fixrmer is usually employed when the collection to be d^ 
scribed forms the subject, the latter when it fixrms the prcdi<;ate, 
of a proposition. " The scholar and the man of the world de- 
sire happiness," may be taken as an illustration of one of these 
cases. Things possessing utility are either productive of plear 
sure 0r preventive of pain," may exemplify the other. Now 
whenever an expression involving these particles presents itself 
in a primary proposition, it becomes very important to know 
whether the groups or classes separated in thought l)y them are 
intended to be ijuite distinct from each other and nuitually ex- 
^usive, or not. Does the expression, Schobrs and men of the 
worid," indode or exdode those ifho are both ? Does the ex- 
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pression, "Either productive of pleasure or preventive of pain,'* 
indude or excLnde thingp whioh possess both these qualities ? I 
apprehend that in strictness of meaning the conjunctions *^ and,** 

** or," do possess the power of separation or exclusion here re- 
ferred to ; that the formula, ** All x'a are either ys or z*s" 
rigorously interpreted, means, " All ^'s are either j/*s, but not z's," 
or, * * z's but not But it must at the same time be admitted, 
that the jus et norma loqu endi" seems rather to fitvour an oppo- 
rite interpretalaon. The ezpresrion, ** Either ys or 2^9^" would 
generally be understood to include thinjo^s that are y*s and r's at 
the same time, together with things which come under the one, 
but not the other. Bemembering, however, that the symbol + 
does possess the sepaiating power which has been the subject of 
^scussion, we must resolve any dj^ unctive ezpresrion which may 
come before us into elements really separated in thought, aud 
then connect their respective expressions by the symbol + . 

And thus, according to the meaning implied, the expresaion. 
Things which are either «'s or y's," will have two different sym- 
bolical equivalents. If we mean, Things which are «'s» but 
not ys, or y\ but not /b^b," the expresrion will be 

«(l-y)+^(l-4i?); 

the symbol x standing for x's, y for t/'s. If, however, we mean, 
Things which are either a\ or, if not a's, then ya^'* the ex- 
presflion will be 

« + y (I 

This expression supposes the admissibility of tilings which are 
both as and ys at the aa m^ time . It might more fully be ex- 
pressed in the form 

a?y + ar(l-y) + y(l-«); 

but this expression, on addition of the two first terms, only re- 
produces the former one. 

Let it be observed that the ezpresrions above |^v<Bn satisfy 
the ftrndamental law of duality (III. 1 6). Thus we have 

|«(l-y) + y(l (l-y) + y(l-«), 
|« + y (1 - ar))» « « + y (1 - «?). 

JLt will be seen hereailer, that this is but a particular manilesta- 
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tkm of a general kw of expreanons xepirosenting « olasses or 

CoUections of things.'* 

7. The results of these investigations may be embodied in 
the following rule of expression. 

RuiB. — EtBpress simple name$€rqualiiie$ by (40 tifmboU m^y^z^ 
^ lft«tp wntrariu % 1 - «, 1 - y, 1 - jr, 4^.; dium of things 
defined hy eommon names or quaUHes, hy connecting the correspond- 
ing symbola as in multiplication ; collections of Odmjs^ consisting of 
portions (liferent from each oUier^ by connecting the expressions of 
Aoee portions by the sign +. In particular, let the expression, " Either 
deory'e^* beexpreeeed by y) y {1-- x% when the classes de- 
noted by m and y are exekuiee; hy x + y{\- x) vilhen Hiey are not 
exclusive. Similarly lei the expression, ** Either x's, or ys, or z's" be 
expressed by x (I - y) (I - z) ■¥ y {I - x) {I - z) + z {I - x) (1 - y), 
when the classes denoted by x, y, and z, are designed to be mutually 
exdsuke, ^«+y(l-«)-)-«(l-«)(l-y), when they are not meant 
to be exehtsioet and bo on. 

8. On this rule of ezpresfflon is ftvmded the ooiiTerse mle of 
intcq)retation. Both thc?c will be exemplified with, perhaps, 
Buihcicnt fulness in the following instances. Omitting for bre- 
yitj the uniyersal subject thingSy" or beiogs*" let us assume 

X «= hard, y » elastic, z = metals ; 

and we shall have the following results: 

Nou-elastic metals^" will be expressed hj z^l- y); 

^Shstie substances with non-ehstic metals,** hy y + z(\ -y); 

*' Hard substances, except metals," by x - A; 

Metallic substances, except those which are neither hard nor 
elastic,'* b7«-«(l-«)(l-y), or byz(l-(l-«) (l-^^)), 
iride (6), Chi^. II. 

In tiie last example, what we had really to express was Metals, 
ezosfyt not hard, not elastic, metals." Conjunctions used be- 
tween adjectives are usually superliuous, and, therefore, must 
not be expressed symbolically. 

Thus, Metab hard and elastic," is equivalent to Hard 
ehstic metals," and expressed by xye. 

Take next the expresdon, ** Hatd subetances, except those 
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which aie metaUio and noineltttic, and thooe whkh are elastic 
and non-metalHo." Here the word ihase means hard substanoes, 

so that the expression reiilly means, Hard suhslances except hard 
substances, metallic^ noii-clastic, and hard substances uon-mctdUicy 
elastic ; the word except extending to both the classes which 
follow it. The complete eiqireedon is 

X- [xz{\-y) + xy{\- z)]i 
or, m " »z {\ - y) - xy {I - z). 

9. The preceding Proposition, with the different illustrations 
which have been given of it, is a necessary preliminary to the 
following one, which will complete the design of the present 
chapter. 

Pbofosition III. 

To deduce from an examination of Hieir possible varieties a gene- 
ral method far tJie expression of Friniary or Concrete Jt^ropositions. 

A primary proposition, in the most general sense, consists of 
two terms, between which a relation is asserted to exist. These 
terms are not necessarily single-worded names, but may represent 
any collection of objects, such as we have been engaged in consi- 
dering in the previous sections. The mode of ei^ressing those 
terms is, therefore, comprehended in the general precepts above 
given, and it only remains to discover how the relations ])etween 
the terms are to be expressed. This will evidently depend upon 
the nature of the relation, and more particularly upon the qnes* 
tion whether, in that relation, the terms are understood to be 
universal or particular, i. e. whether we speak of the whole of 
that collection of objects to which a term refers, or indefinitely of 
the whole or of a part of it, the usual signification of the prefix^ 
" some." 

Suppose that we wish to express a relation of identity be- 
tween the two classes, Fixed Stars" and ** Suns," i. e. to 

express that All fixed stars are suns," and All suns are fixed 
stars." Here, i£x stand for £xed stars, and y for suns, wc shall 
have 

the equation required. 
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In tlie pTopo«tioii9 AUfixed etan are suns," the teim <<all 
fixed fltan** would be called the subject, and ** Buns" the /Treifi- 

ca/c. Suppose that we extend the meaning of the teniis subject 
and predicate in the following maimer. By subject let us mean 
the first term of any aflirmatiye propodtion, L e. the term which 
preoedee the copula is or are ; and by predicais let na agree to 
mean the second term, i. e. the one which ibllowa the copula ; 
and let U5 admit the itssuniptioii that either of these may be uni- 
versal or particular, so that, in either case, the whole class may 
be implied, or only a port of it. Then we shall have the ibllow- 
mg Bnle for caaea each as the one in the last example: — 

10. HuLE. — When both Subject and Predicate oj a Froposition 
are untvenalfform the eqwrate eapressions for themf and connect them 
by the sign ^. 

This case will usually present itself in the expression of the 
definitions of science, or of subjects treated after the manner of 
pm« soienoe. Mr. Senior's definition of wealth afibrds a good 
example of this kind, viz. : 

** Wealth consists of things transferable, limited in supply, 
and either productive of plcitsure or preventive of jjain.'* 

Before proceeding to express this definition symbolically, it 
must be remarked that the conjunction and is superfluous* 
Wealth is really defined by its possession of three properties or 
qualities, not by its composition out of three classes or collections 
of objects. Omitting then the conjunction a/id^ let us moke 

19 8 wealth. 

t = things transferable. 
s = limited in supply. 
p " productive of pleasu)re. 
r m preventive of pain. 

Now it is plain from the nature of the subject, that the ex- 
pression, " Either productive of pleasure or preventive of pain,'* 
in the above definition, is meant to be equivalent to Either pro- 
ductive of pleasure ; or, if not productive of pleasure, preventive 
of pain." Thus the class of things which the above exprcsdon, 
taken alone, would define, would consist of all things productive 
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of pleasnre, togetber with all things not prodnedve of plossim^ 

but preventive of pain, and its symbolical expression would be 

Kthenw6fittaditothisexpresaonphM9edi]il»»o^^ denote 
that both its terms are referred to, the symbols # and i limiting 

its application to things ** transferable" and ** liiiiit<;d in supply,'* 
we obtain the following symbolical equivalent for the original 
definitioiii vis. : 

wmst{p + r{\ -;;)]. (1) 

If the expression, Either productive of pleasnre or preventive of 
pain," were intended to point out merely those things which aie 
productive of pleasure without bong preventive of pain,/? (1 - r), 

or preventive of pain, without being productive of pleasure, 
r (I - p) (exclusion being made of those things which are both 
productive of pleasure and preventive of pain)» the expression in 
symbob of the definition would be 

w-#M/'0-r) + r(l (2) 

All this agrees with what has before been more generally stated. 

The reader may be curious to inquire what effect would be 
produced if we titerally translated the expresdon, Things pro- 
ductive of pleasure or preventive of jmu,** by + r, making the 
symbolical equation of the definition to be 

w^iiip-^r). (3) 

The answer is, that this expression would be equivalent to (2), 
with the additional implication that the classes of things denoted 
by stp and str are quite distinct, so that of things transferable 
and limited in supply there exist none in the universe which are 
at the same time both productive of pleasure and preventive of 
pain. How the full import of any equation may be determined 
I will be explained hereafter. What has been said may show that be- 
jfore attempting to tranalate our data into the rigorous language 
(of symbols, it is above all things necessary to ascertain the m- 
fended import of the words we are using. But this necessity 
cannot be regarded as an evil by those who value correctness of 
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thought, and regard the right employiiieat of language as both 
its instrmiieiit and its safeguaid. 

11. Let us oondder next the case in which the predicate of 

the proposition is particular, e. g. " All men axe mortal." 

In this ca^c it is clear that our meaning is, " All men are 
some mortal beings,*' and we must seek the expression of the 
predicate, ^* some mortal beings." Bepresent then by «, a class 
indefinite in every respect but this, viz., that some of its members 
are mortal beings, and let a stand for mortal beings," then will 
vx represent some mortal beings.'' Hence ify represent men, 
the equation sou^t will be 

From such considerations we derive the following itule, for 
expressing an affirmatiye universal proposition whose predicate 
is particular: 

RuLB. — Express as be/ore tlie subject and tJte predicaUf aUaek 
0 the latter Ae ind ^iie $iml» idjf* and eqtiate <fts nqmmong. 

It is obvious that v Is a syin])ol of the same kind as or, ^, &c., 
and that it is subject to the general law, 

■ r, or t; (1 - u) «= 0. 

Thus, to express the proposition, *^ The planets are dther 
primaiy or seooodary," we should, aooording to the rule, proceed 

thufi : 

Let « represent planets (the subject) ; 
p « primary bodies ; 
z » secondary bodies ; 

then, awmiming the conjunction or" to separate absolutely the 
daas of ^^primaiy" inm that of seoondMry** bodies, so fiur as 
they enter into our oonsiderata<m in the proposition £^ven, we 
find for the equation of the proposition 

+ (4) 

It may be worth while to notice, that in this case the literal 
translation of the premises into the form 
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would be exactly equivalent, v bdbog an indefinite class symboL 
The fonn (4) is, however, the better, as the expresdoii 

condats of terms representiiig dassee quite distinct from eaoh 
other, and eatisfies tiie fundamental law of duality. 

If wc take the proposition, " The heavenly bodies are either 
suns, or planets, or comets," representing these classes of things 
by w, .r, ?/, z, respectively, its expression, on the supposition that 
none of the heavenly bodies belong at onoe to two of the divi- 
sions above mentioned, will be 

IP - y) (1 + If (1 - 4r) (1 -r) + -«) (1 -y)). 

If, however, it were meant to be implied that the heavenly 
bo^Bes were dther suns, o^ if not suns, planets, or, if ndther suns 
nor planets, fixed stars, a meaning which does not exclude the 

supposition of some of them belonging at once to two or to all 
three of the divisions of suns, planets, and hxed stars, — the ex- 
presnon required would be 

U7 = o (x +y (I - z{l - X) (1 -y)). (6) 

The above examples belong to the dass of descriptions, not 
definitions. Indeed the predicates of propositions are usually 

particular. When this is not the ciiso, either the pi cdicate is a 
singidar term, or we employ, instead of the copula is" or *' are," 
some finrn of connexion, which implies that the predicate is to be 
taken nnivenally. 

12. Consider next the case of universal negative propositions, 
e. g. '* No men are pei*fect beings." 

NoAv it is manifest that in this case we do not speak of a class 
termed no men," and assert of this class that all its members 
are perfect beings." But we virtually make an assertion about 
^'^^ aU men" to the effect that they are ** not ^perfect heu^s/' Thus 
the true meaning of the proposition is this : 

** All men (subject) are (copula) not perfect (predicate) ;** 
whence, if y represent men," and a "perfect beings," we shall 
^ liave 
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and similarly in any other case. Thus we have the following 
Buie: 

RvLB. — To express any proposition of the form **No x*s are 

ya^ convert if into the form " AU s are not^^s^ and tlien proceed 
asintlic previous case* 

13. Gonrider, lastly, the case in which the snbject of the 

propoaition is particular, c. g. " Some incn are not wise." Here, 
as haa been remarked, the negative not may properly be referred, 
certainly, at least, for the ends of Logic, to the predicate wise ; 
&r we do not mean to say that it is not tme that Some men . 
are wise," bnt we intend to predicate of some men" a want of 
wisdom. The requisite furm of the given proposition is, there- 
fore. Some men arc not-wise." Putting, then, y for "men," 
X for " wise," i. e. "wise beings," and introducing r as the sym- 
bol of a class indefinite in all respects but this, that it contains 
some individaals of the class to whose expresrion it b prefixed, 

vy ^ v{\ - a), of ^ 

14. We may comprise all that we haye determined in the 

ftUowiiig general Kule : 

GENERAL RULE FOR THE SYMBOLICAL EXPRESSION OF PRIMARY 

PROPOSITIONS. 

Ist If the proposition is ajirmative, form ^ expression of the 

tntbject and that of the predicate. Should cither of thein he particidar, 
attach toil the indejinite symbol v, and then equate tJie resulting ex* 
pressians, 

2ttdly. If the proposition is ne^adeet express first its tme mean- 
ing hy eitaching the negative particUto the predieate^ Am proceed as 
above. 

One or two additional examples may suffice fi>r illustration. - 

Ex. — " No men are placed in exalted stations, and free from 
envious regards." 

Let p represent men," or, placed in exalted stations," 
^im fiom envious regards." 

Now the expression of the class described as placed in 
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exalted 8tation»" and free irom envious regardfi»" is xz. Hence 
the contrary dass, L e. they to whom this description does not 
uppijf will be reprasented hjl^sz^ and to this class all men 
are referred* Hence we hare 

y B v (1 - xz). 

If the propodtioii thus expressed had been placed in the eqmva- 

Icnt form, " Men in exalted sUitions are not free from envious 
r^gardsy" its expression would have been 

yx-o(l -z). 

It will hereafter appear that this ezpressicm is really equivalent 
to the previous one^ on the particular hypothesis involyed) yiz^ 
that V is an indefinite class symbol. 

Ex. — No men are heroes but those who unite self-denial to 
courage." 

Let a: « ^< men," y « ^< heroes," z » those who pnurtase self- 
denial," t0^ those who possess courage.** 

The assertion really is, that <*men who do not possess con- 
rage and practise self-denial are not heroes." 

Hence we have 

;r (I - zw) a o (1 - |f) 

for the equation required. 

Id* Indoring this Chapter it may be interesting to compare 
together the great leading ^rpes of propositions symbolically ex- 
pressed. If we agree to represent by X and Y the symbolical 

expressions of the terms," or things related, those types will 
be 

X =«Y, 
X = Y, 
vX -oY. 

In the first, the prediaite only is particular ; in the second, both 
terms are universal ; in the third, both are particuliu*. Some mi- 
nor forms are really included under these. Thus, if Y« 0, the 
second form becomes 

and if Y- 1 it becomes 

X- 1; 
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both which forms admit of interpretation. It is further to be 
noticed, that the expressions A' and Y, if founded upon a suffix 
dcntly careful analysis of the meaning of the terms" of the 
propoeition, will satisfy the. fundamental law of duality which 
requires that we have 

X'^ X or A'(l - X) - 0, 

p = y or y(i - y) » 0. 
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CHAPTEE V. 

OP THE FUHDAHSHTAL PBDIOIPLVS OF 0TMBOUCAL BBASOXIVO, AMD 
OF THB BXPAH8I0V OB DBTBLOPHBBT OF BXPBB88IOH8 IHTOLT- 

nra logical symbols. 

L 'T^HE previous chapters of tins work bave been deroted to 

tlie investigation of the fundamentiil laws of the ojxjra- 
tioDS of the mind in rcasoniug; of their development in the 
laws of the symbols of Logic ; and of the principles of ezpressioii» 
by which that species of propositions called primaiy may be repre- 
Bcnted in the language of symbols. These inquiries have been 
in the strictest sense preliminary. They form an indispeiif^able 
introduction to one of the chief objects of this treatise — the eon- 
strnction of a system or method of Logic upon the basis of aa 
esaet smmmaiy of the fundamental laws of thought* Th^ are 
certain oonriderations touching the nature of tins end, and the 
means of its attainment, to which I deem it necessary here to 
direct attention. 

2. I would remark in the first place that the generality of a 
method in Logic must yery much depend upon the generality of 
its elementary processes and laws. We liaye» for instance, in the 
previous sections of this work investigated, among other things, 
the laws of that logical process addition whlcli is symbolized 
by the sign +. Now those laws have been determined iirom the 
study of instances^ in all of which it has been a necessaxy condi- 
tion, that the dassee or things added togetiier in thou^t should 
be mutually exdusive. The expression « + y seems indeed un- 
interpretable, unless it be assumed that the things represented 
by X and the things represented by y are entirely separate ; 
that they embrace no individuals in common. And conditions 
analogous to tins have been involved in those acts of conception 
from the study of winch the laws of the otiier symbolical opera- 
tions liave been siscertained. The question then arises, whether 
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it is neoeaaary to restaict the application of theae symbolical laws 
nd prooeases by ^ some ocmditions of inteorpretability under 
liUdi the knowledge of them was obtained. If sneh re8tricti<m 
is necessary, it ta manifest that no sach thing as a general 
method in Logic is possible. On the other hand, if such restric- 
tion is unnecessary, in what light are we to contemplate pro- 
oeases ithkk appear to be nninterpretable in that s^iere of thought 
iriiiohthey are designed to aid? Theae questions do not belong 
to the soienoe of Logic alone. They are equally pertinent to every 
dcvel()j)cd form of human reasoning which is based upon the 
employment of a symbolical language* 

3. I would observe in the second pkce, that this apparent 
ftilnie of coffieepondenoy between process and interpretati^ 
not manifest itaelf in the ardmary applications of human rea- 
son. For no operations are there pcrf'urmed of which the mean- 
ing and the application are not seen ; and to most inindd it does 
not suffice that merely formal reasoning should connect their 
premises and theur conclusions; but every step of the connec t ing 
tnin, eveiy mediate result which is established in the courae of 
demonstration, must be intelligible also. And without doubt. 

Is both an actual condition and an important safeguard} in 
the reasoningfi and discourses of coounon life. 

There are perhaps many who would be disposed to extend 
the same principle to the general use of symboUcal language as 
•n instrument of reasoning. It might be argued, that as the 
laws or axioms which govern the use of symbols are e^Uiljlished 
upon an investigation of those caaes only in which interpretation 
as possible, we have no ri§^t to extend their application toother 
cases in which interpretation is impoaaible or doubtful, even 
though (aa should be admitted) such applicadon is employed in 
the intcniiediate steps of demonstration only. Were this ob- 
jection conclusive, it must be acknowledged that slight ad- 
vantage would aoorue from the use of a symbolical method in 
Logic Perhaps that advantage would be confined to the mecha- 
nical gmn of employing short and convenient symbols in the 
place of more cumbrous ones. But the objection iuelf is falla- 
cious. Whatever our d priori anticipations might be, it is an 
unqueatiooable fiM^t that the validly of a oondusion arrived at 

f2 
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by any symbolical j^ocess of reasoning, does not depend upon 
our ability to interpret the fonnal results which have presented 
themselves in the different stages of the investigition. There 
exist, in ftot, certain general principles relating to the use of 
8ynil)olIail methods, which, as pertaining to the particular sub- 
ject of Logic, I shall iirst state, and I shall then offer some re- 
marks upon the nature and upon the grounds of their claim to 
acceptance. 

4. The conditions of yalid reasoning, by the aid of symbols, 

Ist, That a fixed interpretation be assigned to the symbols 
employed in the expression of the data ; and that the laws of the 
comlnnation of those symbols be correctly determined from that 
interpretation. 

2nd, That the formal processes of solution or demonstration 
be conducted throughout in obedience to all the laws deter- 
mined as above, without regard to the question of the interpreta- 
bility of the particular results obtained. 

3rd, That the .final result be interpretable in ibrmy and that 
it be actually interpreted in accordance with that system of in- 
terpretation which has been employed in the expression of the 
data. Coucerniug these priuciples, the following observations 
may be made. 

5. The necesdty of a fixed interpretation of the symbols has 
already been 'sufficiently dwelt upon (II. 3). The necessity that 

the fixed result should be in such a form us to jnhnit of that in- 
terpretation being applied, is founded on the obvious principle, 
that the use of symbols is a means towards an end, that end 
being the knowledge of some inteUigible fiict or truth. And 
that this end may be attained, the final result which expresses 
the symbolical conclusion must be in an interpretable fonn. It 
is, however, in connexion with the second of the above general 
principles or conditions (V. 4), that the greatest difficulty is 
likely to be felt, and upon this point a few additional words are 
necessary. 

I would then remark, that the principle in question may be 

considered as resting upon a genend law of the mind, tlic know- 
ledge of which is not given to us a priori f i. o. antecedently to 
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ezperieixse, but 10 deriyed, like the knowledge of the other laws 

of the mind, from the clear manifestation uf the "jcneral jn'inciple 
in the particular indUuice. A single example of reasoning, in 
which aymbok are employed in obedience to laws founded upon 
thenr interpretation, but without any sustained reference to that 
interpretation, the chain of demonstration conducting us through 
intermediate steps which are not interpretable, to a final result 
which is interpretable, ticems not only to establish the validity of 
the particular application, but to make known to us the general 
law manifested therein. Ko accumulation of instances can pro- 
perij add weight to such evidence. It may furnish us with clearer 
conceptions of that common element of truth upon which the ap- 
plication of the princij)le depends, and so prepare the way Ibr its 
reception. It may, where the immediate force of the evidence is 
not felt, serve aa a verification, d pasterioHi of the practical vali* 
dity of the principle in question. But thb does not affect the pod- 
lion affirmed, viz., that the genend prindpde must be seen in the 
particular instance, — seen to be general in appliciition as well as 
true in the speciid example. The employment of the uninterpre- 
table symbol - 1, in the intermediate processes of trigonometry, 
fiimiahes an illustration of what has been said. I apprehend that 
there is no mode of explaining that application which does not 
covertly assume the very principle in question. But that prin- * 
ciple, though not, as I conceive, warranted by ioniial re:k-oning 
based upon other grounds, seems to deserve a place among those 
axiomatic truths which constitute, in some sense, the foundation 
of the posnlulity of general knowledge, and which may pro(>er1y 
be regarded as expressions of the mind*s own laws and consti- 
tution. 

6. The following is the mode in which the principle above 
stated will be applied in the present work. It has been seen, 
that any system of propositions may be expressed by equations 
involving symbols x, which, whenever interpretation is pos- 
sible, are subject to laws identle;il in form with the laws of a sys- 
tem of tpiantitative symbols, susceptible only of the values 0 and 
1 (II. 15). But as the formal processes of reasoning depend only 
iq)on theJaaca of the symbols, and not upon the nature of their 
^ intf qircjation, we are peroutted to treat the above symbols. 
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«9 y» «9 as if they were qnaiilitalive eymbols of the kind above 
' ^LeBoribed. We may in fact lay adde the logieal inierpretaiion of 

i the symbols in the given equation ; convert them into quantitative synu 
hols, susceptible on!// of Hie values 0 and 1 ; perform upon them as sucJi 
all the requisite processes of solution ; and Jinally restore to them their 
^ogieal isUerpretaHon, And this is the mode of prooedure which 
will actually be adopted, though it will be deemed mmeoesaaiy 
tb restate in every instance the nature of the transfbrmataon em> 

, ployed. The processes to which the symbols or, y, z, regarded 
as quantitative and of the species above described, are subject, are 

\ not limited by those conditions of thought to which they would, 
if perfoimed upon purely logical symbols, be subject, and * 
dom of operation is given to us in the use of them^ without 
whicK7the inquiry ailer a general method in Logic would be a 
hopeless quest. 

Now the above system of processes would conduct us to no 
intelligible result, unices the final equations resulting iherefirom 
were in a ibrm which should render their interpretation, after 

restoring to the symbols their logical significance, possible. 
There exists, however, a general method of reducing equations 
to such a form, and the reminder of this chapter will be devoted 
to its condderation. I shall say little concerning the way in 
winch the method renders interpretation possible, — ^this point 
being reserved for the next chapter, — but shall chiefly confine 
myself here to the mere i)rocess em})loyed, which may be cha- 
racterized as a process of development." As introductory to 
the nature of this process, it may be proper first to make a few 
obseryataons. 

7. Suppose that we are oonndering any class of things with 
reference to this question, viz., the relation in which its members 
stand as to the possession or the want of a certain property x. Aa 
every individual in the proposed dass either possesses or does 
not possess the property in question, we may divide the class 
into two poriaons, the former consisting of those individuals 
which possess, the latter of those which do not possess, the pro- 
perty. This possibility of dividing in thought the whole class 
into two constituent portions, is antecedent to all knowledge of 
jitf^T^^ntitution of the class derived £rom any other source ; of 
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wUch knowledge the eflect can only be to inform lu, more or 
hm pnci0ely» to what furtiMr oonditaoiiA the portiooB of the dass 
wUoh poMBM and which do not poaaeaa the giTen property are 
Suppose, then, raeh knowledge is to the following effect, 
vix., that tlif incml)cn* of that portion wliich jK)88ei<8 the pro|HTty 
X, poeflCfls sLh) a certain property and that these oonditions 
mated are a sufficient definition of them. We maj then 
aartthrtportieiiofthe original chws by the eipffcssioiiii#(IL6)* 
l£t farther, we obtain inlbraistion that the BMmbers of the ori* 
gonial chvss which do not posi«e^d the pro|)crty -i', arc t*ubject to a 
condition r, and are thus defined, it i^ clear, that thot»e nienil»crd 
will be represented by the expression v (1 Henoe the olaas 
in ita totality will be represented by 

whi<^ may be considered as a general derdoped fimn for the 
expression of any cla.'*s of objects coiK'**nlorccl with reference to 
the {»o»«8ession or the want of a given proi>crty x. 

The general lonn thus established upon purely logical 
gromida may also be deduced from distinct considerations of 



law, appficable to the symbols ^, cqoally in their 
logical ;uid in their i|uantitative interpretation already referred to 
(V.6). 

S, DffbtUiem. — Any algebraio apiesnon iaTOlving a «jni- 

may be represented under 
the abbreviated genend form / (x). Any expresnon involring 

two -yinbuLs ami y, irf :*imilarly tonued a functinn ot .r and v, 
and inay l»c repren^ntcd under the gcnerul iurm j\JCti^)t and so 
OB for any other case« 

Thm the ftm /(#) wouAd indiffiareatly mpwsuai any of the 

Ukiwiog functionsy viz^ x^l-JCf Ac* ; and / ('»y) would 

a^nally represent any of the forms « y» sr - 2y, ^ 

ihi the tame principles of notation, if in any function 
w« chan^ s into 1, the result will be expressed by the fcMrm 
/(I) ; if in the same function we change m into 0, the result will 
be uMifnmA hf the foon /(O). ThuB» if /(or) reiiresent the 
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fiincdcm-^!-^ wiUiq[irae6nt^^ and /(O) will repre- 

sent-, 
a 

9. D^fimHon, — ^Any fimctlon f(x), in which « is a lo^oaL 
symbol, or a symbol of quantity susceptible only of the yalnes 
0 and 1, is said to be developed, when it is reduced to the form 
ax+ b(l- x)y a and b being so detenuined as to make the result 
eqmyalent to the function from which it was derived. 

This defimtaoQ assmnes» that it is posdble to lejwesent any 
fbnctaon / (or) in the form supposed. The assomption is vindi- 
cated in the tbilowing Fropositiou. 

Proposition I. 

10. Todeoehp any fundum f (x) in vAkh mis a logical tymiboL 

By the prindpie which has been asserted in this chapter, it 
is lawfiil to treat « as a qnantitadTe symbol, snsceptible only of 
the values 0 and 1. 

Assume then, 

= oo? + Z» (I - «), 

and making a; • 1, we have 

/(I) = a. 

Again, in the same equataon making « • 0, we have 

/(O) = b. 

Hence the values of a and b are determined, and substituting 
them in the first equation, we have 

/(^)=/(l)^+/(0)(l-^); (1) 

as the development sought** The second member of the equa- 

• To tone it maj be intenetiBg to remark, tliat the derelopment of /(«) 
obteined in tUs ohapter, atrieUj holds, in the lo^^ iTtten, the plaee of the 
ezpaadonof/(«) iaaeoendiiigpoweniof « in the ajstem of ordiuurj algebra. 
Thot it may lie obtafaied by introdnoiag hito tlie esprearion of Tajlor's well- • 
known theorem, vis. : 

/C*) =/(0) +/ iO)x +/ (0) ^ CO) *c. (I) 

the eencKtion «(1 - jr) sO, «faenoeweSnda*Bjr, ftc, and 
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tion adequately lepresents the fiinctaon / whatever the form 
of tliAt fimction may be. For x tegBodied as a qoantitative sym- 
bol adnuts only of the values 0 and 1» and ibr each of theae 

values the development 

/(l)*+/(0)(l-«), 

assmnes the same value as the fimetion / (a), 

Aa an illustration, let it be required to develop the function 

} . Here, when 1> we find/(l) - 1, and when 0, 
wefind/(0) = J, or 1. Henoe the ezpreaflion required is 

1+4? 2 

- ^ « + 1 - «; 



l + 2« 3 

and thia equation is satisfied for each of the values of which the 
symbol m is susceptible* 

PftOPOSiTlON II. 

To easpand or deodop a fmotkm moohing any number of logical 
sgmbols. 

Let us b^in with the case in which there are two symboU^ 
« and y» and let us represent the fimction to be developed by 

/(j-,y). 

First, conridering / (x, y) as a ftmction of x alone, and ex- 
panding it by the general theorem (1), we have 

/(*) -/(O) + {/ (0) + + Ac ) («) 

Bat making in (1), x 1, we get 

/G) -/w +/•<») +4^ + &«. J 

/• (0) ^ &c. =/(!) -/(O). 

/W=/(0) + {/(i)-/(0)lx, 

the form in question. This demonstration in supposing /(jr) to be developable in 
m teriea of aiopnding powen of « ia left goieral than the one in the teat. 
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wherein /(I, y) zepreeents what the proposed function becomeii 
ifheti in it for # W6 write I9 end / (0» y) what the aeid fimotijOn 
beoomeiy when in it for « we write 0. 

Now, taking the coefficient /(I, y), and regarding it as a func- 
tion of ^1 and expanding it accordingly, we have 

i)y+/(i.o)(i-y), (3) 

wherein /(1, 1) represents what /(I, y) becomes when p is made 
equal to I, and 0) what /(l, y) becomet^ when ^ is made 
equal to 0. 

In like manner, the eoeffident/(09 y) gives by espannon, 

/(O, y) =/(0, 1) y +/(0, 0) (I - y). ' (4) 

Sttbstitate in (2) for /(I , y), /(O, y), their yaUtes given in (3) 
and (4), and we have 

y) -/(I. I) ^ +/(!» 0) « (I - y) +/(0, 1) (1 - 4^) y 

+/(0, 0) (1 - a:) (1 - y), (5) 

for the expansion required. Here /(1, 1) represents what/(4?, y) 
beocunes when we make therdn 1, y « 1; /(!» 0) repreeenta 
what /(.r, 7/) becomes when we make therein 1, y-O, and 

80 ou fur the rest. 

1 — « 

Thus, if /(a;, y) represent the function » we find 

1 -y 

whence the expannon of the given function ia 

? xy + - y) + ^(1 - «)y + (1 -a?) (I -y). 

It will in the next chapter be seen that the forms ^ and ^, the 

former of which is known to maihenmtadans aa the symbol of in- 
determinate quantity, admit, in tsue h cxpre^aions as the above, of 
a very important logical interpretation. 

Suppose, in the next place, that we have three symbols in 
the function to be expanded, which we may represent under the 
general form / (.r, y, z). Proceeding as before, we get 
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+ /(!, 0, 0)# (1 -y) (I - z) + /(O, 1, 1) (1 ^ ar) 
+ /(0,1,0) (l-^r)y (l-z)+/(0,0, 1) (l-ar)(l-y)z 

+ /(0,0,0Kl-«)(l-3^)(l-^), 

in which /(I, 1, 1) represents what the function /(x^y^z) be- 
come? when we make therein « » 1, |^ » !» z » 1, and so on for 
the rest. 

U. It is DOW easy to 0ee the general law which detenuines 
the ezpaoaon of any proposed ftmctton, and to rednoe the me- 
thod of effecting the expansion to a rule. But before proceeding 
to the expression of such a rule, it will be convenient to premise 
the following observations : — 

Each form of expooisiGn that we have obtained conosts of oep- 
tain tennsy into which the sTmboh jt, dc enter, multiplied by 
coefficients, into wMdi tiiofle sjmbob do not enter. Thus the 
expansion of f(x) connsts of two terms, x and 1 - jr, multiplied 
by the coefficients /"(I) and /(O) respectively. And the expan- 
non of f(»%y) consists of the four terms scy^ x{\-y)t (1 -x^y^ 
and (1 ^ jr)/ (1 - y)» multiplied by the coefficients /(1, 1% /(!» 0), 
/ (0, 1), /(O, 0), respectiTely. The terms #, I in ihe fbrmer 
oa^e, and the terni8 a-y, x{ \ - y), itc, in the latter, we shall call 
the constituents of the expansion. It is evident tliat they are in 
form independent of the form of the function to be expanded. 
Of the coostitaent xy^ s and y are termed ikejadan. 

The general nde of development will thevefive connst of two 
parts, the first of which will relate to the formation of the coruH» 
tuents of the expansion, the second to the determination of their 
respective coefficients. It is as follows : 

1st. To expand anyfmnUim of the symbols y» z* — ^Foim a 
series of coostitaents in the following manner : Let the firstoon- 
stituent be the product of the symbols ; change in this product 
any symbol z into 1 - r, foi: the second constituent. Then in 
both these change any other symbol y into 1 - for two more 
oonstitaents. Then in the four constituents thus obtained change 
any other symbol a into 1 ~ for four new constituents, and so 
on until the number of posable changes is exhausted. 

2ndly . To Jind the coefficient oj any constituent* — If tliat con- 



76 PR1MCIPLB8 OF SYMBOLICAL RBASONQfO. [cHAP. 

etituent InTolyes « as a factor, change in the ori|^iial fbndioii m 
into 1 ; bat if it involvcB \ aa aftctor, change in the original 
function » into 0. Ap])ly the' sane nile with refei^enoe to the 

symbols y, cNcc. : the final calculated value of the i'lmction thus 
transformed will be the coefficient sought. 

The sum of the constituents, multiplied each by its respectiTe 
coefficient, will be the eacpansion required. 

12. It is worthy of obeerYalion, that a function may be de- 
veloped with reference to symbols wliieh it does not explicitly 
contiiin. Thus if, proceeding according to the rule, we seek to 
devebp the function 1 - x, with reference to the symbols x and 

we have, 

When a: B 1 and ^ = 1 the given function = 0. 
« - I Jf - 0 „ „ - 0. 
d;-0 „ y-1 „ „ -1. 
«-0 „ y = 0 „ „ -1. 

Whence the devebpment is 

1 -«-Oay + 0«(1 -y) + (1 - + (1 - a;) (1 -y) ; 

and this is a true development. The addition of the terms ( 1 - a;)y 
and (1 - «) (1 - y) produces the function 1 

The sjrmbol 1 thus developed according to the ruk^ with re- 
spect to the symbol x, ^ves 

« + 1 - a?. 

Developed with req)ect to m and it gives 

xy + x{\ -y) + {\ ~ x)y ^ (\ - x) {\ - y). 

Similarly developed with respect to any set of symbols, it pro- 
duces a series consisting of all possible constituents of those 
symbols. 

13. A few additional remarks concerning the nature of the 
general expansions may with propriety be added. Let us take, 
fix illustration, the general theorem (5), which presents the type 
of development for fimctions of two logical symbols. 

In the first place, that theorem is perfectly true aid mtd- 
ligible when x and y are quantitative symbols of the species con- 
sidered in this chapter, whatever algebraic i'urni may be nsj^lgucd 
to the function and it may thereibre be intelligibly edn- 
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ployed in any stage of the process of analysis intermediate be- 
tween the change of interpretation of the symbols firom the 
logical to the quantitative system above referred tOy and the final 

restoration of the logical interpretation. 

Secondly. The theorem is perfectly true and intelligible when 
X and t/ are logical symbols, provided that the form of the funo- 
tiott / (Xfif) is snoh as to represent a cloMi or eotketion of thingt^ 
in wludi case the second member is always logically interpretable* 
For instance, if fi^c^y) represent the function 1 - x + ary, we ob- 
tain on applying the theorem 

1 -« + af|f-a3f + 0a;(l -y) + (1 -a:)y + (1 -x) (1 - y), 
-ary + (l-ar)y + (1 -x) (1 -y), 

and this result is intelligible and true. 

Thus we may regard the theorem as tme and intelligible for 
quantitative symbols of the species above describedy ahoayt ; for 

logical symbols, ahcays token interpretable. Whensoever there- 
fore it is employed in this work it must be understood tliat the 
symbols y are quantitative and of the particular species referred 
to^ if the expansion obtained is not interpretable. 

But though the expannon is not always immediately inter- 
pretable, it always conducts us at once to results which are in- 
terpretable. Thus the expression x-y gives on development 
the form 

«(i -y)-y(i-«)> 

whidi is not generally interpretable* We cannot take, in thought, 
from the class of things which are x*8 and not ;/s, the class of 
things which are t/'s and not j-'s, because the latter class is not 
contained in the former. But if the form x - y presented itself 
as the first member of an equation, of which the second member 
was we should have on development 

*(i-y)-y(i-«)-o. 

Now it vrill be shown in the next chapter that the above equi^ 
tion^ « and y being r^arded as quantitative and of the species 

described, is resolvable at once into the two equations 

«(l-y)-0, y(l-«)-0, 

and these equations are directly interpretable in Logic when io- 
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gical interpretations are assigned to the symbols x and y. And 
it may bo remarked, tbat though fwneHom do not neoeaBaiily be« 
oome intetpveteble upon development, yet tfuatkm «re always 
redndble by this procees to interpietable foms* 

14. The following Proposition establishes some important 
properties of constituents. In its enunciation the symbol t is 
employed to represent indifferently any constituent of an expaa- 
Bum. Thnsif theexpaoflionis that ofafimctionof twosymbols 
«andy, ^veprasentsanyof thefourfomsjy, «(1 -y), (1 -4r)y» 
and (I - (I - y). Where it is necessary to represent the otm- 
stituents of an expansion by single symbols, and yet to distinguish 
them from each other, the distinction will be marked by suffixes. 
Thus might be employed to represent ay, U to represent «(1 -y)* 
and 80 on. 

Proposition III. 

Any single constituent t of an expansion aalisfiea tJie law of dua" 
litu tohote expression %» 

<(i-0-o. 

The product of any twoduHnet eonMiuents of an expannonis equcU 

to 0, and the sum of all the constittients is equal to 1. 

lat. Consider the partioular constituent oiy. We have 

ay X ay = a:*y*. 

But sfimxy y^ = yi by the fundamental law of class symbols ; 

hence 

« 

xyx xy xy. 

Or x^resenting «y by I, 
or 

Similarly the constituent ^ (1 - ^) satisfies the same law. For we 
have 

Jtf»-as, (l-y)»«l-y, 

{a;(l-y))« = a;Cl-y), or <(l-0 = 0. 

Now every fiM»tor of every constituent is either of the form « or 
oftfaeform 1 Hence the square of each ftotorii equal to thiit 
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factor, and therefore the square of the product of the factors, i. e. 
of the ocnistitiienty is equal to the constituent ; wherefore t repre- 
any constitiie&ti we have 

2ndl7. The product of any two constituents is 0. This is 
evident from the general kw of the symbols expressed by the 
eqnataon »(1 - «) • 0 ; for whateyer ecmstitaents in the same ex- 
pansion we take, there will be' at least one factor « in die one^ to 

which will correspoiul u lactor I - or in the other. 

3rdly. The sum of all the constituents of an expansion is 
mity. This is evident from addition of the two constituents x 
and 1-4^ or of the four constitnentBy ay, « (1 - y), (1 - a;)^, 
(I -«) (1 - y). But it is also, and more generally, proved by 
expanding 1 in terms of any set of symbols (V. 12). The consti- 
tuents in this case are formed as usual, and all the coefficients 
are unity. 

15. With the above Fn^podtion we may connect the fol- 
lowing. 

Fbopobitioii IV. 

J/ Vrqitrnmi the man of any $eriea of eonttiiuentB^ tho upairaU 
coeJkimUe o/ukiek are 1, then i$ the eondiiion eatisfied^ 

F(l-^-0. 

Let ^, . . . ^ be the constituents in question, then 

Sqoaring both sides, and observing that (i' » ^i, <a ^ « 0> we 
liave 

imnoe 

F« VK 

Therefiwe 

y(i - O - 0. 
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CHAPTER VL 

Of THS OnrSBAL IVTBRPBBTATIOV OP lOOlCAL EQUATIONS, AND 

THE RESULTING ANALYSIS OF PROPOSITIONS. ALSO, OF THB 
CONDITION OF INTSaPBBIABIUTY OM LOGICAL FUNCTIONS. 

1. XT has been observed that the complete expaoBion of any 
fimotion by the general rule demonstrated in the last 
ohi^pter, involyes two distinct sets of elements, viz., the oonsti- 
taents of the expansion, and their coefficients. I propose in 
the present chapter to inquire, first, into the interpretation of 
constituents, and afterwards into the mode in which that inter- 
pretation is modified by the ooeffioients with which they are 
connected. 

The terms logical equation," lo^cal function,'* &c., will 

be employed generally to denote any equation or function in- 
volving the symbols Xy y, &c., which may present itself either 
in the expression of a system of premises^ or in the train of sym- 
bolical results which intervenes between the premises and the 
conclusion* If that function or equation is in a form not imme- 
diately interpretable in Logic, the symbols .r, ?/, &c., must be re- 
garded as quantitative symbols of the pjiecies described in previous 
chapters (IL 15), (V. 6), as satisfying the law, 

« 

By the problem, then, of the interpretation of any such logical 
function or equation, is meant the reduction of it to a form in 
which, when logical values are assigned to the symbols y , 
it shall become interpretable, together with the resulting inter- 
pretation. These conventional definitions are in accordance with 
the general principles for the conducting of the method of this 
treatise, laid down in the previous chapter. 
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Proposition I. 

2. The eoruiUimti ofAe espanmon of any funeHon ofAe loffi- 
ted 9ymbch Xy y, ^c.^ are itUerpretable, and represeni tke uneral 
e^eehtmve dtvhions of the universe of discourse, formed by thej^redica- 
turn and denial in every possible way o/Uie qualities denoted by t/ie 
•ymbols m^y^Sfc 

For greater distmctness of conception, let it be supposed that 
the function expanded involves two symbols x and with rfr- 
foeDoe to which the expansion has been effected. Wehavethen 
tl|e foUowing constituents, vis. : 

My, (l-«)(l-y). 

Of these it is evident* tliat the first wy represents that class 
of oljects which at the same time possess both the elementary 
qualities expressed by a and and that the second m(\ -y)re- 

presenta the cla88 possessing the property jc, but not the proi>erty 
y. In like maimer the third constituent represents the class of 
olgeeto which possess the property represented by y, but not 
tint lepNsented by ss; and the fourth constituent (1- (1 - y), 
represents that class of objects, the members ofwhich posseasnst- 
ther of the qualities in question. 

Thus the constituenta in the case just considered represent 
all the four classes of objects which can be described by afiirma- 
tion and denial of the properties expressed by « and y. Those 
rlaiwfin axe distinct firom each other. No member of one is a mem- 
ber of another, for each class possesses some property or quality 
contrary to a property or quality [)osses8ed by any other class, 
^gain, these classes together make up the universe, for there is 
no object which may not be described by the presence or the 
absence of a proposed qnali^» and thus each individual thing in 
the umverse may be referred to some one or other of the four 
classes made by the pos^sible combination of the two given 
classes x and y, and their contraries. 

The remarks which have here been made with reference to the 
coQstitoents of / («, y) are perfectly general in character. The 
eoBstitiients of any expansion repieeent classes — those cksses 

G 
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are mntnally distinct, through the possession of conti*ary qualitied, 
and they together make up the universe of discourse. 

3. Theee properties of constituents have their expression in 
the thecneiiiB demonstrated in the eonduaion of the kst chapter* 
and might ihenoe have heen deduced. From the ftct that eveiy 
constituent satisfies the fundamcntid law of the individual sym- 
bols, it might have l)cen conjectured that each constituent would 
represent a class. Jb^roni the fact that the product of any two 
constituents of an expansion Tamshes, it might have been con- 
cluded that the cksses they represent are mntuallj exdusiye. 
Lastly, from the fact that the sum of the constituents of an ex- 
pansion is unity, it might have been inferred, that the dasses 
which they reprciieut, together make up the universe. 

4. Upon the laws of constituents and the mode of thdr in- 
terpretation above determined, are founded the analyris and the 
interpretation of logical equations. That all such equations ad- 
mit of interpretation by the theorem of development has already 
been stated. I propose here to investigate the forms of possible 
solution which thus present themselves in the conduuon of a 
train of reasoning, and to show how thoae forms arise. Altfaougfa» 
properly speaking, they are but manifostadons of a tingle ftuid»> 
mental type or principle of expression, it will conduce to clearness 
of apprehension if the minor viu*ieties wluch they exhibit are 
presented separately to the mind. 

The forms, which are three in number, are as follows : 

FORM I. 

5. The form we shall first oonnder arises when any logical 

ecjuation V= 0 is developed, and tlie result, utter resolution into 
its component equations, is to be intei'j)retcd. The function is sup- 
posed to involve the logical symbols^, jy,&c., in combinations which 
are not fractionaL Fractional combinations indeed only arise in 
the dass of problems which will be conddered when we come to 
speak of the third of the forms of solution above referred to. 

Proposition II. 

To interpret ifie logical equation 0. 

For simplicity let us suppose that 1' invoh es but two syni- 
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bols, X and and let us represent the development of the given 
aqoBtioii by 

ary + 6r(l-y) + c(l - or) (I - t/) = 0; (1) 

a, c, and c2 being definite numerical oonatants. 

Now, soppose that any coeffioient, as a, doee not vanish. 
Then mnllipljing each side of the equation bj the oonBtitnent«y« 
to which tint ooeffident is attached, we have 

whence, as a does not vanish, 

^ = 0, 

and this result is quite independent of the nature of the other oo- 
effidents of the ezpandon. Its interpretation, on assigning to 
jrandy thdr logical significance, is No individuals belon^g at 
once to the class represented by or, and the class represented by ^, 
exist.'* 

But if the coefficient a doe* vanish, the term axy does not 
iqppear in the development (I), and, therefore, the equation 49^ " 0 
csonot thenoe he deduced. 

lu like manner, if tlie coefficient h does not vanish, we have 

«(l-y)-o. 

which admits of the interpretation, There are no individuals 
which at the same tune belong to the chus 4r, and do not belong 
to the dass y." 

Esther of the above interpretations may, however, as will sub- 
sequently be slio\vTi, be exhibited in a different form. 

The sum of the distinct interpretations thus obtained from 
the several tenns of the expansion whose coefficients do not 
vanish, vraU constitute the complete interpretation of the equation 
F« 0. The analysis is essentially independent of tibe number 
of logical symbols involved in the fbncdon F, and the object of 
the proposition will, therefore, in all instances, be attained by the 
following Rule: — 

'BmjLr^lknAop 1^ fmt^n K, amd iqmtlU to 0 soery eam/A- 
itmi whose coefieimt doe$ noi vaniA, The nUtrpretaHon of ihise 

results collectively will conslitiUe the itUerpretation of the f/icen 

G 2 
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6. Let U8 take as an example the definition of clean beasts*** 
laid down in the Jewish law, viz., ^< Clean beasts are thoee 
which both divide the boof and chew the cud/' and let us assume 

m » dean beasts ; 

y « beasts dividing the hoof ; 

z B beasts chewing the cud. 

Then the given proposition will be represented hj the equation 

wluch we shall Teduoe to tiie iform 

« - yr - 0, 

and seek that form of intcq^rctation to which the present method, 
leads. Fully developing the ^t member, wc have 

^ xyz xy (} - z) ^ a:{\ - y)z -^^ x{\ - y) {\ - z) 
--(l-a:)^2+0(l-j:)^(l-c)40(l-ar)(l-^)^+0(l-;p)(l-3/)Cl-2). 

Whence the terms, wbose coefficients do not vanish, ^ve 

xy(l-ar).0, xz{l-y)^^, «(l-y)(l-ir)-0, (l-*)yz-0. 

The.se equations express a denial of the existence of certain classes 
of objects, viz. : 

Ist. Oi beasts which are dean, and divide the hoof, but do 
not diew the cud. 

2nd. Of beasts which are dean, and chew the cud, but do not 
divide the hoof. 

3rd. Of beasts which are clean, and neither divide the hoof 
nor chew the cud. '' 

4th. Of beasts which divide the hoof, and chew the cod, and 
are not dean. 

Now all these several denials are really involved in the origi- 
nal proposition. And conversely, if these denials be prmnted, 
the original proposition will follow as a necessary consequence. 
They are, in tact, the separate elements of that proposition. 
Every pdmary proposition can thus be resolved into a series of 
denials of the existence of certain defined dassee of things, and 
may, from that Rystem of denials, be itself reconstructed. It 
might here be asked, how it is possible to make an assertive pro- 
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poatiim out of a aeries of denials or negatioBs ? From what 
souroe is the pontive element derived ? I answer, that the nund 

as8uine{* the existence of a universe not d priori as a llict inde- 
pendent of experience, but either d posteriori as a deductioa 
from experience, or hypothMtieaUy as a foundation of the possi^ 
bilitj of assertive reasoning. Thus from the Proposition, There 
are no men who are not frlfible," which is a negation or denial of 
the existence of infallible men," it may be inferred either hypo- 
thetically, ** All men (if men exist) are fallible," or absolutely, 
(experience having assured us of the existence of the race), All 
mok ate fidlible." 

The form in whioh oonclusioiis are exhilnted by the method 
of this Propootioii maj be tenned the fimn of Single or Om* 
joint Denial." 

roim It. 

7* As the [Hrevions form was derived from the development 
and interpretation of an equation whose second member is 0, the 

present form, which is supplementary to it, will be derived from 
the development and interpretation of an ecjuation whose second 
member is 1. It is, however, readily suggested by the analysis 
of the previous Proposition. 

Thus in the example last discussed we deduced from the 
equatiou 

the ooigoint denial of the existence of the dasses represented by 
the oonsrituents 

whot*e coefficients were not equal to 0. It li)ll(>\\\s hence that 
the remaining constituents represent classes wliich make up the 
universe. Hence we shall have 

This is e<iuivalent to the affirmation that all existing things be- 
long to some one or other of the following classes, viz. : 

1st. Clean beasts both dividing the hoof and chewing the 
end. 
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2nd. Undean beasts dividing the hooS, bat not chewing Ihe 
cud. 

3rd. Unclean beasts chewing the cud, but not dividing the 

hoof'. 

4th. Things which are neither clean beasts, nor cheweis of 
the cud, nor dividers of the hooil 

This form of oondndon maj be termed the form of Sfa^^ 
or Dislanetive Affirmadon,** — single when but one oonstitnenlr 

appears in the final equation ; disjunctive when, aa above, more 
constituents than one are there found. 

Any equation, 0, wherein F satisfies the law of duality, 
may also be made to yield this ftnn of interpretation by reducing 
it to the form 1 - 1, and developing the first member. The 
case, however, is really included in the next general form. Both 
the previous forms are of slight importance compared with the 
following one. 

FORM ni. 

8. In the two preceding cases the functions to be developed 
were equated to 0 and to 1 respectively. In the present case I 
shall suppose the corresponding function equated to any logical 
symbol to. We are then to endeavour to interpret the equation 

tf>, being a function of the logical symbols x, y, r, &c. In 
the first place, however, I deem it necessary to show how the 
equation V^w^ or, as it will usually present itself, w- arises. 

Let us resnme the definition of " clean beasts," employed ui 
the previous examples, viz., " Cleali beasts are those which both 
divide the hoof and chew the end," and suppose it required to de- 
termine the relation in which *' beasts chewing the cud" stand to 
clean beasts" and beasts dividing the hoof." The equation 
expressmg the given proposition is 

and our object will be aocomplbhed if we can determine as an 
interpretable function of x and y. 

Now treating x, lus symbols of quantity subject to a ]>c- 
culiar law, we may deduce irom the above equation, by solution. 
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But this equatioii 10 not at praent in an interpretable form. If 
we can reduce, it to snob a fonn it will fiirnish the relation 

required. 

On developing the second member of the above equation, we 

aad it will be ahown hereafter (Prop. 3) that this admits of the 

foUoMring interpretation : 

*^ Bea8t8 which chew the cud consist of all clean beasts 
(which also divide the hoof), together witli an wdefinite re- 
WMinrtnr (aome^ iioiie» or all) of nnokan beasta whiob do notdi* 
lide the hoof.'' 

9. Now the aboTeia a particular example of a problem of the 
utmost generality in Ijogic, and which may thus be stated : — 
Given any logical equation connecting the symbols x, y, r, u?, 
required an interpretable eipreesion for the relation of the Idasa 
represented by to to the dassea rqireeented bj the other symbols 
ar,y, z, &c." 

The solution of this problem consists in uU coi^cs in deter- 
mining, from the equation givtn^ the expression of the above 
symbol 10, in terms of the other symbols, and rendering that ez- 
p f e saion interpretable by development. Now the eqna^n given 
is always of the first degree wi^ respect to each of the symbols 
involved. The required expression for tr can therefore always 
be found. In fact, if we develop the given equation, whatever 
its form may be with req>ect to 10, we obtun an equation of the 
fionn 

Ay+£'(1 -a7).0, (1) 

E and E I >cing functions of the reuiaiuiug symbols. From the 
above we have 

Thereiure 

and expanding the second member by the rule of development, it 
will only remain to interpret the result in logic by the next 
proposition. 
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J? 

If the fraction — ^ has common factors ia its numerator 

and denominator, we are not permitted to reject them, unless they 
are mere numerical constants. For the symbols a?, y, &c., re- 
garded as quantitative^ may admit of such values 0 and 1 ae to 
oause the common fictorB to beome equal to 0, in which eaee 
the algebraic rule of reduction ftils. This is the case contem- 
plated in our remarks on the failure of the algebraic axiom of 
division (II. 14). To express the solution in the form (2), and 
without attempting to perform any unauthorized reductions^ to 
interpret the i^esult by the theorem of development, is a course 
stricdy in accordance with the general principles of this treatise. 

If the rektion of the class expressed by I - to to the other 
classes, x, y, &o. is required, we deduce from (1), in like manner 
as above, 

E 



1 -to 



to the interpretation of which also the method of the following 
Proposition is applicable : 

Propositioii III. 

10. To determine the uUerpretoHom of any loyieal equatim of 
the farm to» F, in which wiea class symbol^ and Fa/unetian of 

other class symbols quite unlimited in its form. 

Let the second member of the above equation be fully ex- 
panded. Each coefficient of the result will belong to some one 
of the four classes, which, with their respective interpretations, 
we proceed to discuss. 

Ist. Let the coefficient be 1. As this is the syrnbcd of the 
universe, and as the product of any two class symbols represents 
those individuals which are foinid in both classes, any constituent 
which has unity for its coefficient must be interpi-eted without 
limitation, i. e. the whole ^f the class which it represents is 
implied. 

2nd. Let the coeffident be 0. As in Logic, equally with 
Arithmetic, this is the symbol of Nothing, no part of the clasti 
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iqw i eute d bj the ooottitiieiil to wbibh it u prefixed must be 
uken. 

3rd. Lettheooefficieiit beofthefbrm ^. Now, as in Arith- 

Betie» the eymbol ^ repreeente en mdejimit number^ except when 

ocherwiee detennined by eome qpecbl cimnmiitence, analogy 
woold aoggeet that in the flystem of this work the eame tTmbol 

thould rc[irej^iit aii indefinite clastt, 'I'hat tliit* iu txuc mean- 
ing will be nuulc clear Iroiu die lulluwln*^ example: 

Let m take the Proput<itioDt Men not mortal do not exiat;'* 
iii|nnBiH ihia PkopoaitkNi by qrmbola; and aeek, in obedienee to 
thekwa to which thoae s^-mbola have been proved to beanljecty 
a rcTCrte definition of " mortal beings," in terms of ** men." 

Now it" wc represent ** men" by and ** mortal beincTs" by j, 
the PropoeitioD, Men who are not mortahi do not exiat," will 
be expre«ed by the eqiaation 

firoB which wesetoaeekthe ▼alneof jr. Now the above equa- 
tion gives 

y - - 0, or y* - y. 

Were tUeaB erdinaiyalgebrMO eqaatioii» we ehouldt inthe next 
pbee, divide both ddee of it by y« But it has been remarked in 

Chap. II. that the operadon of divinon cannot be per formed with 
the ■ymlx)lii with whieh we are now engagcil. Our rej»cuirce, then, 
at to esfMU the operation, and develo{> the rcauit by the method 
ef the preoeding chapter. We have» then, fint, 

« -= -, 
If 

mtait expanding the second member as directed, 

x-y + j(l -y). 

riii* iropli^ that n»ortaIi (x) crmnist of all men (»/), together 
with ftiich a remainder of beingii which arc not men (i - y), as 

w3 U liMiicatod by the coefficient \* Now let us inquire what 
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remainder of not men" is implied by the premiaa. It m^t 
happen that the remainder indnded aU the beings who are not 
men, or it might inbhide only some of them, and not othen, or it 
might include none, and any one of these assumptions would be 
in perfect accordance with our premiss. In other wordsy whether 
those beings which are not men are all, or some, or none^ of them 
mortal^ the troth of the^prenuas which Turtoallj asserts that aU 
men are mortal, will be equally nnalfeotedy and therefore the 

expression ^ here indica t es that aUf wme^ or wme <tf the dan to 

whose expression it is affixed must be taken. 

Although the above determination of the significance of the 

symbol ^ b founded only upon the examinatiou of a particular 

case^' yet llie pzindple involved in the demonstratioii is general, 
and there are no cirenmatanoes under which the symbol can pre- 
sent itself to which the same mode of analysis is inapplicable. 

We may properly term ^ an i$ul^/imte class symbdf and may, if 

convenience should rccjuire, replace it by an uncompouuded sym- 
bol Vy subject to the fundamental law, t; (1 - 0. 

4th. It may happen that the coefficient of a constituent In an 
expanaion doea not belong to any of the previoua caaee. To aa> 
certain ita trae interpretation when this hi^pena» it will be ne- 
cessary to premise the following theorem : 

11. Theorem. — If a function V, intended to represent any 
class or collection of objects^ tr, be expanded, and if the numerical 
coefficieni, a^ of any constituent in its develcpmenif do not satisfy 
the law/ 

a(l-a)-0, 

then the constituent in question must be made equal to 0. 

To prove the theorem geneiaUy, let na repreaent the'«qNii» 
sion given, under the form 

w - aiti + attt^ a^tg + (1) 

in which /j, ^3, <&c. represent the constitnents, and a,, «2, ^3. &c. 
the coefficients ; let us also suppose that ai and Oa do not satisfy 
the law 
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but tbit Uie otlier coeffidents are subject to the law in questioD, 
8o that we have 

Now multiply each side of the equation (1) by itself. The re- 
sult will be 

ti7»aa'<i + as*<^ + <&c. (2) 

This 13 evident from the fact that it must represent the develop- 
ment of the equation 

but & may also be proved by ■cfenally aquaang ( 1)» and obflerving 
that we luiTe 

lj« . ti, = u = 0, Ac. 

by the propertieB of oonatitiieDta. Now aubtractiiig (2) from (1), 
we hare 

(fl, - af)tx + («• - af)U - 0. 

Or, 01 (1 - Oi) <| + a, (1 - fla) » 0. 

Muhiply the last equation by It ; then since - 0, we haye 

ai (1 - ai) <| B 0} whence ^ » 0. 
In like manner multiplying the same equation by ^, we have 

at(i *- a«)<t ■ 0, whence ^ - 0. 

Thus it may be shown generally that any constituent whose 
coefficient is not subject to the same fundamental law as the sym- 
bols tbemselTes must be eepantely equated to 0* The usual 

fiinn under which such coefficients occur is ^. This is the alge- 
braic symbol of infinity. Now the nearer any number approaches 
to infini^ (allowing such an expression), the more does it depart 
from the condition of salasfying the fundamental law aboYO le- 
iSened to. 

Tbe symbol ^ whose i n te rpre to laon was previonsly dis- 
cussed, does not necessarily disobey the law we are here consi- 
deringy for it admits of the numerical values 0 and 1 mdifferently. 
Its actual interpfetadon, however, as an indefinite class symbol, 
canaot, I conceive, except upon the ground of analogy, be de- 
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dnoed ftom iU arithmetical propertiefl^ but must be eatabliahed 
experimentally. 

12. We may now collect the results to which we have been 
led, into the following summary : 

Ist. The symbol 1, as the coefficient of a term in a develop- 
m&iU indioatea that the whole of the cUms whieh that eonatitoeiit 
repreaenta, ia to be taken. 

2nd. The coefficient 0 indicates that none of the class are to 
be taken. 

3rd. The symbol ^ indicates that a perfectly mdefinUe poiw 

tion of the daas, i. e. some^ lume, or all of its members are to be 
taken. 

4th. Any other symbol as a ooefficient indicates that the 
constituent to which it is pirefixed must be equated to 0. 

It follows hence that if the solution of a problem, obtained 
by development, be of the form 

that solutaon may be resolved into the two following equations, 
viz«9 

w ^A-¥vQ (3) 
D • 0, (4) 

V being an indefinite class symbol. The interpretation of (3) 
shows what elements enter, or may enter, into the composition 
ofjr, the chiijs of things whose delinltion is required; and the 
interpretation of (4) shows what relations exist among the ele- 
ments of the original problem, in perfect independence of w* 

Such are the canons of interpretation. It may be added, that 
they are universal in their ap[)lication, and that their use is 
always unembarrassed by exception or failure. 

13. Corollary. — If /' be an independently interpretuble logi- 
cal function, it will satisfy the ^mboUcal law, V {} - V) ^ 0, 

By an independently interpretable logical functioiiy I mean 
one which is interpretable, without presupposing any relation 
among the things represented by the symbols which it involves. 
Thus x(\- y)'\& inde^)endently interpretable, but x-g'm not so. 
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The latter functiaa preeuppoees, as a condition of its interprcta- 
tion, that the ckas repieeented by y is wholly contained in the 
class represented by x ; the former function does not imply any 
such requirement. 

Now if V is independently intcrprctablc, and if w represent 
the collection of individuals which it contains, the equation 
v » F will hold true without entailing as a consequence the va- 
««*hing of any of the constituents in the development of V\ 
since such yanishing of constituents would imply relations among 
the classes of tilings denoted by the symbols in V. Hence the 
development of V will be of the form 

the coefficients ai, a„ ^q>. all satisfying the condition 
ai(l-ai)«0, Oi (1 - Ot) - O9 &C. 

Hence by the reasoning of Prop. 4, Chap. v. the functiim V will 

be subject to the law • 

r(l - F) = 0. 

This result, though evident d jrrian fiom the ftct that Fis sup- 
posed to represent a class or collection of things, is thus seen to 

follow also from the properties of the constituents of which it is 
composed. The condition F(l - /') = 0 may be termed "the 
condition of interpretability of logical functions." 

14. The genend form of solutions, or logical conclusions de- 
▼doped in the last Proposition, may be dengnated as a Relation 
between terms." I use, as before, the word ** terms" to denote 
the parts of a proposition, whether simple or complex, which are 
eomiected by the copula " is" or " are." The classes of things re- 
pmenled by the individual symbols may be called the elements 
of tlie pfopodition. 

15. Ex. I.— Resuming the definition of clean beasts,*' 
(VI. 6), requireil a description of "unclcim bciists." 

Here, as before, x standing for ** clean beasts," y for beasts 
dividing the hoof/' « for " beasts chewing the cud,*' we have 

(5) 

whence 

1 1 -5f:r; 
and developing the second member, 
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which is intcrpretable into the following Proposition: Unclean 
hwt$ are aU which divide the hoof toitimit chewing the cud, all 
whM chew the eud wUhout dmdmg ^ hoof and all whiek neiAer 
dimde ^ hoof nor ^Aew the eud. 

Ex. 2. — The same definition being given, required a descrip- 
tion of beasta which do not divide the hoof. 
From the equation a^^tfzyre have 

^ z 

therefore* ^ z — x 

1-* = —; 

and developing the second member, 

l-y-0«« + ^«(l-«) + (l-4?)« + g (1^- 9t) (1 - «)• 

Here, aooording to the Role, the term whose coefficieat^ is 
muBt be aqMuatelj equated to 0, whence we have 

l-y-(l-a;)z + t;(l-ar)(l-2), 
flr(l-«)-0; 

wheseof the ftnt equation gives by interpratatioii the Firopontum : 
BeanievMekdo notdiixide^hoofeonddofaUwid^ 

chew the cud, and an indefinUe remainder {^eome^ nonet or all) of «m- 
dean beasts which do not chew the cud. 

The second equation gives the Proposition: There are no clean 
beatie which do not ehew the cud. This is one of the independent 
relations above referred to. We sought the direct relation of 
** Beasts not dividing the hoof," to Clean beasts and beasts 
which chew the cud." It happens, however, that iadc[>endcntly 
of any relation to beasts not dividing the hoof, there exists, in 
virtue of the premiss, a separate relation between clean beasts 
and beasts which chew the cud. This rebuion b also neoessariij 
given by the process. 

Ex. 3. — Let us take the following definition, viz. : " Respon- 
sible beings are all rational beings wlio are either iree to act, or 
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have Toluntanly sacrificed their freedom," and apply to it the 
preceding analjsia. 

Lei M Btand finr responnble bdngs. 
y rational beings. 

z those who are free to act, 

w n those who have voluntarily sacrificed their 
freedom of action. 

In tbe expression of tlua definition I shall aBsmne, that the 

two alternatives which it present.^, viz. : " Rational l>eing9 Iree 
to act," and " Rational beings whose freedom of action has been 
Toluntarily sacrificed," arc mutually exclusive, so that no indivi- 
dnalaaie found at once in both these divisions. This will per- 
mit ns to interpret the pro^tudition liteially into the language of 
symbols, as follows : 

»myz + yw. (6) 

Let ns first determine hence the rektion of ^^rational bdngs" to 
responsible beings, beings free to aGt» and beings whose freedom 
of action has been voluntarily abjured. Perhaps this object will 

be better stated by saying, that we desire to express the relation 
among the elements of the premiss in such a form as will enable 
OS to determine how far rationality may be inferred irom respon- 
sSnli^, fieedom of aotion, a voLuntaiy saerifioe of firaedom, and 
their contraries. 

From (6) we have 

X 

and developing the second member, but i^eotiiig terms whose 

coefficients are 0, 

|f«i«!as + ««(l-is)+«(I-*)w+^jr (l-z)(l -tr) 

whence, equating to 0 the UsaoA whose coeflkients arc \ and \ 

we have 

y-a»(l-tr) + *ic(l-^) + r(l-x)(l-2)(l-tf); (7) 

dr2t0«O; (8) 
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a:(l-«)(l-tt;)-0; (9) 

whence by intcrprctalioii*— 

Direct Conclusion. — Rational beings are all responsible heing$ 
who are either free to aci^ not having voluntarily sacrificed their fret' 
dcm^ or not free to aet^ haoing voluniarihf eaerifieed Aeir freedom^ 
together unik an indefimte remainder {eame, none, or all) of beings 
not responeible, not free, and not having wlmUarily sacrificed tlieir 
freedom. 

First Ihdbpbhdsht Rblatioh. — No responeible bewge are at - 
ike eame time free to aet^ and m the eondiiion ofhamng vokmtarify 
eaerifieed Aeir freedom. 

Second. — No reeponsibU beings are not free to act^ and at the 
eame lime in the condition of not having sacrificed their freedom. 

The independent relations above determined may, however^ 
be put in another and more convenient form. Thns (8) ^ves 

aw a J = 0 + ^ (1 - 2), on development ; 

or, «w - r (1 - c) ; (10) 

and in like manner (9) ^ves 

or, x(l-w)mvzi (11) 

and (10) and (11) interpreted give the following Propositions : 

1st. BeeponeibUhw^e who haoevoluniarUjf eaerifieed thei^ 
dom are not free. 

2nd. Eesponsible beings who have not voluntarily sacrificed their 
freedom are free. 

These, however, are merely different forms of the relations 

before determined. 

16. In examining these results, the reader must bear in mind, 
that the sole province of a method of inference or analysis, is to 
determine those relations which are necessitated by the eonnexion 
of the terms in the original propoattion. Accordingly, in esti- 
mating the completeness with which this object is effected, we 
have nothii^ wliatcver to do with those other relations wliich 
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J be iqggeeted to our minds by the fManing of the tenns 
employed, as distbiot fiom their ezpreaaed coimexioD. Thus it 
obTHHiB to remark, that <*They who have yoluntarily 

crificed their freedom are not free," this being a relation implied 
in the very meaning of the terms. And hence it might appear, 
that the first of the two independent relations assigned by the me- 
thod is on the one hand needlessly limited, and on the other hand 
m^erfliioiis. However, if regard be had merely to the eonnexion 
of the terms in the original premiss, it will be seen that the re- 
lation in question is not liable to either of these charges. The 
solution, as expressed in the direct conclusion and the indepen« 
dent retatUms, eonjointly, is perfectly eompLete, without being 
in any way superfluous. 

If we wbh to take into aoeount the implicit relation abore 
referred to, viz., " They who have voluntarily sacrificed their 
Ireedom are not free," we can do so by making this a distinct 
proposition, the proper expression of which would be 

ts e (1 - 1^). 

This equation we should have to employ together with that 
expressive of the original premiss. The mode in which such an 
examination must be oonduoted will iqypear whto we enter upon 
the theory AT systems of propositions in a fiiture ehi^pter. The 
sole diftrenoe of result to which the analysis leads is, that the 
first of the independent relations deduced above is superseded. 

17. £x. 4. — ^Vssuming the same definition as in Example ^ 
let it be required to obtain a description of irrational persons. 

We have 

1 - y » 1 



^4- 10 

• j xzw + 0 « (1 - it) + 0 « (1 - w - g ar (1 - (1 - tr) 

-f(l-x)xir + (l-x)r(l-tr) + (l-x)(l-r)u7+?(l-a:)(l-.-)(I-tr) 

«(l-x)r + (I-j:)(l-z)ir + e(l-«)(l-^)(l-tr), 
4rith Sfw « 0, « (1 - <) (1 - w) « a 
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The independent relations here given arc the same as we 
before arrived at, as they evidently ought to be, since whatever 
relations prevBil independently of the existence of a given claas 
of objects Iff prewl independendy also of the earistence of the coih 
tiary class 1 - y. 

The direct solution afforded by the first equation is : — IrrO' 
tional persons consist of all irresponsible beings who are either free to 
act, or Jiave voluntarily sacrificed their liberty^ and are not free to 
oat; together on wdefiniU rmaindtr irre^^ondble btm^ 
uiko hanenot mcrificedihdrUberty, cmd ate not free to aoL 

18. The propositions analyzed in this chapter have been of 
that species called definitions. I have discussed none of v^rhich 
the secon4 or predicate term is particular, and of which the ge- 
neral type is Ym vX^ Y and X being functions of the logusai 
symbols jf, ir, ^» and 0 an indefimte dass symboL The ana- 
lysb of such propoaitioiis is greatly ftalitated (though the st^ 
is not an essential one) by the elimination of the symbol t?, and 
this process depends upon the method of the next chapter. I 
postpone also the consideration of another important problem 
necessary to complete the theory of single propositions* but of 
which the analysis xeally depends upon the method of the redui^ 
tion of systems of propositbns to be developed in ^future page 
of this work. 
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CHAPTER VII. 



ON ELIMINATION. 



1. TN ihe enmplet dlBOoaaed in the last diapter, all II10 

ments of the onginal premiss re-appeared in the conclusioii, 
only in a different order, and with a different connexion. But it 
more tuOally happena in common reasoning, and espedallj when 
me have mofe thaa one pfenuBa, tbat some of the elementa m 
leqnired not to appear in tlie oonohnioa. Snoli eLementSi or> aa 
they aie oommoidy called, middle tenns,** may be oonridered 
as introduced into the original propositions only for the sake of 
that connexion which they assist to establish among the other 
dements, which ace alone dedgned to enter into the ezpreawm of 
Uieoondndon. 

% Beapeoting soeh interme&te elementSy or middle terma, 
BOme erroneous notions prevail. It is a general opinion, to which, 
however, the examples contained in the last chapter furnish a con- 
tradictaon, that inference consists peculiarly in the elimination of 
endi tenns, and that the ekmentarf lype of this jNrooesB ia eship 
Mted in the elhninadon of onemiddle termftmn two preoi^^ 
to prodnce a single resulting oondusion into which that term does 
not enter. Hence it is commonly held, that syllogism is the basis, 
or else the common type^ of all inference, which may thus, how- 
ever complez ita form and stmctoie, be resolTed into aaeriea of 
tTilogLBms. The propriety of this Tiew will be eonddered in ft 
anbseqnent chapter. At present I wish to direct attention to an 
imjx>rtiuit, but liitherto imnoticed, point of difference between 
the system of Logic, as expressed by symbols, and that of com- 
mon algebra, with reference to the subject of elimination. In 
the algebnuo syatem we are aUe to diminate one symbol fiom 
two equationsy two symbols from three equations^ and generally 
II - 1 symbols from n equations. There thus exists a definite 
connexion between the number of independent equations given, 

h2 
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and the number of symbols of quantity wliich it is possible to 
elimiiiate from them. But it is otherwise with the system of 
Lo^o. No fixed oomaexioiL there preTails between the nmii- 
ber of eqimtionB given representing proposidons or prmisesy 
and the nimibcr of typical symbols of which the elimination 
can be effected. From a single equation an indefinite num- 
ber of such symbols may be elinunated. On the other hand, 
from an ind^nite nnmber of equations^ a sin^ class symbd 
only may be eliminated. We may affirm, that in this peooliar 

/ system, the problem of elimination is resolvable under all drcura- 
stances alike. Tliis is a consequence of that remarkable hnv of 
duality to which the symbols of Logic are subject. To the equa- 
tions furnished by the prenuses giyen, there ia added another 
equation or system of equations drawn from the fundamental 
laws of thought itsdf, and supplying the necessary means for the 

f solution of the problem in question. Of the many consequences 

I which flow from the law of duality, this is perhaps the most 

\deserving of attention. 

3. As in Algebra it often happens, that the elimination of 
symbols from a given system of equations conducts to a mere 
identity in the form 0 = 0, no independent relations connecting 
the symbols which remain ; so in the system of Logic, a like re- 
sult, admitting of a similar interpretation, may present itself. 
Such a ciroumstance does not detract from the generality of 
the principle before stated. The object of the method upon 
which we are about to enter is to eliminate any number of sym- 
bols from any nmnber of logical equations, and to exhibit in the 
result the actual relations which remain, j^ow it may be, that 
no such residual relations exist. In such a case the truth of the 
metfiod is shown by its leading us to a merely identical propo- 
sition. 

4. The notation adopted in the following Propositions is 
similar to that of the last chapter. By / (x) is meant any ex- 
pression involving the logical symbol x, with or without other 
logical symbols. By / (1) is meant what /(x) becomes when « 
IS therein changed into 1 ; by / (0) what the same function be- 
comes when X is changed into 0. 
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Proposition I. 

5. Iff{x) =0 be any logical equation involving the. class symbol 
with or wiHwui other doss sjfmbola, then will the equation 

f(l) /(O) -0 

be true% independently of the interpretation of x; and it will be the 
complete reeuU of the eUndnatumef * from the above equadon* 
In other worde, tXe dindnaUon of m from an^ given equaium, 

/(x)= 0, vnll be effected by eueeeemndy eha nging in thai equation m into 
XfOnd X into 0, and multiplying the two remlting equations togetlier. 

Similarly the complete result of the elimination of any class sgm- 
boUt Xf Sfc^from any equation of the form V= 0» will be obtained 
bf completelff expanding the /ret member of thai equation in eon^ 
jCtoMnlf of Ae givm egmbole^ and nudiiplying together aU the eoejffU 
denie ofthoee eonttituente, and equating M« product to 0. 

Developing the lirst member of the e(^uation / {x) - 0, we 
have (V. 10), 

/(l)«+/(0)(l-*)-0; 

l/(l)-/(0))^V(0) = 0. (1) 



/(o)-/(i)' 



/(0)-/(i)' 

Snbstitiite these eamedoiii for # end 1 - « in the fbndementel 



equation 

and there resnlta 



«(l-*)-0. 



/(0)/(0 „Q. 

or, ^ /(l)/(0)-0, v»''*"(2) 

the form required. 

6. It is seen in this process, that the elimination is reailj effected 
between the given equation f(x)^0 and the tiniyennlly true 
eqoataoa « (I - - 0, expressing the fundamental law of logical 
■ynbola, qua logical. There esdste, therefore, no need of more 
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ihan one pfremiBS or eqofttioii, in order to render poe^le ihecli- 

mination of a tcnii, the necessary law of thought virtually sup- 
plying the other premiss or equation. And though the demon- 
stration of this conclusion may be exhibited in other forms, yet 
the same element furnished by the mind itself will still be to- 
tually present. Thus we might proceed as fbllowB : 
Multiply (1) by Xy and we have 

/(l).-O, (8) 

and let us seek by the forms of ordinary algebra to eliminate x 
from this equation and (1). 

Mow if we have two algebraic equations of the form 

ax + b '= 0, 

h is well known that the result of the elimination of « is 

ab'-'H^bmO. (4) 

But comparing the aboye pair of eqaatiolu wiUi (1) and (3) 

respectively, we find 

«-/(l)r/(0), i-/(0); 
a'-/(l) *'-0; 
whuh, anbstitDted in (4), 

mm • ». 

as befinre. In this iom of the demonstration, the fhndamenlal 

equation - x) ^ Q, makes its appearance in the derivation of 
(3) from (1). 

7. I shall add yet another form of the demonstration, pax^ 
taking of a half logical chaiaeter, and which may set the demoii- 
atiation of this important theorem in a dearer Jlf^ 

We have as before 

/(l)«+/(0)(l-*)-0. 
Multiply this equation first by a, and aeoondly by 1 - «, we get 

/(I) /(0)(l-^) = 0. 

Eram these we have by solution and development, 
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/(I) « - 1 - (1 - «), on development! 

The direct interpretation of these equations i»— 

Ist. Whatever individuals are included in the class repre- 
sented by /(I), are not -x's. 

SimL WhateTer individiiak are incloded: in the dase lepve* 
eenled by f (0), aie «^8. 

Whence hj common logic, there are no individuals at once 
in the class / (I) and in the class / (0)^ i.e. there are no indivi« 
duals in the class / (1) /(O). Hence» 

/(l)/(0)-0. (6) 

Or it would suffice to multiply together the developed equflr 
tUHMy whence the result would immediately follow. 

8. The theorem (6) fomishes us with the following Buie : 

TO SLIM INATB AHT 8TMB0L FROM A PROPOSED EQUATIOH. 

Ruix.— 27m fermff of <A« eqiuation having been broughi^ bytran$' 
poeUum if neeeeeary, to the firet side, give to the egmhol eueeeetipefy 

the values 1 aru/0, and multiply the resulting equations together. 
The first part of the Proposition is now proved. 
9« Consider in the next place the general equation 

/(*,y) = 0; 

the first member of which repraents any fimolion of and 
oilier sjrmbols* 

By what has been shown, the result of the elimination of y 

ttam iUs equation will be 

/(«, !)/(«, 0) « 0 ; 

for SQch is the form to whioh we are oondueted by soooesaTdy 

changing in the given equation y into 1, and y into 0, and multi- 
plying the results together. 

Agpint if in the result obtained we change suooeasiTely « into 
1» and » into 0, and multiply the results to^pether, we have 

/(l,l)/(l,0)/(0,l)/(0,0)«0; (6) 
as the final result of fliiminatinfi- 
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But the four ftctora of the fint member of this eqnsdon are 
the four coeffioientB of the complete ezpannon of / (x, y), the 

first member of the original equation ; whence the second part of 
the Proposition is manifest. 

BXAMPLBS* 

10. Ex. 1. — Having given the Proposition, *<A11 men are 

mortal," and its symbolical expression, in the equatioi!* 

^ in which y represents men/* and jr ^* mortals/' it is required to 
eliminate the indefinite dase i^mbol and to interpret the 
result. 

Here bringing the terms to the first side, we have 

y - fw - 0, 

When i; = I this becomes 

y-2B0; 

and when u = 0 it becomes 

y» 0; 

and these two equations multiplied together, giye 

y - y* = 0, 

or y(l-«)-0, 

it being observed that y' = i/. 

•tThe above equation is the required result of elinunationt and 
its interpretation is, Men who are not mortal do not e xUtf an 
obvious eondurion. 

If from the equation last obtained we seek a dciscnption of 
beings who ai-e not mortal, we have 

x = y 

.% I - Of e 

Whence, by expansion, 1 -j; » which interpreted gives, 

Theif who are not mortal are not men. This is an example of 
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•wb«t in the oomnum Io|^is called oonveruon by contrapoBitlony 
or negative conversion.* 

£x. 2. — Taking the rropoeitioii, *^.No men are perfectt" aa 
xepveaented by the equataon 

y-t>(l -x), 

wherein y represents " men," and x " perfect beings," it is re- 
quired to eliminate v, and find from the result a deaoriptioii both 
of perfect bemge and of imperfeet beinge. We have 

y-i;(l - a:)-0. 

Wbeiioe» by the rule of elimiiiatioDy 

{y-(l -x)) xy-0, 

or y-y(l-x)«0, 

which b interpreted by the Propositioxiy Perfect men do not exist* 
'Enm the above equation we have 

» " ^ " ^ (1 - y) by development; 

whence* by interpretation* No perfect being* are men* Sinu- 

My. 

which, on interpretation, gives. Imperfect beings ate all men with 
an indefinite remainder if beings, which are not men. 

11. It will generally be the moat convenient com^e, in the 
treatment of propoaitioBay to eliminate fiiat the indefinite daaa 
ajmbol o» wherever it oooora in the eomqKmding equationa* 
Thia will only modify their form, without impiuring their signifi- 
cance. Let us apply this process to one of the examples of 
Chap. IV. For the Proposition* No men are placed in exalted 
atatiooa and free from envioua regarda," we found the expieeaioa 

and for the equivalent Proposition, Men in exalted stations aie 
not fine firom enviooa regards**' the eacptemoxk 

|r««v(l-z); 

* Whately't Logie, Book IL ebapk n. tocC 
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and it wm o liBc md tluHt theee eqnsdoiiB, v bong m indeinilt 

class symbol, were themselves equivalent. To prove this, it is ' 
only necesfiaiy to eliminate £rom each the lymbol v. Ihe first 
equatioii ia 

whence, fii st making u ^ 1, and then v = 0, and multiplying the 
resulta, we have 

(y-l+aur)y-0, 
or y«2r « 0. 

Now the second of the given eqaatkiiis beoomee oa teuuponfcMii 

yof - t?(l - *) « 0; 
wheDoe (jj^ - 1 z)yx m 

or yxz = 0, 

•0 before* The reader will easily interpret llie vesoH* 

12. Ex. 3. — Ah a eabject for the general method of thia 

chapter, Tre will resnme Bfr. Senior^B definition of wealth, viz. : 
** Wei'lth consists of thing's trrnHfomble, Uniited in supply, and 
either p oductivc of pleasure or preventive of pain.'* We shall 
consider this definition, agreeably to a former lemark, aa including 
all things which possess at once both the qualities cxprossod in 
the last port of the definition, upon which assomptioii we have^ 
as our representative equation, 

or to « + r(l 

« 

whcKein 

w stands for wealth. 

« ff things limited in supply. 

t things transferable* 

p ,1 things productive of pleasure, 
r things preventive of pain. 

From the above equation we can eliminate any symbols that 

we do not desire to take into account, and express the result by 
solution and development, according to any proposed arrange- 
ment of subject and predicate. 

Lotus first consider what the expression fw to, wealth, would 



Digitized by Google 



CHAP. TII.] 



OF BLIMINATION 



107 



be if the element r, referring to prevention of pMn, were elimi- 
nated. Now bringing the tennd of the equation to the first aide, 
we get 

w - << + r - ly ) a 0. 

Making r « 1, the first member becomes w - st, and mf^ .ln n g 
r B 0 it becomes w -s^; whence we have by the Hulcy 

(w -st){w- stp) » 0, (7) 
or 10 - - wst stp ^ Oi (8) 

whflnoo Hp 

10 m £- ; 

St + stp - I 

tibe developnieiit of tJie seoond member of wlddi eqnalaum g^ves 

»-i?p+J*<(l-p). (9) 

Whence we have the conclusion, — Wealth consists of all things 
limited in supply, transferable, and productive of pleasure, and an 
md^fimitt rmmamdtr ^MHg9 UmiUd inmpply^ tnaafwabU^ wnd 
mti ffrodsuUve ofpUtuwn* This is sufficieiitlj obTioiifl* 

Let it be remarked that it is not necessary to perform the 
multiplication indicated in (7), and reduce that equation to the 
form (8)y in order to determine the expressiou of lo in tenns of 
the other symbols* The process of development may in all ceses 
be made to soperaede that of multiplioatioii* Thus if we de- 
velop (7) in tenns of we find 

(1 - d) (1 - j^)io + - w) « 0, 

wliflooe 9tp 

and Uus equatioii developed will ^Te» as befine, 

13. Suppose next tliat we seeir a desorijplioii of tiuoagslimi 

in supply, as dependent upon their relation to wealth, transferable- 
ness, and tendency to produce pleasure, omitting all reference to 
the pveveatieB of pnn. 
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From equation (8), wbicli Is tlie fesolt <if the riimiiiHlami of 

r irom the ori^nal equation, we have 

to - # (t0e + 10^ - - 0 ; 
whence , w 

-io^+ioi(i-p)+ J io(i-op+5««o-oa-p) 

+ 0 (I + J(l - u;) / (1 -p) + J(l - u;) (1 - Oi» 

+ J(i-ii.)(i-0O-p)- 

We will fint give the direct interpretation of the above solutioii, 

term by term ; aflervvards we shall offer some general remarks 
which it suggests ; and, finally, show how the expression of the 
conclusion may be somewhat abbreviated. 

Firsts tiicD, the direct interpretatioii i0> ThingB limited in 
supply oonrist of AU wmdik irwuferable and produeUve of pUatun 
— all wealth tramferahle^ and not productive ofpleamre^ — an indefi- 
nite amount of what is not wealth, but is either transferahhy and not 
productive of pleasure, or intransferable and produotine of pleatmtf 
arneUher tranrferable norproduetwe o/pl&uure. 

To which the terms whose coeffioients are ^ permit us to add 

like following independent rdatioDBy vis. : 

Ist. Wealth that ia iniramferabUy and productive of pleasutef 
does not exist. 

2ndiy. Wealih Aat it initcaufmdde^ and noi prodii^^ 
9wr€^ doea wii emit, 

14. Respecting this solution I suppose the following remarks 
are likely to be made. 

First, it may be 0aid» that in the ezpceesion abm obtained 
for ** things limited in eupply,** the tenn AU wealth tnttiBfer-> 
able,** &c., is in part redundant; since all weallli is (as implied 
in the original proposition, and directly asserted in the indepenn 
dent relations) necessarily transferable. 

I answer, that although in ordinary speech we duNild not 
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deem it neoeeaarf to add to wealth" the epithet " txBnsferable»" 
if another part of our reasoning had led as to ezpreas the eon- 
dneion, that there is no wealth which is not transferable, yet it 

pertains to the perfection of this method that it in all caches fully 
defines the objects represented by each term of the conclusion, 
by stating the relation they bear to each quality or element of dia* 
tbctaon that we hayechoeen to employ. Thiaianeoeeiaryin order 
to keep the different parts of the solution really distinct and in- 
dependent, and actually prevents redundancy. Suppose that the 
pair of terms we have been considering had not contained the 
word tranflferabley" and had unitedly been All wealth,*' we 
conld then logically resolve the single term All wealth" into 
the two terms <<A]1 wealth transferable," and <<A11 wealth 
intransferable." But the latter term is shown to disappear by 
the " independent relations." Hence it forms no part of the de- 
scription required, and is therefore redundant. The remaining 
term agrees with the conclusion actually obtained. 

Solutions in which there cannot, by logical divisions, be pro- 
duced any superfluous or redundant terms, may be termed pitn 
Molutwns, Such are all the solutions obtained by the method of 
development and elimination above explained. It is proper to 
notice, that if the common algebraic method of elimination were 
adopted in the cases in which that method is possible in the pre- 
aent system, we should not be able to depend upon the purity of 
the solutions obtained. Its want of generalify would not be its 

only defect. 

15. In the second place, it will be remarked, tliat the con- 
clusion contains two terms, the aggregate significance of which 
would be more couTeniently expressed by a sin^ term. Instead 
of All wealth productive of pleasure^ and transferable," and 
•* All wealth not productive of pleasure, and transferable,*' we 
might simply say, " All wealth transferable." This remark is 
quite just. But it must be noticed that whenever any such sim- 
plifioations are possible, they axe immediately suggested by the 
§om of the equation we hare to interpret; Mid if that equation 
be r e d uced to its simplest form, then the interpretation to which 
it conducts will be in it^ siuiplcst form also. Thus in the original 
solution the terms wtp and wl{^i - p)y which have unity ibr their 
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ooefficianti give^ on addition, wt i die tenoB lo (1 - 0 i' 

(I -p), winch have ^for1lieirooeffioieiit^veu7(l -Q; 
and the tenns (i - to) (I - i)p and (1 - to) (1 -t) (1 -p), which 
have ^ for their coefficient, give (1 - to) (1 - t). Whence the 
complete eolntioii is 

i.io<+J(i-io)(i-o+5a-«)Ki-p)t 

with the independent lehitiony 

to (1 - i) « 0, or •'^ «= 

The inteqiretation would now stand thus : — 
Ist. Things limited in supply consist of all wealth transferable^ 
uiA ai^ inde/mte rmnaimier 1^ what U tranrf(er» 
idfhf and cf iransferahle artklUB whUh are not weal^ and are net 
produdwe of pleasure. 

2nd. All weaWi is transferable. 

This is the simplest form under which the general ooncluaiony 
with its attendant condition, can be put. 

16. When it ia required to eliminate two or nune symbols 
from a proposed equation we can either employ (6) Prop. I., or 
eliminate them in succession, the order of the process being in- 
different. From the equation 

to - + r - fr)f 
we have eliminated r, and found the result, 

19 - Wit - Wl^ + «Q> - 0. 

Suppose that it had been required to eliminate both r and t^ then 
taking the above as the first step of the process, it remains to 
elimimite from the last equatum. t. Now when 1 the first 
member of that equation becomes 

10 - to* - wsp + 

and when t ^ O the same member becomes w. Whence we haye 

to (to - io« - to*p + sp) = 0, 
or IP - lof B 0, 

for the required result of elimination. 
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If £roni the last reBolt we detennine we lum 

0 0 



wbenoe ** AU weahh u lindud in tupply** As p does not enter • 

into the equation, it is evident that the above is true, irrespeo- 
tivcly of nny relation v/hich the elements of the concluaioii bear 
to the quality pixxluctivc of plcaaure." 

BeeomlDg the oxigiiial eqnatum* let it be required to elimi- 
nate 9 and I. We have 

Instead, however, of separately eliminnting s and t accortling to 
the Kulc, it will suthce to treat as a single symbol, seeing that 
b aatiafiee the iundaipentallaw of the symbols by the equation 

«l (1 - at) - 0. 

Fladngy therefore, the given equation under the form 

io-<l(p-fr-|ir)«0; 

and making st successively equal to 1 and to 0, and taking the 
product of the results, we have 

(to - 1> - r + pr) tr « 0, 

or w^wp~wr -¥ wpr • 0, 

for the result sought. 

As a par^cular illustration, let it be required to deduce an 
cxprarion for ^ things productive of j^easure'* in terms of 
'^wealth** (tr), and **tidngs preventive of pain'* (r). 

We have, on solving the equation, 

„ 

-?ior + ic(l-r)+ J(l -«£^)r + ?(l - It) (1 - r) 
-if(l-r) + ^irr + ^(i-«,). 
Whence the following concludon:^7%%« prodmOwe of pha- 
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sure are, all wealth not preventive of pairty an indefinite amount 
of wealth that is preventive of paint ond an indefinite amount of 
wAaf ii not wealth. 

From the same equation we get 

to (1 - r) 0 
*"^'"*"«,(l-r)"'w(l-r)' 

whioh developed, gives 

K(l-p).Jtrr + J(l-«^).r + ?(l.«,).(l-r) 

Whence, TMn^e not produetke of pleasure are e^er wealthy pre^ 
omfM^ of pain, or what is not weaUL 

Equally easy would be the discussion of any similar case. 

17* In the last example of elimination, we have eliminated 
the oompoimd symbol st from the j^ven equation, by treating it 
as a angle symbol. The same method is applicable to any com- 
bination of symbols Avliich satisfies the fuiidaincntal law of indi- 
vidual symbols. Thus the expression p + r - pr will, on bciug 
multiplied by itself, reproduce itself, so that if we represent 
p-¥T~pr by a single symbol as ir, we shall have the fundamen- 
tal law obeyed, the equation 

or y(l -y)-0, 

being satisfied. For the rule of elimination for symbols is founded 
upon the supposition that each individual symbol is subject to 
that law ; and hence the elimination of any function or combina- 
tion of such symbols from an equation, may be effected by a ein^ 

operation, whenever that law is satisfied by the function. 

Though tiie fi>rms of interpretation adopted in this and the 
previous chapter show, perhaps better than any others, the di- 
rect Qgnificance of the symbols 1 and ^, modes of expression 

more agreeable to those of oonmion discourse nu^, with equal 
truth and propriety, be employed. Thus the equation (9) nmy 
be interpreted in the following manner: Wealth is either limited 
insuppli^f transferable, and productive of pleasure, or limited in eup^ 
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ply^ transferable, and not productive of pleasure. And reversely, 
WkeUeoer i$ UrniM tn mpply^ tranaferabUf and produdioe of pleeh 
9w% u weakk. Beverae mterpretadoii8» simikr to the above, are 
always furnished when the final development introduces terms 
having unity as a coefficient. 

18. Note. — The fundamental equation /(l)/(0) = 0, ex- 
prariog the result of the eliminatuni of the symbol x from any 
eqiiatioo/(4r) - 0, admits of a remarkable inteqpretation. 

It is to be remembered, that by the equation /(j-) « 0 is im- 
plied some proposition in which tlie individuals represented by 
the class x, supiwse " men," are referred to, together, it may be, 
with other individuals ; and it is our object to ascertain whether 
tliflre is impBed in the propositioa any relation among the other 
indiyiduals, independently of those found in the dass men. Now 
the equation /( 1 ) » 0 expresses what the original proposition! 
would become if ynen made up the univcr:?c, and the equation I 
f (0) = 0 expresses what that original proposition would become \ 
if men ceased to exist, wherefore the equation /(I) /(O) « 0 ex- I 
pro as ea wlwt in wtne of the ori^pnal propottdon would be • 
eqoa&y true on either assumption, i. e. e([uully true whether 
**men" were "all things" or "nothing." AV'hereforc the theo- 
rem expresses that what is equally true, whether a given cla^s of 
objects embraces the whole universe or disappears from existence, 
it imdependeni of that elass aUogethtr^ and vice ymA. Herein 
we see another example of the interpretation of formal results, j 
immediately deduced from the mathematical laws of thought, into i 
general axioms of philosophy. J 
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CHAPTER VUL 

OV THB BBDUCTIOV OP 8T8TB1I8 OF PROP08ITIOV8. 

!• TN the pmeding chspten we htm detenniiied mifiioieiitly 

fair the most essential purposes the theory of single pri- 
mary propositions, or, to speak more accurately, of primary pro- 
positions expressed by a angle equation. And we have estab- 
lished upon that theory an adeqiiaite method. We have ahoim 
how any element mtolTed m the given syston of equatione may 
be elmunated, and the rdation which oonneets the remaining 
elcnieutd deduced in any proposed form, whether of denial, ol* af- 
firmation, or of the more usual relation of subject and predicate. 
It remains that we proceed to the consideration of systems of 
propoeitioDSy and institute with respeot to them a siaular aeiiee 
of inTeetigations. We ace to inquire whether it n possible from 
the equations by which a system of propositions is expressed to 
eliminate, ad libitum^ any number of the symbols involved ; to 
deduce by interpretation of the result the whole of the relations 
implied among the remaining symbols ; and to detennine in par- 
tieolar the ezpresdon of any single element^ or of any inter- 
pretoble comUnation of elements, in terms of the other elements, 
60 ati to present the conclusion in any adiuiiJsiblc form that may 
be required. These questions will be answered by showinu^ tliat it 
is possible to reduce any system of equations, or any of the equa^ 
tions involved in a system, to an equivalent single ^nation, to 
which the methods of the previous chapters may be inmiediateiy 
applied. It will be seen also, that In this reduction b involved 
an important extension of the theory of .single propositions, which 
in the previous discussion of the subject we were compelled to 
forego. Tliis ctreomstanee is not peculiar in its nature. There 
are many spedal departments of science which cannot be conh> 
pletely surveyed from within, but require to be studied also from 
an external point of view, and to be regarded in connexion with 
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otiier and kindred subjeotSy in order tbat ihdr fall proporlioiis 
ma/ be anderstood. 

Tliis diapter wHl ezliibit two distinct modes of redadng 

flystems of equations to equivalent single equations. The first 
of these rests upon the employment of arbitrai-y constant niulti- 
pUera* It is a method sufficiently simple in theoiy, but it has the 
inoonTemenoe of rendering the aubaeqiient proceasea of elimina- 
tion and development, when theyocour, somewhat tedioos. It was, 
however, the method of reduction first discovered, and partly on 
this account, and partly on account of its simplicity, it has been 
thought proper to retain it. Tlie second method does not re- 
gain tbe introduction of arbitrary conBtant8» and is in nearly 
aU lespeeta preferable to the preceding ona It will, theieforey 
generally be adc^ted in tba aabseqpient iuveetigvlloiia of this 
work. 

2. We proceed to the consideration of the first method* 

Proposition I. 

Any system of logical eqttatUmi may he nebtoed to a single equkm* 
^lent equation, by multiplying each equation after the firttt by a dis' 
t tinct arbUrary comtant quantity^ and adding all tlie results^ including 
ike Jiret eqwUion^ togetiier. 

By Prop. 2, Chap, vi^ the interpretation of any single 
equation, /( y . .) s 0 is obtained by equating to 0 those con- 
stituents of the development of the first member, whose co- 
efficients do not vanish. iVud hence, if there be given two equa- 
tions, f(r,y")^ 0, and F(x, ^ . .) = 0, their united import will be 
eontained in the system of results formed by equating to 0 all 
those constituents which thus present tfaemsdves in both, or in 
either, of the f^'wvn equations developed according to theRiilcof 
Chap. VI. Thus let it be supposed, that wc have the two equations 

^y-2ir-0, (1) 

«-y-0; (2) 

The development of Uie Urst gives 

-a3f-2d;(l-y)»0 ; 

whence, jry « 0, a: ( 1 - = 0. (3) 

1 2 
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The development of the second eq^uation gives 

a;(l-y)-5^(l -ar)-0; 

whence, « (1 - y) -> 0, (1 - x) « 0. (4) 

The oonstatuents whose coefficients do not vanish in both dev^ 
lopments ue ary» «(1 - y)^ and (1 - x) and these would to- 
gether give the system 

xy^^O, «(l-y)-0, (l-«)y-0; (fi) 

which is equivalent to the two Hystcms gi\ cii by the developments 
separately, seeing that in those eybtems the equation a: (1 - y) = 0 
is repeated. Confining ourselves to the case of binary systems 
of eqnatkmsy it remains then to determine a single equatioiit 
which on development shall yield the same constituenta with 
coefBcients which do not vanish, as the given equations produce. 
Now if we represent by 

thefpTen cqoallcmBy F| and Vt being functions of the logical sym- 
bols 9f y» z, ^ ; then the angle equation 

Fi + cF,«0, (6) 

€ being an arHtrary constant quantity, will aooomplish the re> 

quired object. For let At represent any tcnu in tlie full de- 
velopment F, wherein i is a constituent and A its numerical 
coefficient, and let Bt represent the corresponding term in the 
full development of K„ then will the correspondii^ term in the 
development of (6) be 

{A + cB) t. 

The ooeffident of i vanishes if A and B both vanish, but not 
otherwise. For if we assume that A and B do not both vanish, 

and at the some time make 

^ + - 0, (7) 

the following cases alone can i)rcsent themselves. 

Ist. That A vanishes and B does not vanish* In this case 
the above equation becomes 

eBm% 
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and leqinreBiliat 0. But this ocmtradicts the hypothesis that 
c B an arhtrary eenstent. 

2nd. That B yaniflhes and A does not vanish. This assump- 
tion reduces (7) to 

hj wUeh the assumption is itsdf Tiolated. 

3rd. That neither A nor B vanished. The equation (7) then 
gives 

-A 

which is a defimte Tslue, and, therefixre» oonfliets with the hy- 
pothesis that c is arbitrary. 

Hence the coefficient A + cB vanislies when A and B both 
vanish, but not otherwise. Therefore, the saniG constituents 
will appear in the developmeut of (6), with-ooeffidents which do 
not Tamsh, as in the equations Vi « 0, F, - 0, singly or together. 
And the equation + cFa = 0, will be equivalent to the sys- 
tem F, = 0, = 0. 

By similar reasoning it appears, that the general system oi 
equations 

F,«0, F,-0, F,-0,&c.; 

may be replaced by the single equation 

F, + cF, + <^F, + &o.-0, 

€f bdng arbitrary constants. The equation thus famed 

may he treated in all respects as the or^tinary logical equations 
of the previous chapters. The arbitrary constants Ci , e^, are 

not logical symbols. They do not tjatibfy the law. 

But their introiluction is justified by that general principle which 
has been stated in (II. 15) and (V. 6), and exemplihed in nearly 
all our subsequent investigations, viz., that equatitms involving 
the symbols of Logic may be treated in all respects as if those 
83rmbols were s3rmbols of quantity, subject to the special law 
X (I - j:) = 0, tmtil in tlic linal .^tagc of solution they assume a 
form interpre table in that system of thought with which Liogic 
is conversant. 
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3. The ibUowing eiample will aenre to iUastrate the above 
method. 

Ex. h — Snppoie that an analysis of the propcrtiea of a parti- 
cular class of substances has led to the following gcucnd couclu- 
aions, viz. : 

Ist That wherever the properties A and B are combined, 
either the property or the property JD^ is present also; bat 
they are not jointly jnesent. 

2nd. That wherever the properties B and C are comMned, 

the properties A and D are either both present with them, or 
both absent. 

3id. That wherever the properties^ and B are both absent, 
the propertiesC andD are both absent also; and vice versdf where 
the properties C and i> are both absent, A nadB are both absent 
also. 

Let it then be required from the above to dctcrmiuc what 
may be concluded in any particular instance irom the presence of 
the property A with respect to the presence or absence of the 
properties B and paying no regard to the property 2). 

Beprescnt the property Ahjai 
M thejiropertyjBbyy; 
,y the property Chy z; 
99 the property I) by to. 

Then the symbolical expression of the premises will be 

ay - « {w (1 - z) + JT (1 - «?)) ; 
tfz ^ V {xw + {I - x) (1 - w)]; 

. (i-«)(i-y)-(i-*)(i-«). 

From the first two ot' these cquutiuiis, separately eliminating the 
indefinite class symbol we have 

xj/ {l-iiF(l-z)-;r(l-w)) = 0; 

jfZ {1 - xw - (1 - x){l- w)] = 0. 

Now if we observe that by developinent 

1 - w (1 - «) - ^ (1 - w)- iffar + (1- w) (1 - 

and 

1 - apu7 - (1 - jr) ( 1 - to) = as (1 - w) + w (1 - «), 
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aad in these expressions replace, for aimplicity* 

1 - « by X, 1 - y by y, &c., 
we abUl bave firom the three last equations^ 

ay (ir^ + i^i) - 0; (1) 
(ii5 + i»)-0; (2) 

^r-^; (3) 

and fTf^m tXm eystem we must eliminate w. 

Muhtpljiiig the aeeond of the abere eqoalioDB bj ^ and the 
ifaM hf ^, and adding the leeolts to the fint» we have 

When »r made equal to 1, and therefore w to 0, the first mem- 
ber oi the above equation beoomee 

And when in the aame member w is made 0 and 10 ■ It it be- 



Uenoe the zeaolt of the eliminatbn of w may be ei pr e aa e dm the 



(ryr + cxff z •¥ e'sg) {:^z €3^Z -¥ m Ol (4) 

nd from this eqiiatioii « is to be detennined* 

Were we now to proceed as in former instances, we shonld 

tuu]ti[>ly t<^thcr tlic factors in the first member of the above 
equation ; but it nuiy he well to ^how that such a course not 
at ail neoeasary. Let us develop the fir^t member of (4) with 
to «9 the symbol whoae ei|ireaBioo k aonghti we find 



ffz{jifZ'¥€gx-^m'¥ {ofz + ) {ci - ^i) (1 - «) • 0; 

gc, ejfoc + {ofz + cy) (c j - c'i) (1 - x) - 0 ; 

whence we find, 

J (y gy) (g'y - . 

and developing the second member with respect to y and z^ 
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^ 0 _ c'« . 0 

«-(i-y)«+Jy(i-z) + 2(i-y)(i-^); 

the inteipietaAion of which i8» Wkerener tkt property A tt pretenif 
there either C ie present and B absent^ er CU absent. And in- 
versely, Wherever the property C is present^ and tJie property B 
absent^ there the property A is present. 
^ These results may be much more readily obtained by the 

(method next to be ezplained. It is, however, aadsfincloiy to 
difoent modes, serving for mutual verifioatioii, of ar- 
riving at the same oondusion. 
4. We proceed to the second method. 

Proposition II. 

If any equatUmSt Vi » 0, Fa « 0, ^e., are su^ that the develop' 

ments of their first members consist only of coneHtitents wiiA positive 

cocjjicieiits^ those equations may be combined together into a single 
equivalent equation by addition. 

For, as before, let At represent any term in the development 

of the function Vu I^t the corrcsjioiKring term in the develop- 
ment of Fj, and so on. Then will the corresponding term in the 
development the equation 

Fi + F, + &c. = 0, (1) 

formed by the addition of the several given equations, be 

(i4 + -B + ifcc.) ^ 

But as by hypothesis the coefficients Ay B, &c. are none of them 
negative, the aj^ixrcgate coefficient A + B, iSiC. in the derived 
equation will only vunisli when the separate coefficients Af &c. 
vanish together. Hence the same constituents will appear in the 
development of the equation (1) as in the several equations 
F, ^ 0, = 0, c^c. of the originaisystem taken collectively, and 
therefore the interpretation of the equation (I) will be cquiva- 
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fant tothe colkotive interprelalaomiof the several etpM&mfam 
wMbh it is derived. 

Proposition III. 

5. 7/* Fj = 0, = 0, Sfc. rep7'esent miy system of equations^ the 
teriiiA of xchich ha ve by transposition been brought to the first side, 
then the combined interpretation of the eyetem vnU be imoohed in the 
tmgle equation^ 

formed by adding togeUier die squares of die given equatione. 

For let any equation of the system, as F| - 0, prodnoe on de- 
velopment an equation 

in which <i, &o* are constituents, and atf irt» &c their corres- 
ponding eoefficients. Then the equation Fi* - 0 will pcoduoe 
on development en equation 

S8 may be proved either from the law of the development or by 
sqiinring the function ait^ + a^ttf &c. in subjection to the con- 
ditions 

<i<t-0, 

assigned in Prop. 3, Chap. v. Hence the constituents which 
appear in tlie e:^pansion oi' the equation I^^ = 0, are the same 
with those which appear in the expansion of the equation F| • 0» 
and they have poative ooeffidents. And the same remark 
plies to the equations F, 0, ^ Whence, by the last Fropo- 
'bition, the equation 

Fj* + Ft« + Ae. - 0 

will be equivalent iu interpretation to the sybtciu of equations 

F,.0, VtmOf&C 

Corollary. — Any equation, F» U, of which the first member 
already satisfies the condition 

F, or r(i - r) = o, 
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does not need (as it would xemain unaffected by) the prooess of 
aqnaxing. Such equations sre^ indeed, immediiitelj dorelofiaUa 
into a series of oonstitnentSy with ooeffidents equal to 1, Chap.T. 
Prop. 4. 

Pbopositiom IV. 

6. Whenever the equations of a system have by the above pro- 
cess of squaring/, or by any other jrrocessy been redttced to a form 
such that all the constituents exhibited in their development have 
positive eoefficientSf any derived equatisns obtained bjf elimination 
wiH possesi the same ekaraeter^ and may be combined unth the 
oAer equations by addition. 

Suppose that we have to eluninate a symbol x from any 
equation V^Of which is such that none of the constituents, in 
ibs fiill derelopinent of its first member, have negatiye coefficients. 
That espandon may be written in the foim 

Vi and V^, being each of the form 

aiti -f at#f*t- Ontmf 

in which titt-.tn are constituents of the other symbols, and 
Oi fl» . . Oa in each case poatiTC or -vanishing qnantitieB. There* 
suit of elimination is 

and as the coefficients in Vi and ore none of them n^^ve, 
there can be no negatiye coefficients in the product ¥% F,. 
Hence the equation Vi F, « 0 may be added to any other equa- 
tion, the coefficients of whose constituents arc jjositive, and the 
resulting equation will combine the full signihcance of those 
from which it was obtained. 

Pboposition V. 

7. To deduce from the previous Propositions a pradical rule or 
method for the reduction of systems of equations expressing propo^ 
iUiansinLoyie, 

We have by the pmiouB mmAgBi&mB established the 

lowing points, viz. : 
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1st. That any equations which arc of the form* K«0, F sa- 
tisfying the fundamental law of duality F(l - V) ^ may be 
combined together by aimpie additioiL 

Sndlj. That Miy other eqnaliont of ilielonii K-0 OMgrbe 
ledoeed, bj the pfoceas of squarin^^ toaftrmmwbibh thoMine 
lirinciplc of combination by mere addition is applicable. 

Jt remains then only to dt'tcnninc what equations in the ac- 
tual expression of propoaitiona belong to the former, and what to 
the latter, rhrt 

Now the genend types of propodtioiiB have been aet ftrth m 
the conclusion of Chap. iv. The divi^n of propoaitiona which 
they represent U as follows : 

1st. Propo^itionsy of which the subject is uniyerBal, and the 
pieficate particuhv. 

Tlie aymbdical ^ (IV. 15) is 

IT-eY, 

X uiiJ y caUAlyiiig the law of duality. Eliminating Vf we hm 

jr(i-y)-o, (I) 

and this will be ibimd also to satisfy the same law. Ko further 
ledoction by the process of squaring ia needed. 

tnd. Fhypodtiona of which both tenna are nrnvenal, tad of 
whkh the aymboBoai type is 

X and Y bC|Kiratcly tiatiefying the law of duality. Writing the 
in the form A' - Y - 0, and squaring, we have 



x-2A'y y - 0, 
«r A(i- y)+ A)-o. (t) 

The firf«t raeml)cr of this equation butidiieu the law of duality, as 
ia evident Irom its very form. 

We oHij arrire at the same eq[oalion In a different manner. 



X- T 

m e%ai¥aknt to the two equations 
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(for to affirm that X*8 are identical with ys b to affirm both that 
AUJTa are and that All Fa aie JCb). Now theee equa- 
tions give, on elimuiatioii of 

X(l-y)-0, y(l-X)-0, 

which added, produce (2). 

3rd. Propositions of wliich both terms are particular. The 
form of such propositions is 

but V is not quite arbitiaiyy and therefore nrast notbe eliminated. 
For V is the representative of samef wluoh, though it may indude 

in its meaning all, does not include none. We must therefore 
transpose the second member to tlie first side, and square the 
resulting equation according to the rule. 
The result will obviously be 

rA (l - y) + i;y(l- A^^O. 

The above conclusions it may be convenient to embody in a 
Rule, which will serve for constant future direction. 

^^^^^iuLK. — l^ie equaUom being so expressed as Uiat Uie temu X 
and Yin the following ^fpieai/orm obey the law o/duaUty^ chang§ 
the equation* 

X mvYinto y)«o, 

X = Yinto X {l-Y) + Y(l - A-) « 0. 
viC - 1; F into pJSC (1 - 1^ + V y(l - JIT) « 0. 

equation vki^iegipen in the form X^OunU not need irantfin** 

mationf and any eqitoHon which presents itself in Hie form X=l 

may he replaced by 1 - X - 0, as appears from Uie second of the 
above transformations. 

When the equations of the system have tiius been reduced, 
any of them, as well as any equations derived fifom them by the 

process oi' elimination, may be combined by addition. 

9. Note. — It has ]>ccn scon in Chapter iv. that in literally 
translating the terms of a proposition, without attending to its 
zeal meaning, into the language of symbols, we may produoe 
equations in which the terms X and Y do not obey tiie kw of 
duality. The equaficm w*^9t(p+ r), given in (3) Prop. 3 of 
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the chapter referred to, is of this kind. Such equations, how- 
ever, M it has been seen, have a meaning. Should it» for ca- 
non^, or fox any other modvet be detenmned to employ ihem, 
H will be beet to reduce them by the Rule (VI. 5). 

10. Ex. 2. — Let us take the following Propositions of Ele- 
mentary Geometry : 

Ist. Siniilxurfiguresconaistof all whose conesponding angles 
aie equal, and whoee oonrespondmg ttdes are proportional. 

8nd. Triangles whoee corresponding angles are eqnid have 
thdr correeponding sides propordonal, and vice versd. 

To represent these premises, let us make 
s m similar. 
i m triangles. 

q " having corresponding angles equal. 

r = having corresponding sides proportional. 

Then the premises are dpsreesed by the ibUo wing eqnalaone : 

#-^r, (1) 
tq^tr. (2) 

Reducing by the liule, or, which amounts to the same thing, 
bringing the terms of those equations to the first side, squaring 
each eqoation, and then addmg, we have 

s + qr- 2qrs +tq^ir- 2lqr = 0. (3) 

Let it be required to deduce a description of disrimilar figures 

fonncd out of the elements expressed by the terms, triangles^ 
having corresponding angles equal, having corresponding sides 
proportional. 

Wehavefirom(3), 

iq H- q r + rt - 2/<yr 
2^r-l ' 

And fully developing the second member, we find 

I -«-0l}r+2<j(l-r) + 2fr(l -<?) + < (1-8) (1-r) 
+ 0 ( I - <) «»■ + 0 - *) ? ( I - »•) + (I - <)»■ 0 - ? ) 

+ 0-0(1 -?)(>-0- (5) 
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In the above development two of the tenns have the coefficient 
% these miist be equated to 0 by the Kale, then those tenns 
whose ooeflfiokntB ase 0 beiDg rejected^ we have 

l-#«/(l.j)(l-r) + (l-<)j(l-'-) + (l-0'-(l-g) 

+ (1-00-^)0-0; (6) 

^^(l-r)-0; (7) 
lrO-9)-0; (8) 

the direct interpretation of which ia 

Itt DiuknihrJigufmeontUtofaUirii^^ 
corre9ponding angles equal and sides proportional, and of all figwres 
not being triangles which have dUier their angles equals and sides not 
proportion^, or their corresponding mle, proportional, <mgU, 
not equalf or neither their corresponding anglee eqwd nor corree- 
pcfnding eidet proportional 

2nd. l^erearenoirianglei fi^oee corresponding anglet are equals 
and ifides not proportional. 

3rd. TTiere are no triangles wJme corresponding sides ewe pro* 
portioned emd angles not eguoL 

1 1 . Such are the immediate interpretations of the final equa- 
tion. It is seen, in accordance with the general theory, that in 
deducing a description of a particular class of objects, viz., dis- 
aimihur figuresy in tenns of certain other elements of the original 
pfenuBesi we obtain also the independent xebUions which eodat 
among those elements in virtue of the same premises. And that 
this is not superfluous information, even as respects the imme- 
diate object of inquiry, may easily be shown. For example, the 
independent relations may always be made use of to reduce, if it 
be thought desirable» to a briefer form, the ezpresdon of that re- 
lation whidi is direcHy sooght* Thus if we write (7) in the 
fbnn 

0-<y(l-r), 

and add it to (6), we get, nnoe 

«(l-})(l-r) + <j(l-r) = ^(l-r). 

l-*.t{l-r) + (l-l)q{l-r)^{l-t)r(l-q) 

+ (1-0(1 -?) (I -r), 
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which, on interpretation, would give for the first teaxk of the de- 
scriptkm of diftiimilar %iuq0» ^' Tiiangles whose ooneeponding 
aides are not proportumal,'' instead of the fbller description origi- 
nally obtained. A regard to convenienee must always determine 
the propriety of such reduction. 

12. A reduction which is always advantageous (VII. 15) con- 
sists in coUectiiigthetenns of the immediate deseription sought, 
as of the seoond member of (5) or into as few groops as 
possible. Thus ike third and fourth terms of the seoond mem- 
ber of (6) produce by addition the single term (1 - (1 - 

If this reduction be combined with the last, we haye 

I ^#-l(l.r) + (1- 0^(1-0 + (1-0 0-j)s 
ih» interprototioa of which.is 

Dissimilar figures consist of all triangles whose corresponding 
tides ore not proportional^ and, all fi^u not being triangles which 
koM eUker iheir eomaponimg m^ee unequal^ or their cmreepimdJmg 
emglee equals but Mee not propofiUmaL 

The fulness of the general solution is therefore not a super- 
fluity. While it gives us all the infonuation that we seek, it 
provides us also with the means of ezptesdng that infinmation 
in the mode that is most advantageous. 

13. Another observation, illustrative of a principle which has 
already been stated, remains to ]>e made. Two ol* the terms in 
the full development of 1 - « in (5) have 2 for their coefficients^ 

instead of ^. It will hereaiier be shown that this circumstance 

indicates that the two premises were not independent. To verify 

tlii.^, let us resume the equations of the premises in their reduced 
forms, viz., 

*(l-5r) + 5r(l-#)-0, 

ig (1 - r) + tr (1 - = 0. 

Now if the first members of these equatious have any oommon 
constituents, they will appear on multiplying the equatiims to- 
gether. 11' we do this we obtain 

*«^(l-r) + «fr(l-<y)-0. 



Digitized by Google 



* 

128 



OF REDUCTION. 



[chap. VIXI 



Whence there will redult 

j«g(l-r)-0, j<r(l-r/)«0, 

these being equations which are dedudble from either of the 
primitiTe ones. Th^ interpretations are — 

SimUaf tiian^m which have ihdr comtponding angles equal 

luive their corresponding sides proportional. 

Similar triangles whicli have Uieir corresponding sides proper" 
tUmal hofoe their eorreiponding anglee equaL 

And these eondnsions are equally dedncible fiom dther pre> 

miss singly. In this respect, according to the definitions hud 
down, the premises arc not independent. 

14. Let us, in conclusion, resume the problem discussed in 
illustration of the first method of this chapter, and endeavonr to 
ascertain, by the present method, what may be concluded from 
the presenoe of the property C, with reference to the properties 
A and B. 

We found on eliminating the symbols v the following equa- 
tions, vis*: 

a|r^ii» + w?)BO, (1) 

yz (xw + xw) = 0; (2) 

xy - w J. (3) 

From these we are to eliminate w and determine z. Now { I ) 
and (2) akeady satisfy the condition F(l - F) » 0. The thhrd 
equation gives, on bringing the terms to the first side^ and 
squaring 

^ (i - wz) + w~z{\ - xy) = 0. (4) 
Adding (1) (2) and (4) together, we have 

aeif(wg + wz)'^yz(3M'¥^+ xy{i - wz) -¥ wz(l - iy) ^ 0. 
Filiminating to, we get 

{xyz + yzx-¥ ^) [ryz + yzsc + i^z + z(l -xy)] « 0. 

Now, on mnltiplying the terms in the second factor by those in 
the first snccessively, observing that 

a» = 0, ^ » 0, « 0, 
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Dearljr all di^Mippcar, and we have only leA 

ayz + jyz « 0 ; (5) 

whence 0 

z " — 

- Oiy + - ay + g xy + Oxy 

furnuhing the interpretation. Wherever the jrroperty C is founds 
either the property A or the property B will be Juu/ul with it^ but 
not both of them together. 

From the equation (5) we may readily deduce the result ar- 
nTed at in the previous investigation by the method of arbitrary 
constant multipliers, as well as any other pn)])oscd forms of the 
relation between x, y, and z\ e. g. If the property B is absent^ 
either A and C will be jointly present , or C will be absent. And 
coDversely, Jf A and C are jointly present^ B will be absent. 
The converse part of this conclusion is founded on the presence 
of a term xz with unity for its coefficient in the developed value 
ofy. 
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CHAPTER IX. 

ON CERTAIN METHODS OF ABBREVIATION. 

1. npiIOUGH the three fundamental methods of development, 
elimination, and reduction, established and illustrated in 
the previous chaptersy are sufficient for all the pracdcal ends of 
Jjo^ yet then are oertun oaeeB in which thejadmit^ and espe- 
cially the method of elimination, of being simplified in an inn 
portant degree ; and to these I wish to direct attention iii the 
present chapter. I shall first demonstrate some propositions in 
which the principles of the above methods of abbreviation aie 
contained, and I shall afterwiyrdB apply them to particular ex- 
amples. 

Let us designate as class terms any terms which satisfy the 
fundamental law F ( 1 - K) = 0. Such tcTms will individually 
be constituents ; but, when occurring together, will not, as do 
the temiB of a development, necessarily involve the same symbola 
in each. Thus ote-f bxy + cyz may be described as an expresrion 
consisting of three class terms, x, i i/, and ijz, multiplied by the 
coefficients a, by c respectively. The principle applied in the two 
following Propositions, and which, in some instances, greatly 
abbreviates the process of eliminatimi, is that of the rejection of 
euperflwnu class terms; those being regarded as superfluous 
which do not add to the constituents of the fuial result. 

Proposition I. 

2. From any equation^ Vm 0, tfi toft»eA V eondUs of a series of 

doss terms having -positive coefficients^ we are permitted to reject any 
term which contains another term as a factor, and to change every 
poeidoe coefficient to unity • 

For the significance of this series of positive terms depends 
only upon the number and nature of the constituents of its final 
expansion, L e. of its expansion with reference to all the symbols 
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mhkh h iaTohWy and not at tU upon Oie Mtul Talnei of tin 
Kiffiiiuite (VL 5). Now let ir be any tcnn of the series, and 
xjf any other term having x iij* a factor. The cxpauHion of x with 
lefereooe to the sjmholslx and y will be 

•pd the erpMuiion of the gum of the tenni g and ay will be 

Iry + ( 1 - Jf). 

Bat by what baa been said, these ezpradona oceorring in the 
int member of an equation, of which the eeoond member is 0, 
and of which all the coefficients of the first member arc jx>8itive, 
aw? equivalent ; t*iiicc there muj»t exL«t simply the two constituents 
ay and 2 (1 -y) in the iinal expansion, whenoe will simply arise 
iIm moiling equations 

ajr-0, «(l-|f)-0. 

And, therefiune, the aggregiae oftenna s+aymayberepkoedby 
tbe sii^gle term «• 

The same reasoning applies to all the casefl contempkted in 

the Proposition. Thus, il the tonn i is rej^ated, the a^j^egate 
2x may be replaced by becauiiie under the circuxuiitattoes the 
equation s • 0 must appear in the final reduction. 

PnoFoamov XL 

S. HOirri'T'T in die pror,:ss of elimination we have to inultiply 
together two factors^ each consisting solely of positive terms ^ satisfying 
SU fiu s d a mgnial law of logical sjfmboU, U ig permitted to reject from 
6ctk faetore atty common term^ or from miker faOor ony term icAtel 
mSfAMe hg a term in ClU o^er faetor ; profsided ahrays, thai lis 
rtjedted term be added to die product ofi/ie resulting factors. 

In the enuneiaiioii of this Proposition, the word ^'diviAhle** 

iff a term of convenience, used in the algebraic sense, in which xg 
and J" ( I ~ y) an- -aid to l>e divisible by J". 

To render more clear the import of this Propocutioo, let it be 
siippeaed that the fiictors to be multiplied together wmx-^g-^ m 
wmi jr •f fw 4 1 It is then assert ed , that ftom these two frctors 
we may rpjeet the term and that from the second factor we 
may reject the term gw^ pruviiUnl tliat liiesc terms be ^Mliiaiiiad. 

k2 ^ 
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to the fiaal product. Thus, the resulting fiictors being ^ + z 
and ^ if to thdr prodoot fft^ztwe add the terms x and ym, 
we have 

as an expression equivalent to the product of the given factors 
X + y •¥ z and x + ffw + equivalent namely in the prooesB of 
elimination. 

Let U8 oonrider, first, the case m which the two factors hATe 

a common term x, and let us represent the factors by the expres- 
sions X ■¥ P, X + Q, supposing P in the one case and Q in the 
Other to be the sum of the positive terms additional to x. 
Now, 

(x + F) (x ^ Q)^ x-^ xP + xQ -t PQ. (I) 

But the process of cliniination consists in multiplying: cerUiin 
fectors together, and equating the result to 0. Either then the 
second member of the above equation is to be equated to 0, or it 
is a ftctor of some expression which is to be equated to 0. 

If the fiirmer alternative be taken, then, by the last Propo- 
sition, we are permitted to reject the terms rPaodsQ, inasmuch 
as they are positive terms having anotlier term j: as a factor. 
The resulting expression is 

« + P<2, 

which is what we should obtain by rejecting!' from both factors, 
and adding it to the product ol'tlie liictors which remain. 

Taking the second alternative, the only mode in which the 
second member of (1) can affect the final result of elimination 
must depend upon the number and nature of its constituents, 
both which elements are unaffected by the rejection of the terms 
xP and xQ. For that development of includes all possible con- 
stituents of which X is a factor. 

Consider finally the case in which one of the factors contains 
a term, as sy, divisible by a term, x, in the other fkctor. 

Let x + P and + Q be the fiwtors. Now 

{x + P; (ay + <2) = ay + + xyP + PQ. 

But by the reasoning of the last Proposition, the term xyP may be 
rejected as containing another positive term xy ma a factor, whence 
we have 
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« aiy + (ar + P) Q. 

But this expreeses the flection of the term xy firom the' second 
fiictor, and its transferenoe to the final product. Wherefore the 
Ptopodtion u manifest. 

Proposition III. 

4. J/tbe cmy symbol which is retained in the final remit of the 
eUmbMiian of any other eymbole from anyeyetem ofequaiianet the rv- 
euU of such eHndnaiian may be expreeeed in Hie form 

Et+B(l^t)^0, 

ttt whiehEuformedbynuikit^m^propoeedeyetemt'»lf anddiF 
mmaiing the eame other symhote ; ondE' hy making in Hie proposed 
eyetem < • 0, and dimenating the same other eymbole. 

For let ^ (<) • 0 represent the final result of elimination. 
Expanding this equation, we ha?e 

^ (1) f + ^ (0) (1 - <) = 0. 

Now by whatever process we deduce the function i> (t) from the 
proposed system of equations^ by the same process should we de- 
duce 0(1)) if in those equations t were changed into 1 ; and by 

the eame process should we deduce <^ (0), if in the same equations 
t were changed into 0. Whence the truth of the proposition is 
manifest. 

5. Of the three propositions last proyed, it may be remarked, 
that though quite unessential to the strict development or appli- 
cation of the general theory, they yet accomplish important ends 

of a practical nature. By Trop. 1 we can simplify the results • 
of addition ; by Prop. 2 we can simplify those of multiplication ; 
and by Prop. 3 we can break up any tedious process of elimi- 
nation into two distinct processes, which will in general be of a 
mudi less complex character. This method will be very fi;o- 
quently adopted, when the final object of inquiry is the determi- 
nation of the value of ^, in terms ot the other symbols which remain 
after the elimination is performed. 

6. Ex. 1. — ^Axistotlet in the Nioomaohean Ethics, Book ii. 
Cap. 3» having determined that actions are virtuous, not as pos- 
sessiiig in themselves a certsiii dumeter, but as implymg a oer« 
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tain condition of mind in him who performs them, yiz.» that he 
per&nn them knowingly^ and with delibenfte preferenoe» andftr 
their own 8akes» and upon fixed principles of conduct, proceeds 

in the two following chapters to coni?ider the question, whether 
virtue is to be referred to the genua of Passions, or Faculties, or 
Habits, together with some other connected points. He grounds 
his investigation upon the following premises, from whidi, also^ 
^ be deduces the general doctrine and definition of moral virtue^ of 
• which the remainder of the treatise forms an exposition. 

PREMISES. 

1. Virtue is dther a passion (ira^), or a £Miulty {Bv¥a§uc)f 
or a'habit (l&c)* 

2. Passions are not things according to whidi we are praised 

or blauied, or in which we exercise deliberate preference. 

3. Faculties are not things according to wliich we are praised 
or blamedy and which are aocompamed bj deliherate preference* 

• 4. Virtne is something according to which we are praised 
or blamed, and which is accompanied by deliberate preference. 

6. Whatever art or science makes its work to be in a good 
state avoids extremes, and keeps the mean in view relative to 
human nature (rb fthov . • • wpoc 4fMc)« 

6. Virtue is more exact and excellent than any art or science* 
This is an argument a fortiori. If science and true art shun 
defect and extravagance alike, much more does v irtue pursue the 
undeviating line of moderation. If tkeif cause their work to be 
ina good state, much more reason have ^ we to say that Virtue 
causeih her peculiar work to be <*in a good state." Let the 
final premiss be thus interpreted. Let us also pretermit all re- 
ference to praise or blame, since the mention of these in the pre- 
mises accompauies only the mention of deliberate preterenoe, and 
this is an eleftient which we purpose to retain. We may then 
assume as our xepresentadve symbols-r 

V = virtue. 
p m passions. 
/ ■ Acuities. 
A « halnts* 

d » things accompanied by deliberate pcefercncc. 
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g m cloniig thdr work to be in ft good aliila. 
mm thing! keeping the nma in view vebtm to knnMn 
nfttnre* 

Uibi^ thai, ^ ftn indefimte din tTmboIt oar prauseo will be 

^exprcMed by the fi>llowiDg equatiooB : 

• - ff (jrd -/) (I - *) +/(! -P) (1 - *) + A (1 (I -f)]. 
P'g(i-d). 

And iteparatel J f^iiminating fiom those the spahok 

• ( 1 -p (I -/) (1 - -/(I -/') (1 - *) - A (I -p) (1 -fir 0- (1 ) 

pd mO. (2) 



0. 

v(\ - </) = 0. 
t^(l-5^)-0. 



(3) 

(4) 

(6) 

We dMil im elimiiiite fiom (2)» (3> end (4) the sjinbol and 
tiMdeloniiDeomfektieii toj^^aadA. NowAeaddhunof 

(2), (3X«id(4)give8 

Fxom which, dimhieting in the ordinary way, we find 

(p+/)r-0. (7) 
Adding this to (1), and detennining e^ we fiod 



Whence by development. 



Tho ■ ■ ■ i* w *< t i i i flii i£ this oanatioii ia • 



' a 
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Next, we will dimmate /, p, and g firom the ori^^nal system 

of equations, and then determine v in relation to A, c?, and m. 
We will in this case eliminate p and / together. On addition of 
(1), (2), and (3), we get 

+ |m/ +/d « 0. 
Developing this with reference to p and /, we bave 

(» + 2rf)|/ + (»A + €0 p (1 -/) + (wft + ^0 (1 - P)/ 

4t>(l-A)(l-p)(l-/)-0- 

WheDQe tbe result of eUmination will be 

{v + 2d){vh + d) (vh + d)v{l - h) = 0. 

Now V'¥%dm9^d^df wluch bj Prop. L is reduciUe tov-^d* 
The prodiict of this and the seoond fietor b 

(o -I- d) («A + <0» 

which by Prop. U. reduces to 

d'¥v(vh) or «A -¥ d. 

In like manner, this result, multiplied by the third factor, ^Tes 
simj^y vA + dl Lastly, this midtiplied by the £>iirth fiKSte*, 
V (1 - A), gives, as the final equation, 

vd{l - A) « 0. (8) 
It remains to eUminate g from (5) and (6). The result is 

r(l-m)-0. (9) 
Finally, the equations (4), (8), and (9) give on addition 

» (1 - (/) + (1 - A) + i; (1 - - 0, 
ftom whieh we have 

0 

^ " l-rf + rf(l-A) + l-«* 

And the development of this result gives 

e = ^ hdntf 

of which the interpretation b, — Virtue is a habit accompanied by 



Digitized by 



CBAP* IX*] MITBODS OF ABBRBTIATION. 



137 



dMtraU prtfertncey and keeping m vUw the mean relative to 
htonan nature* 

Properly speaking, this is not a definition, but a description 
of Tirtue. It in all, however, that can be correctly inferred from 
tlie pramiBeB* Aristotle specially connects with it the neoessity 
of prodenoe^ to deteraime the safe and middle line of action ; and 
there » no doubt that the ancient theories of yirtue generally 
partook more of an intellectual character than those (the theory 
of utility excepted) which have most prevailed in modern days. 
Virtue was regarded as consisting in the right state and habit of 
the whole mind, lather than in the angle anpfemacj of ooup 
•dence or the moral ftculty. And to some extent those theorise 
were undoubtedly right. For though unqualified obedience to 
the dictates of conscience is an essential element of virtuous con- 
duct, yet the confonuity of those dictates with those unchanging 
principles of rectitude (acwwo ^Uaia) which are founded in, or 
which rather are themselves the foundation of the constitution of 

• 

things, is another element. And generally thb conformity, in 
any high degree at least, is inconsistent with a state of ignorance 
and mental hebetude. Reverting to tlie particular theory of 
Aristotle, it will probably appear to most that it is of too ne- 
gative a chancter, and that the shunning of extremes does not 
nffiurda sufficient scope fixr the expenditure of the nobler energies 
of our being. Aristotle seems to have been imperieody oonscions 
of this defect of his system, when in the opening of liis seventh 
book he spoke of an heroic yirtue"* rising above the measure 
of hmnan nature. 

7. I have already remarked (VIII. 1) that the theory of sin- 
gle equations or propositions comprehends questions wldch can- 
not be fully answered, except in connexion with the theory of 
systems of equations. This renuu-k is exemplified when it is 
proposed to determine from a given single equation the relation^ 
not of some sin^ elementary class, but of some compound dassy 
involving in its expression more than one element^ in terms of 
the remaining elements. The iR>Uowing particular example, and 
the succeeding general problem, are of this nature. 



NiC Bib. Book v& 

^itized by Google 



138 1IITHOD8 OF ABBKBTIATIQV. [CHAP. 

Ex. 3. — Let us resume the BymbolioiJ es^radon of the defi- 
m&m of wealth emplojed in Chap. yix^ 

»-#^{p + r(l-|))j, 

wheraiiiy aa bofoief 

to •= wealth, 

# • things limited in sappl^, 

i - things ttanaferabk^ 

p ■> things prodnctive of p]ea8ara» 

r things preventive of pain ; 

and BDppoae it leqnued to determine hence the xektion of thingn. 
translerBble and productive of pleasure, to the other elements of 

the defimtion, viz., wealtii, things limited in supply, and things 
preventive of pain. 

The expression for things transferable and productiyc of plea- 
anreia^. Let narqireBent this bj a new symbol^. We have 
then the equations 

wo#l(p + r(l -/>)), 

fiom whidif if we eliminate i and we maj detennine y aa a 
function of tr, «, and r. The result interpreted give the re- 
lation sought. 

Bringing the terms of these equations to the first eid^ we 
have 

W'Stp'Sir(l-p)^0. 

And adding the squares of these equations together^ 

w + 8tp + sir (1 -p)~2ie9ip-%D9ir(l^p)-¥y+ip - 2ytp = 0. (4) 

Developing the first member with reqpect to t and pf in order to 
eliminate those fjmbolsy we have 

(lo + f - ^ + 1 - y) + + *r - 2wsr + y)i{l-p) 

+ (tp + y)(l-Oii + (i0 + y)(l-O(l-p); (^) 

and the result of the elimination of / and p will be obtained by 
equating to 0 the product of the four coefficients of 

tp, t{l -/>), (1 - t)p, and (I - 0 a - P)' 
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Or, fay iVop. 3» the iwsdt of the diminaAi^ 
■bore equation iriU be of thefonn 

wherein E is the result obtained by changing in the given equa- 
tion y into 1, and then eliminating t and p; and E' the result 
obtained hj changing in the same* equation y into 0, and then 
eliminating i and jg* And the mode in each case of eliminating I 
and j9 is to multiply together the eoeffidente of the finir con- 
itituents tpj t{l - p)i &e. 

If we make y =^ U the coefficients become — 

let (1 -to). 

2nd. 1 + tr ( 1 - 5r) + # (1 - u?) r, equivalent to I by Prop. I. ' 
3rd and 4th* l-i-Wy equivalent to 1 by Prop* L 
Hence the mdae <iiE will be 

w(l-«) + *(!-»). 

Agun, in (5) making y = 0, we have for the coeffidenU— 
iat. I •k'W{l^s)-¥s(i^w)f equivalent to 1. 
2nd* t0(l - n*) 4- «r (1 - w). 
3rd and 4th. w. 

The product of these ooeffidents gives 

The equation from which y is to be detennined, therefore, is 
{w (1 - *) + # (1 - iiy)J y + w (1 - jr) (1 - « 0, 
ig(l-<r) 

and expanding the second member, 

jr - ? Mwr + «» (1 - r) + i w (1 - *) r + g to (1 - #) ( 1 ^ r) 

+ 0(l-ip)«r + 0(l-tt?)«(l-r) + ^(l-ic;) (l-jr)r 

+ Cl-r); 
whence reducing 
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y » «;« (1 - r) + g i£;<r + g(l - (1 - #), (6) 

witihio(l-#)-0. (7) 

The iuterpretadon of which is — 

Ist. nings transferable gmd produetvoe of pleasure camsiet of 

all wealth (limited in supply and) not preventive of pain^ an inde^ 
finite amount of wealth (limited in supply ajid) preventive of pain, 
and an indefinite amount of what is not wealth and not limited in 
eupjdff* 

2iid. AU wealth is limited in supply* 

I have in the above solution written in parenthesea that part 
of the full deflcriptioii which is implied by the aooompanjiog in- 
dependent relation (7)* 

8. The following problem Is of a more general natm«, and 
will furnish an ea^y practical rule for problems such as the last. 

Gbnbral Pboblbm. 

Gieen any equoHon connecting the eyabols Xfff*.w^z.* 
Reqmred to determine the logical expression oflany^dass csr- 
pressed m any way by the symbols x^y.^in terms <^ihe remaining 

symbols^ z, &c. 

Let us confine onnelves to the case in which there are but 

two symbols, y, and two symbols, w, z, a, case sufficient to de- 
termine the general Kule. 

Let F= 0 be the given equation, and let ^(a^y) repieeent 
the class whose expression is to be detennined. 

Assume t^^(x, y\ theoi from the above two equations, « • 
and y are to be eliminated. 

Now the equation F= 0 may be expanded in the form 

^+&(l-y)+ C(l-x)y + 2)(l -a:)(l -y)-0, (I) 

C> and D being functions of the symbols w and x* 

Again, as ^ (Xy y) represents a class or collection of things, it 
must consist of a constituent, or bciics of constituents, whose co- 
efficients are 1. 
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Whereiure if the fuU deYeLopment of ^ (o;^ be represented 
in the form 

axy + &r (1 - y) + c (1 - x)y + d{\ - x) {\ - y)y 

the ooefficieats a^hfC^d must each be 1 or 0. 

Now reducmg the equation f « ^ (x, y) hj tnuupoaition and 
squaring, to the form 

i(l-^(a!iy))+^(«,if)(l-0-0; 

and expanding with reference to x and y, we get 

(/(I -«) + fl(i -0)^+ {^(1- ft) + 6(1 -0) «(i ~y) 

+ (^(l-c) + r(l-0) (1-^)^ 

+ [t{i-d)^d{\-t)\ (l-a;)(l-y) = 0; 

whence, adding this to (1), we haye 

\A^t{\'a)'^a{\'t)\xy 

+ {B^t{\-b) + 6(1 ^0} x(l -y) + &c - 0. 

Let the result of the elimination of x and ^ be of the form 

« + ^(l-<)-0, 

then E will, by what has been said, be the redooed* product of 
what the coefficients of the above expansion become when # ■ 1, 
and E the product of the aame ftctors similarlj reduced bj the 

condition ^ = 0. 

Hence E will be the reduced product 

(-A + I - a) (B+ 1 - 6) (C+ I -c) (/>+ 1 - d). 

» ' 

Considering any &ctor of this expression, a8^ + l- a,we8ee 
that when a > 1 it becomes ii, and when a « 0 it becomes 1 -f 
which reduces^by Prop. L to 1. Hence we may infer that E will 

be the product of the coefficients of those constituents in the de- 
veKtpment of V whose coeihcients in the development of ^ (^ y) 
are !• 

Moreover E will be the reduced product 

(A + a) (i5 + b) (C + c) {D^d). 

Conriderug any one of these ftcton, as + a, we see that this 

Wcoinci! A when a = 0, and reduces to 1 when a « 1 ; and so on 
for the others. Hence E will be the product of the coefficients 
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of those oonstitiieiits in the development of)^ whose ooeflkaflntii 
inthederelopmeiit ^(jr»y) are 0. Yiewung these oases together, 
we may eetablkh the following Rule : 

9* To deduce from a logical equation the relation of any class 
expre$$ed by a given amdimatian qf the symbols x, y, Sfc^ to the 
dasws repreaefUed by any other tymbolt moolved m the gwe» 
equation^ 

KuLB Expand the given equaJtimi with rtference to the sym^ 

hola y. Then form the eqmXkfn 

in wAicA E is the product qfthe coefficients of all those constittients 
in the above deodopmeni^ whon eoeffidente m the eapreuum i^fthe 
given class are 1, and E ihe product of the coeffidenU oftheee com^ 

stituents of the devclopmtmt whose coefficients in the expresdon ^Ifte 
given class are 0. The value (f t deduced from the above equaiiom 
by eolutian'and interpretation will be the expression required, 

'SoTE.-^AiAough m the demmutraHan of this Bule.Fis nfP- 
posed to consist solely ofpoeiUve term^ ii may easily be shown that 
this condition is unnecessary, and the Rule (jeneral^ and that no pre- 
paration qfthe given equation is rexdly required, 

10. Ex. 3.~The ssme definition of wealth being given as in 
Example 2, required an ezpreedon for things iransfenMe^ but nU 
productive of pleasure, t{\ - p), in terms of Uie other elements 
represented by «, and r. 
The equation 

gives, when sqnaredf 

w + sip-¥ str {l-p)- 2wstp - 2wstr (I - p) « 0 ; 
and developing the first member with respect to i and p, 
(to + # - 2im) jjp +<w + - 2uwr) t{l-p) + v>il-t)p 

The coe$cient6 of which it is best to exhibit as in the following 
equation; 

[w {l-s)+s (1- w)\ip + [w{\- sr) + *r (1- u;)Ma-|l) +^(1=01 
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Let the function ^ (1 - y^) to be determined, be represented by z ; 
then the full development of z in respect ofi and p is 

« « 0 /j» + / (1 - ^) + 0 (1 - 0 p + 0 (1 - 0 (1 - p). 

Henoe^ by the last problem^ we have 

£z + JS'(I-z)-0; 
wlieie jr)-i-<r(l-to); 

{w (1 - + « (1 - tcjtj xwxwmto{l-s); 

(tr (1 - tr) + #r (1 - tr)) 2 + tr (I - 5) (1 - 2) • 0. 
Hence, 

w(l-s) 
wwtr - tof - jr 

- J«»r + 0iw(l-r) + i«(l-#)r + j7/^(l-#)(l-r), 
+ 0(l-v)#r + g(l-ic)*(l-r)+j(l-ir)(l-#)r 

Z-Ju;^r + ?(l-,r).(l-r) + ?(l-tr)(l-«), 
with 19 (1 * «) • 0. 

Henoe, TMnffB irtauftraltU and not productive of pleasure are 
Mar weoiWi {UmUed tn e^tppfy and preomiikfe of pain); cr tku^ 
which are not vfeakh, hut UmUed in supply and not preoentive of 

pain ; or things which are not wealth, and are unlimited tn supply. 

The following results, deduced in a similar manner, will be 
Cisilj verified : 

Tkin^ Umited in supply and produetine of pleasure which are 
not wealth, — are intranrferaUe. 

WeM that is not productive ofpleasnre is tranrfsrable^ Umited 

in supply, and preventive of priin. 

Things limited in supply which are either wealth, or are pro- 
ductive of pleasure^ but not both, — are eiiher transferable and pre^ 
Minw cfpamf or intnmrferable. 

11« From the domain of natural histoiy a large mnnber of 
enrioua examples might be selected. I do not, however, con- 
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ceive that such applications would possess any independent 
lue. They would, for instance, throw no light upon the true 
principles of dasofication in the scienoe of zoology. For the 
discovery of these, some basis of positive knowledge is requisite, — 
some acquaintiincc with or<^anic structure, with teleolonrical a(la|>- 
tation ; and this is a ppecies of knowledge which can only be de- 
rived from the use of external means of observation and analysis. 
Talking, however, any collection of propoeitionB in natural his- 
tory, a great number of logical problems present tbemselFes, 
without regard to the system of classification adopted. Perhaps 
in forming such examples, it is better to avoid, as superfluous, 
the mention of tiiat property of a class or species which is im- 
mediately suggested by its name, e. g. the ling-etnicture in the 
anndida, a class of animals includuig the earth- wprm and the 
leech. 

Ex. 4 . — 1 . The auuelida are soil-bodied, and either naked or 
enclosed in a tube* 

2. The anndida consist of all invertebrate animab having 
red blood in a double system of drculating vesseb. 

Assume a>annelida; 

9 « soft-bodied animals ; 
n« naked; 

t *=■ enclosed in a tube ; 

t e invertebrate ; 

r B having red blood, &c. 

Then the propositions ^vcn will be expressed by the equations 

a-«i{n(l- 0 + ^(1-^)); (1) 
a = ir; (2) 

to which we may add the implied condition, 

(3) 

On eliminating and reducing the system to a single equation, 
we liave 

* 

a{l-«i(l-<)-««(l-n))+a(I-tr) + tr(l-a)+«*oO. (4) 

Suppose that we wish to obtain the relation in which sofV 
bodied animals endosed in tubes are placed (by virtue of the 
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premises) with respect to the following elements, viz., the pos- 
pcssiou oi red blood, of an external covering, and of a vertebral 
odumn. ^ ' - ^ ' » ' ^ ^ 

We must firat eUminate a* The result is 

ir {1- j»(l~i)-«/(l-n)) + n/-0. 

Then (ESu 9) developing vnth respect to « and /, and redudng 

the first coefficient by Prop. 1, wc have 

tui'¥ «r(l-«)#(l- 0 + (ir + n)y - «) / + tr (1 -l) - 0. (5) 

Hence, if « ti;, we find 

flic + tr (1 - n) X (ir + n) x i> (1 - to) « 0 ; 
or, fitff -I- tr (I - n) (1 - to) " 0 ; 

ir (I - n) - » 
-0«m+ tr(l - w) + Oi(I - r)«+ r) (I - w) 

4 O(l-t) r»+ ?(l-i)r(l-»)40(l-0(l-r)» 

w-«-(l-ii) + ?i(l-r)(l-ii) + J(l-i)(l-i»). 

Hence, sof (-bodied animals enclosed in tulm consist of all 
moertebrate animais harsing red blood and not naked^ and an in- 
di^imte remainder qf invertebrate animals not having red blood and 
not nakedj and qf vertebrate animals which are not naked. 

And in an exactly similar manner, the following reduced equa- 
tions, the interpretation of which is leil to the reader, have been 
dedaoed from the development (5). 

(1-4) <-5(l-0r(l-n) + J(l-r)(l-ii) 

L 
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In none of the above cxa!nj)le8 has it been niy object to ex- 
hibit in any special niantier the }>owcr oi' the method. Thnt^ 
1 conceivey can only be fully displayed in connexion with the 
mathematical theory of probabilities. I would, however, aaggeet 
to any who may be desirous of forming a correct opinion upon 
this point, that they examine by the rules of ordinary locric the 
following problem, hefort inspecting its solution ; remembering 
at the same time^ that whatever complexity it possesses might 
be multiplied indefinitely, with no other effect than to render its 
eolution by the method of this work more operose, but not lees 
certainly attainable. 

Jh^. 5. Let the observation of a class of natural productions 
be supposed to have led to the following general results. 

let, That in whichsoever of these productiona the properties 
A and C are missing, the property J^is found, together with <Hie 
of the properties U and 7>, but not with both. 

2nd, That wherever the properties A and D iu*c foimd while 
E is missm^, the properties B and C will either both be found, 
or both be missmg. 

3rd, That wherever the property A is found in conjunctaon 
with either h or or both of them, there either the property 
C or the property D will be found, but not both of them. And 
conversely, wherever the property C or /> is found singly, there 
the property A will be found in conjunction with dther Bor 
or both of them. 

Let it then be required to ascertain, first, wliat in any parti- 
cular instance may he concluded from the ascertained presence of 
the property^, with reference to the properties J5, and JD; 
also whether any rebtions exist independently among the pro- 
perties B, C, and D. Secondly, what may be concluded in like 
manner respecting the property and the properdea ^1, C, 
and JJ. 

It will be observed, that in each of the three data, the informa- 
tion conveyed respecting the properties il, JS, C, and i>, is com- 
plicated with another element, about which we desire to say 

nothing in our conclusion. It will hence be requi-ltc to eliminate 
the symbol representing the proj)erty E from the system ol equa- 
tions, by wlkicb the given propositions will be ex|m^ed. 
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Let US represent the p roperty i< hj Bhj C by Dhj 
Wy E by V, The data aie 

a» - ^» (yi^ + uy); (1) 

mDmq(ys^yz)\ (2) 

a*^ + xvy ^wz-^- zw; (3) 

X standing 1 - x, ftc.^ and j^bdng an indefinite dass symbol. 
KHminadng q separately firom the first and second equations, 

and adding the resultd to the third et^uation reduced by (5), - 
Chap, vui., we get 

5 J ( I - vyw - vicy) + vSBW (y?+ zy) + {xy + xvy) {wz + wz) 

+ (u?z + zw) (I - apy - ojiiy) « 0. (4) 

Y)nm this equation v must be eliminated, and the yalue of x 

determined from the result. For cfFccting this object^ it will 
be couvcuient to employ the method of Prop. 3 of the present 
chapter. 

Let then the result of elimination be represented by the 
equation 

JE^-i-£'(l-x)-0. 

To find E make 2 <* 1 in the first member of (4), we find 

^ zy^ + Cy + ^y) (yoz + w'z) + {wz + zw) vy. 
Eliminating we have 

(wz + wz) [w(yz + zy) ^y(wz + w7) ^ y {wz + zw)\; 

wluch, on actual multiplication) in accordance with the conditions 

tow e 0, 2z = 0, &c., giv es 

E^wz-^ywz* 

Next, to find E' make x « 0 in (4), wc have 

whence, eliminating o, and reducmg the result by Propositions 
1 and 2y we find 

E'^wz-¥zw-¥yiBzi 

and, thersAve^ finally we have 

(w+yi5i)« + (ipi+«P+yw«)i-0; (5) 

from which 
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^ ^ — — ■ ^ — • 

wherefore, by development, 

+ Oyzw + yzw + yzw + yzv; 
or, coUectiiig the terms in vertipal coiumn8» 

«-M+2io-i-yiio; (6) 

the interpretation ofwiiich ia— 

^ u^aieoer subttances the prdpertff A isjbmd^ there will abo 
be fcmd either the property C or the property D, hut not both, or 

else the properties B, C, and D, mil all be wanting. And con- 
versely, where either the property C or the property D is found 
emgly^ or the properties B, C, and are together mitiWff, there 
the property A will befiwuL 

It also appears that there is no independent relation among 
the properties B, C, and D, 

Secondly, we are to find y. Now developing (5) with reepeet 
to that symbol, 

«to?-i> xwz-^ x:nS)y ^ (xwz-^ xwz'^ xsw + y « 0 ; 

whence, proceeding as before, 

y = xwz + ^ (xwz + xwz + xzib), (7) 

xzw « 0 ; (8) 
xzwmQ; (9) 

xzw'^0; (10) 

From (10) rednoed by solutioii to the fonn 

- 0 

u • 

we have the independent lehition, — If the proper^ A is absent 
and C present^ D is present* Again, by addition and aolntioii (8) 
and (9) give 

OSS -I- jrz " g 10. 

Whence we have for the general solution and the remaLuog in- 
dependent lelatioa : 
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Ift. JfAt properly B be pre§aU im cmofihe p rodtiei ii m$^ eUher 

the proptrtitjf A , C, ami /), are all absent ^ itr sime one alone of them 
at absent. And convcr^'ly, if they are ail abi&U U may be coU' 
thddd tkdU ihe propaiif A is premU (7). 

M. and C are both pretmi or boA abtmij D wia be iA- 
saU, i^uiU uidepauiaUly of the prtM:Jice or absatce i^f B (8) and (9). 

I km nottltempted to veiify tlMMOOiiobMioiit. 



ni 
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CHAPTER X. 

OF THE CONDITIONS OF A PERFECT METHOD. 

!• ^T^HE subject of Primary Propositions ha? been discussed at 
length, and we are about to enter upon the consideration 
of Seoondaiy Propoutioiis. The intenrad of tnmdtioii between 
iheee two great diyiflioiis of the scieiioe of Lopo may affi>rd a fit 
occasion for us to pause, and while reviewing some of the past 
steps of our progress, to inquire what it is that in a subject like 
that with which we have been occupied constitutes perfection of 
method. I do not here speak of tiiat pedection only which oon- 
dats in power, but of that also which is founded in the conception 
of what is fit and beautifld. It is probable that a careful analyc^is 
of this question would conduct us to some such conclusion vls the 
following, viz., that a perlect method should not only be an effi- 
dent one, as respects the accomplishment of the objects for which 
it is dedgned, but should in aU its parts and processee manifest 
a certain unity and harmony. This conception would be most 
fully realized if even the very forms of the method were sugges- 
tive of the fundamental princii)les, and if possible of the one fun- 
damental prindple, npon which they are founded. In iqpplying 
tiiese considerations to the science of Reasoning, it may be well 
to extend our iriew beyond the mere analytical proce88ee,»iand to 
inquire what is best as respects not only the mode or form of 
deduction, but also the system of data or premises from which 
the deduction is to be made. 

2. As respects mere power, there is no doubt that the first 
of the methods developed in Chapter viii. is, within its proper 
sphere, a perfect one. The introduction of arbitmry constants 
makes us independent of the forms of the premises, as well as of 
any conditions among the equations by which they are repre- 
sented. But it seems to introduce a foreign element, and while 
it is a more laborious, it is also a less elegant form of solution 
than the second method of reduction demonstrated in the same 
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chapter. There are, however, conditioiis under which the latter 
method aasnmeB a more perfect ibrm than it othermse bears. To 

make the one fundamental eondition expressed by the equation 

the univeraal type of form, would give a unity of character to 
both processes and resnlts, which would not else be attainable. 
Were brerity or conTcnience the only valuable quality of a me- 

thod, no advantage would flow from the adoption of such a prin- 
ciple. For to impose upon every step of a sohitif^n tlic character 
above described^ would involve in some instances no sliglit la- 
bour of preliminary reduction. But it is still interestiiig to know 
that this can be done, and it is even of some importance to be 
acquunted with the conditions under which such a form of solu- 
tion would spontaneously present itself. JSome of these points 
will be considered in the present chapter. 

Proposition I. 

3. To reduce any equaHan among logical symboU to the firm 

0, in which V satisfies the law oj duality^ 

V{\ - 7) - a. 

It is shown in Chap. v. Prop. 4, that the above condition is 

satisfied whenever V is the sum of a series of eunstituents. And 
it lA evident from Prop. 2, Cluip. vi. that all equations are ecpii- 
valent which, when reduced by transposition to the form F » 0» 
produce, by development of the first member, tlie same series of 
coDstitnents with coefficients which do not vanish; the pardoular 
numerical values of those coefficients being immaterial. 

Hence the object of this Propontion may alwaye be accom- 
plished by brinifiiu/ all the terms of an fijuatien to the Jhst side^ 
Jullt/ fxpundiuif that mcmhtr^ and vhinKjing in the result all the co^ 
efficients which do not vanish into unity, except such as have already 
thai value. 

But as the development of functions containing many sym- 
bols conducts xm to cxpresbiom) inconvenient irom theirgrcat 
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length, it is desirable to show how, in the only caaee which do 
practically offer themselves to our notioe» this somoe of com- 
plexity may be avoided. 

The great primary forms of equations have already been dia- 
cussed in Chapter viii. They are — 

X« Y, 

Whenever the condilions X (I - X) « 0, Y (1 - Y) = 0, are 

satisfied, wc have seen that the two £rst of the above equations 
conduct us to the forms 

X(l-Y)-0, (1) 

A (l - y)+ y(l - A) = 0; (2) 

and under the same circumstances it may be shown that the last 

of them gives 

v{X(l-Y)+Y{\-X)\^Oi (3) 

all which results obviously satLiiy, in their first members, the 
condition 

Now as the above are the forms and condilions under which the 

equations of a logical system j)ropcrly exprcsi^ed do actually pre- 
sent themselves, it is always possible to reduce them by the 
above method into subjection to the law required. Though, 
however, the separate equations may thus satisfy the Uw, their 
equivalent sum (VIII. 4) may not do so, and it remains to 
show how upon it also the requisite condition may be imposed. 

Let us then represent the equation formed by adding the 
several reduced equations of the system together, in the form 

t? + w + v% &c. = 0, (4) 

this equation bdng singly equivalmit to the system from which 
it was obtained. We suppose v, v\ t;", &c. to be dass terms 
(IX. 1) satisfying the conditions 

t>(l-i?) = 0, v'(l - V) = 0, &o. 

Now the full interpretation of (4) would be found by dev^ 
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loping the firet member with respect to all the elementary symbols 
X, y, iSiC. which it contains, and equating to 0 all the constituents 
whose coefficients do not vanish ; in other words, all the consd- 
tuents which are found in either vf^ v% &c But those conati- 
tuenta conoat of— lat, anch aa are foxmd in o; 2nd» aoch aa are 
not found m v, but are found in t<; Srd, auoh aa aro neither found 
in V nor v, but are found in v\ and so on. Hence they will be 
' auch as are found in the expression 

» + (I + + (5) 

an expression in which no constituents are repeated^ and which 
obvioualy satisfies the law V(l - F) » 0. 
Thua if we bad the expression 

(1 - /) + t? + (1 - 2) + tzw, 

in which the terma l-t^ 1 are bracketed to indicate that they 
ne to be taken aa angle dasa tennay we ahould, in aooordanoe 
with (5), reduce it to an ezpreasion satisfying the condition 

F(l - F) = 0, by multiplying all the tenns after the first by t, 
then all after the second by I -v; lastly, the term which remains 
after the third hyz; the result being 

(1 -ij+tv + t{l - v) (1 -z) + /(I -vizw. (6) 

4. ADlo^^oalequadonathenarexedacibletoiheform F-Oi 
V aatisfying the bw of duality. But it would obTionsly be a 

higher degree of perfection if equations always presented them- 
selves in such a form, without preparation of any kind, and not 
only exhibited this form in their original statement, but retained 
it unimpaired after those additiona which are necessary in order 
to reduce systems of equations to single equivalent forms. That 
they do not spontaneously present this feature is not properly 
attributiible to defect of method, but is a consequence of tlie fact 
that our premises are not always complete, and accurate, and in- 
dependent. They are not complete when they involve material 
(aa diadnguished from formal) relations, which are not expressed. ^ > , 
They are not accurate when they imply relations wMch are not 
intended. But setting aside these points, with which, in the 
present instance, we are less concerned, let it be considered in 
what sense they may fail of being independent. 

y 
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5. A Bystem of pro])oation0 may be termed independent, 

when it is not possible to deduce from any portion of the eystem 
a conclusion deducible from any other portion of it. Supposing 
the equations repreaenting those propositions all reduced to the 
farm 

then the above condition implies that no constituent which can 
be made to appear in the development of a particular function V * 
of the system, can be made to appear in the development of any 
other function V of the same system. When this condil3<m Is 
not satisfied, the equations of the system are not iiulependcnt. 
This may happen in various cases. Let all the equations satisfy 
in thdr first members the law of dualily, then if there appears a 
positive term x in the expannon of one equation, and a term ay 
in that of another, the equations are not independent, fer the 
term x is further developable into + ^ (1 - and the equation 

ay = 0 

is thus involved in both the equations of the system. Again, let 
a term ay appear in one equation, and a term xz in another. 
Both these may be develop^ so as to give the common constt- 

tuont And other cases may easily be nnugined in which 

premises which apjicar at first sight to be quite independent are 
not really so. Whenever equations of the form 0 are thus 
not truly independent, though individually they may satisfy the 
law of duality, 

F(l - V) = 0, 

the equivalent equation obtained by adding them together will 
not satisfy that condition, unless suthclcnt reductions by the me- 
thod of the present chapter have been performed. When, on 
the other hand, the equations of a system both satisfy the above 
law, and are independent of each other, thdr sum will also ssr 
tisfy the same law. I have dwelt upon these points at greater 
lcng:th than would otherwise have been necessar}', because it ap- 
pears to nic to be important to endeavour to form to ourselves, 
and to keep before us in all our investigations, the pattern of an 
ideal perfec^on,— the object and the guide of future efforts. In 
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the present class of inquiriea the chief aim of improvement of me- 
thod should l>r t<» liu ilitate, a;* far as is consistent witli brevity, 
the transfonimtion of equations, so as to make the fundamental 
eoaditioo above adverted to uniTenaL 

In comieiioii with this snbject the fitDowingPropositioiieaie 
deserving of attention. 

raorobiTioN 11. 

fftkejint member ^fweff tupuUum K - 0 mI&c ^ ikt emuHtiom 

V(\ - F) • 0, and if the expreinon of ami tymhol t of that eqna" 
tioH be dtttrmuu-d as a developtU Jumtiuu uj'tht other symb(dis^ the 

coeffkknU qf ike egqmimen can anlp assume the firms 1, 0, \ 

For if the eqnsdon be expanded with reforenoe to <^ we ob- 
tain as the result, 

jSf + ^ro-o* 0) 

£aad K being wbat )' becomes when / is successively chan^^cd 
tiienio into 1 and 0. Heooe E and E will themselvet satisfy 
the eondttioiii 

^(l-£)-0, ^(l-J5')-0, (2) 

Now (1) givee 



the eeeond member of which is to be expanded as a fimctbn of 
the remaining symbols. It is evident that the only numerical 
vahie* which /"rand A' can rm'ive in the calculation t)l th<' «o- 
efficients will be 1 and 0. The following cases alone can there- 



E' I 

1st. iiT - I, £-1, then ^> _ jb^ * q* 

Sod. JS'-l, then ^1^- I. 

3nL /:.l. then^^-O. 

/; « 

4dl. E = 0, E U, then 

E - E 0 

\Vhuu:c tlic truth of the Pro^iooitiun i^ mamlei»t. 
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6. It may be remarked that the forms 1, 0, and ^ appear in 
the solution of eqnatione independently of any reference to the 

condition F(l ^ F) » 0. But it is not so with the coefficient ^. 

The terms to which tliis coefficient is attached when the above 
condition is satisfied may xecdve any other value except the 

three values l^ and ~, when that condition is not satisfied. It 

is permitted, and it would conduce to uniformity, to change any 
coefficient of a development not presenting itself in any of the 

four forms referred to in this Propobition into ^, r^artliug this 

^^vw«is(u«^1 as the symbol proper to indicate that the eeeffioiant to wluch it is 

attached should be equated to 0. This course I shall frequently 
adopt. 

Proposition ill. 

7* The remit of the dimi$iatum o/m^ eyn^U ar, y, ^c./rem 
an equation 0, of which thejtret MmAer identically satisfies 
the law ofdtuility, 

r(i - PO = 0, 

may be oUaiiiedbif deneloping the £fiven equation with r^b-ence to 
the other sffmboUt equating to 0 the nan of thoee eonetituente 
whose coefficients m the expansion are equal to unity. 

Suppose that the given equation F« 0 involves hut 'three 

symbols, ar, y, and t, of which x and y are to be eliminated. Let 
the development of the equation, with respect to ^, be 

ill + B(l-0-O, (1) 

A and B being firee firom the symbol t. 

By Chap. ix. Prop. 3, the result of the elimination of x and y 
firom the given equation will be of the form 

jEk+ ^(1-0-0, (2) 

in which E is the result obtained by eliminating the symbols g 
and y firom the equation il » 0, the result obtained by elinii- 
nating firom the equation B ■ 0. 
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Now A and B must satisfy the condition 

.4(l-il)-0, B(l-J5)«0. 

Hence A (confining ourselves for the present to this coefficient) 
will either be 0 or 1, or a constituent, or the sum of a part of the 
oonititiients which involve the symbols x and y. If ^ » 0 it is 
evident that ^«0;ifiliBa single oonstitaent, or the sum of a 
part of the oonsdtaents involving x and will be 0. For the 
Jiill development of .1, with respect to a and y, will contain terms 
with vanishing coefficients, and E ia the product of all the co- 
efficients. Hence when ^1 = 1, J^is equal to A, but in other cases 
JS k equal to 0. Simiburly, when « 1, is equal to but in 
other oasea JET vanishes. Hence the expresdon (2) will consist of 
that part, if any there be, of (1) in which the coefficients A, B 
arc unity. And this reasoning is general. Suppowsc, for instance, 
that V involved the symbols x, z, and that it were required 
to eliminate x and y. Then if the development of with re- 
ference to z and were 

z< + a»(l -0 + y(l + (1-^) (l-0> 

the result sought would be 

«t + (l-«)(I-0-0, 

this being that portion of the development of which the co- 
effioieats are unity. 

Henoe, if from any system of equations we deduce a single 
equivalent equation Fe 0, F satisfying the condition 

F(i-r)-o, I f^^t^^ 

the ordinary processes of elimination may be entirely dispensed 
with, and the single process of development made to supply 
thdr place. 

8. It may be that there is no practical advantage in the me- 
thod thus pointed out, but it possesses a theoretical unity and 
completeness which render it deserving of regard, ami 1 shall ac- 
cordingly devote a future chapter (XIV.) to its illustration. The 
progress of applied mathematics has presented other and signal 
examples of the reduction of systems of problems or equations to 
the dominion of some central but pervading law. 
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9' It is Been from what precedes that there is one class of 
piopOBilaoiu to which all the special appliances of the above me- 
thods of preparation are tumeoeesaiy. It is that which is cha- 
racterized by the following conditions : 

First, That the propositions are of the ordinary kind, implied 
by tlie use of the copula is or are, the predicates being particular. 

Secondly^ That the terms of the proposition are intelligible 
without tiie supposition of any understood rektion among the 
elements which enter into the ezpresaon of those terms. 

Thirdly, That the propositions are independent. 

We mayy if such speculation is not altogether vain, permit 
ouiselTes to conjecture that tiiese are the conditions which would 
be obeyed in the employment of language as an instrument of 
ezpreenon and of thought, by unerring beings, declaring simply 
what they mean, without suppression on the one hand, and with- 
out repetition on the other. Considered both in their relation 
to the idea of a perfect language, and in their relation to the pro- 
cesses of an exact metiiod* tiiese conditions are equally worthy 
of Hie aitfeention of tiie student. 
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CHAPTER XI. 

Of SECONDAIIY PROl'dSITloVS, AND OF THE PRINCIPLES UFTIISIR 

SYMBOLICAL BXFRB8SION, 

I. 'ipHE doctrine lui8 already Ikjch establif*hed in Clmp. iv., 
that every logical propoftitioii may be referred to one or 
the oChar of two gmft eluieni vis^ Primttj PropotifeioiiB and 
B m m dmry PropoMtknuu Tlw former of these clMnee has been 
dbcuMd in the prece<ling chapters of this work, and we are now 
led to the consideration of Secondary Prnpo&itionH, i.e. (»1 l*ro|K>- 
ataoDB concerning, or rekting to, other propoeitiona regiardcil tis 
traeorfidae. The inTeetigatkm upon which we are entering will^ 
teitagweral ofteaad progreea, resemble that which we have al- 
veady condacted. The two inquiries differ as to the 8ubject.s of 
thonprht which they recognifH.*, not iwh to the funnul and t»cientific 
kw8 wliich they reveal, or the methods or processes which are 
jwadedaponthoaakwa* Probability would in some measure fi^ 
vowtheezpeelBlionofsaeharesQlt. Iteoosiatswithalltliat wo 
know Off the uniformity of Nature, and all that we believe of the inn 
mutable conftancyof the Author of Nature, to supp**-*©, that in the 
mind, which ham t>een endowed with such high capabilities, not 
enly for co tt fwse with s ur r oun ding scenes, but for the knowledge 
sf iliiaif, attd for reflection upon the kwaof itsowAConstitntion, 
there should exist a harmony and uniformity not lees real than 
t'fuvt which the *tudy of the phyf*ical j^Mcnce.-* makes known to ui*. 
Antadpations such as this are never to be made the primary rule 
eCov iiiqiiiriea» ner are they in any degree to divert us ftom 
fkmt kbom of patient raseaieh by whidi we asnertnin what ia 
the aetoal constitution of thin|?s within the particubu' province 
sofamtttod to investigation, lint wh« n the f;T\)nnd!» of re^m- 
bkooe have been properly and indefiendcntly determined, it is 
■at ineonsistent, even with purely scientific ends, to make that 
MMmbkmee a subject of meditation, to tiaee its extent, and to 
lOMhre the intiniations of truth, vet unditHN>vere4l, wliich it mav 
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seem to us to convey. Tlie necessity of a final appeal to fact is 
not thus set aside^ nor b the use of analogy extended beyond its 
proper sphere, — ^ihe suggestion of relations which independeot 
inquiry must either verify or cause to be rejected. 

2. Secondary Proj)osftions are those which concern or relate to 
Prcpositiom considered as true or false. The relations of things 
we express by primary propositions. But we are able to make 
Propositions themselves also the subject of thought) and to ex- 
press our judgments concerning them. The c xpi esrion of any 
such judgment constitutes a sccondury proj)osition. There exists 
* no proposition whatever of wbidi a competent degree of know- 
ledge would not enable us to make one or the other of these two 
asserdcmsy viz., either that the proposition is true» or that it is 
false ; and each of these assertions is a secondary proportion. It 
is true that the sun shines *' It is not true that the planets 
shine by their o^vn light are examples of thLi kind. In the 
fixrmer eiample the Proposition " The sun shinesi" is asserted to 
be true. In the latter, the Proposition, " The [danets shine by 
their own light/' is asserted to be ftlse. Secondary propositions 
also include all judgments by which we express a relation or de- 
pendence among propositions. To this class or division wc may 
refer conditional propositions, as, If the sun shine the day will 
be &ir." Also most disjunctive propositi<ms, as, Either the sun 
will slnne, or the enterprise will be postponed." In the former 
example we express the dependence of the truth of the Pro|>o- 
sition, " The day will be ftiir," upon the truth of the Proposition, 
The sun wiU shine.*' In the latter we express a relation between 
the two IVopomtions, The sun will shine," The enterprise will 
be postponed," implying that the truth of the one excludes the 
truth of the other. To the same class ol' secondary propositions we 
must also refer all those propositions which assert the simultaneous 
truth or falsehood of propositions, as, It is not true both that 
* the sun will shine' and that * the journey will be postponed.' " 
The elements of distinction which we have noticed may even be 
blended together in the same secondary proi)osition. It may in- 
volve both the disjunctive element expressed by either, or^ and 
the conditional element expressed by t^; in addition to which, 
the connected propontions may themselves be of a com|)Ound 
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cl^ncter. i/*^' the sun shme," and leisure pennit," then either 
** the enterprise shall be oommenced,'* or some preliminary 
step shall be taken." In this example a number of propositions 
are connected together, not arbitrarily and unmeaningly, but in 

such a manner jvs to express a definite connexion between them, — a 
connexion having reference to their respective truth or falsehood. 
This oombinatkmy therefore, according to onr definition, forms 
a Secondary Proposition. 

The theory of Secondary Propomtions is deserving of at- 
tentive study, a.s well on account of its vnrled iipplicutions, as 
£>r that close and harmooious analogy, already reierred to, which 
it sustains with the theory of Primary Propositions. Upon each 
of these points I desire to ofo a few inrther observations. 

3. I would in the first place remark, that it is in the form of 
secondary propositions, at least as often as in that of primary pro- 
positions, that the reasonings of ordinary life are exhibited. The 
discourses, too, of the moralist and the metaphysician are perhaps 
less often concerning things and their qualities, than concerning 
principles and hypotheses, concerning truths and the mutual con- 
nexion and rektion of truths. The conclusions wluoh our narrow 
exi)erience suggests in relation to the great questions of morals and 
society yet unsolved, manifest, in more ways than one, the limi- 
tations of their human origin ; and tliough the existence of uni- 
venal principles is not to be questioned, the partial formulas 
which comprise our knowledge of their ap])licadon are subject 
to conditions, and exceptions, and failure. Thus, in those de- 
partments of inquiry which, from the nature of their subject- 
matter, should be the most interesting of all, much of our actual 
knowledge is hypothetical. That there has been a strong ten- 
dency to the adoplioirofthe same forms of thought in writers 
on speculative philosophy, will hereafter appear. Hence the in- 
troduction of a fjcncral method for the discussion of hvi)othetical 
and the other varieties of secondary propositions, will open to us 
a more interesting field of applications than we have before met 
with. 

4. Thediscnsmon of the theory of Secondary Propositions is 

in the next place interesting^, from the cluse and remarkable ana- 
log>' which it bears with the theory oi' Primary Propositions. It 

M 
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will appear, that the formal laws to which the operstions of the luyid 
are 8ubject» are identical in ezpresaion in both cases. The matihe- 
malaoal prooeBseB which are fbimded on those laws arsy therefbfre, 
identical also. Thus the methods which have been investigated 

in the former portion oi this work will continue to be available 
in the new applications to which we are about to proceed. But 
I while the lawB and processes of the method remain michanged, 
I the rule of interpretation mnst be adapted to new oonditions* 
! Instead of classes of things, we shall have to substitute propo- 
j sitiohs, and for the relations of classes and individuals, we shall 
\ have to consider the connexions of propositions or of events. 
Still, between the two systems, however differing in purport and 
interpretation, there will be seen to emst a pervading harmonious 
I relation, an analogy which, while it serves to facilitate the con- 
j quest of every yet remaining difficulty, is of itself an interesting 
I subject of study, and a conclusive proof of that unity of chi^ 
\jracter which marks the oonstitation of the hnman £MMilties. 

Peoposition I. 

5. To investigate the nature of the connexion of Seecndw y Pro* 
poeiticm wiA the idea of Time* 

, It is neoessaijy in entering npon this inquiry, to state deariy 
the natore of the analogy which connects Seoondary with Primary 

Propositions. 

Primary Propositions express relations among things, viewed 
as component parts of a universe within the limits of whioht 
whether coeztenmve with the limits of the actual oniverse or 
not, the matter of our disoburse is confined. The relations ex- 
pressed are essentially substantive. Some, or all, or none, of the 
members of a given class, are also iiicml)d\s oi' another class. 
The subjects to which ]ii imary propositions refer — the relntiona 
among those suljects which they express — ^are sll of the above 
character. 

But in treating of secondary propositions, wc find ourselves con- 
cerned with another class both of siil ijccts and relations. For the 
subjects with which we have to do are themselves propositions, so 
that the question may be asked, — Can we regard these subjects 
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•bo M tkmfftf and refer tliem» hj analogy with llie previous 
case, to a muTerse of tlidr own ? A^rain, the reUtions among 
these 8u])joct propositions are relatious of coexistent truth or 
fiilsehood, not of substantive equivalence. We do not say, when 
expressing the conneadon of two distinct propositions, that the 
one is the other, but use some such forms of speech as the fol- 
lowing, according to the meaning which we desire to oonvey* 
^Either the proposition X is true, nr the proposition Y is true 
•* If the proposition X is true, the proposition Fis true;" *'The 
propositions X and 1^ are jointly true and so on. 

Now, in considering any such rektions as the above^ we are 
not called upon to inquire into the whok extent of their possible 
meaning (for this might invoWe us in metaphysical questions of 
causation, which are beyond the proper limits of science) ; but it 
suffices to ascertain some meaning which they undoubtedly pos- 
sess, and which is adequate for the purposes of logical deduction. 
Let ns take, as an instance fbr exanunation, the conditional pro- 
podtion, If the pro^xwition X is true, the proposition F is 
tmc.** An undoubted meaning of this proposition is, that the 
time in which the proposition X is true, is time iu which the pro- 
position Y is true. This indeed is only a relation of coexistence, 
and may or may not exhaust the meaning of the proposition, but 
it Is a rdation really involved in the statement of the proposition, 
and further, it suffices fbr all the purposes of logical infbrence. 

The language of common life sanctions this view of the es- 
a»nti«J A oni^^xinn of^secondary propositions with the notion of ^ 
time . Thus we limit the application of a primary proposition by 
the word some," but that of a secondary proposition by the 
word ^'sometunes." To say, Sometimes injustice triumphs,** 
is equivalent to asserting; that there are times in which the pro- 
position " Injustice now triuniplis," is a true [)njpo>itiun. There 
are indeed propositions, the truth of which is not thus limited to 
partacokr periods or coiynnetures; proposidons which are true 
throu^ioat aU time, and have received the appellation of eter- 
nal trnths.** The^Ustinctionmnstbefkmiliar to every reader of 
Plato and Aristotle, by the latter oi' whom, especially, it is em- 
ployed to denote the contrast between the abstract verities of 
sdenoe, such as the proportions of geometry which are always 
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trae, and those eontingeiit or pbiBnomenal lelatioDS of things 
wluch are aometimea true and sometimeB fidse. But the forms of 

language in which both kinds of propositions arc expressed ma- 
niiest a comnioD dependence upon the idea of time ; in the one 
case as limited to some finite duration^ in the other as stretched 
oot to eternity* 

6. It may indeed be said, that in ordinary reasoning we are 
often quite unconscious of this notion of time involved in the very 
language we are using. But the remark, however just, only 
serves to show that we. commonly reason by the aid of words 
and the forms of a well-constracted language, without attending 
to the ulterior grounds upon which those very forms haye been 
established. The course oi' the present investigation will afford an 
illustration of the very same principle. I shall avail myself of 
the notion of time in order to determine the laws of the expression 
of secondary propositionsy as well as the laws of combination of 
the symbols by which they are expressed. But when those 
laws and those forms are once detennined, this notion of time 
(essential) as 1 believe it to be, to the above end) may practically 
be dispensed with. We may then pass from the forms of com- 
mon language to the closely analogous forms of the symbolical 
instrument of thought here developed, and use its processes, and 
interpret its results, without any conscious recognition of the idea 
of time whatever. 

Pbopositioii n. 

7. To establish a system of notation for the expression of 
Secondary Propositions^ and to show that the symbols which it 
involves are subfeet to the same laws of combination as the corres^ 

ponding symbols employed in the expression of Primary Propo' 
sitions. 

Let us employ the capital letters X, F, Zy to denote the ele- 

nu iitary propositions concerning which we desire to make some 
assertion touching their truth or falsehood, or among which we 
seek to express some relation , in the form of a secondary propo- 
sition. And let us employ the corresponding smaU letters x^t^z^ 
considered as expressive of mental operations, in the following 
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gense, viz. : Let x represent an act of the mind by which we fix 
our regard ii])on that portion of time for which the proposition X 
IB true; and let this meaning be understood when it is asserted 
that z denoUM the time for which the pioposition jSL is true. Let 
OS further employ the connecting signs -f , -, °, &c., in the ibU 
lowing sense, viz. : Let x ^ y denote the aggregate of those [)or- 
tions of time for which the |)roposition8 X and Tare respectively 
true, those times being entirely separated from each other. Si- 
milarly let « - y denote that imnainder of time which is left when 
we take away firom the portion of time for which X is true, that 
(by supposition) included portion for which Fis true. Also, let 
x^y denote that the time for wliich the [)rop<)8ition X is true, 
is identical with the time for which the proposition Y\& true. 
We shall term » the npresentative symbol of the proposition Xf <&c. 
From the above definitions it will follow, that we shall 
always have 

« + y = y + «» 

fi>r either member will denote the same aggr^te of time. 

Let ns further represent by the performance in succession 
of the two operations represented by y and i. e. the whole 

mental operation which consists of the following elements, viz., 
Ist, The mental selection of that portion of time for which the 
|m>pofiition Y is true. 2ndly9 The mental selection, out of that 
portion of time, of such portion as it contains of the time in 
which the proposition X is true, — ^tiie result of these successive 
processes being the fixing of the mental regard upon the whole 
of that portion of time tor which the propositions X and Y are 
both true. 

From this definition it will follow, that we shall always have 

xy=yx. (1) 

For whetiier we select mentally, first that portion of time for 

which the proposition Y is true, then out of the result that con- 
tained iH)rtion for which X is true ; or first, that portion of time 
for which the proposition X is true, then out of the result that 
contained portion of it for which the proposition Y is true ; we 
shall anrive at the same final result, viz., that portion of time fiir 
which the propositions X and Y are both true. 
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Bj oontmuing this method of reaaoningit may be established, 
that the laws of oombinatioii of the symbols x^PfZ^ Sta^ in the 
species of interpretation here assigned to them, are identkal m 

expression with tlie laws of combination of the same S}Tnbols, in 
the interpretation assigned to them in the iirst part of this 
tireatise. The reason of this final idenlitj is apparent. For in 
both cases it is the same ficolly , or the same eombinalion of 
ealties, of which we stady the operations ; operations, the essen- 
tial character of which is unaffected, whether we supppse them to 
be engaged upon that universe of things in which all existence 
is contained, or npon that whole of time in which all eyents are 
realized, and to some part, at least, of which all assertiona, 
truths, and proposition b, refhr. 

Thus, in addition to the laws above stated, we shall have by 
(4), Chap. II., the law whose expression is 

« (y + r) « ay + x« ; (2) 

and more partiouhtfly the iimdamental law of dnalily (2) Chap. 
whose ezpresdon is 

« a;, or, a; (1 - x) = 0 ; (3) 

a law, which while it serves to distinguish the system of thought 
in Logic from the system of thought in the science of quantity, 
gives to the processes of the former a completeness and a gene- 
rality which they could not otherwise possess. 

8. Again, as this law (3) (as well as the other Uiws) is satis- 
fied by the symbob 0 and 1, we are led, as before, to inqmre 
whether those symbols do not admit of interpretation in the pre- 
sent system of thought. The same course of reasoning which we 
before j)ursued shows that they do, and warrants us in the two 
following positions, viz. : 

Ist, That in the expression of secondary propositions, 0 
presents tuMnff in reference to the element of time. 

2nd, That in the same system 1 represents the universe, or 
whole of time, to which the discourse is supposed in any manner 
to relate. 

As in primary propositions the universe of discourse is som^ 
times limited to a small portion of the actual univerBe of tlungs, 
and is sometimes co-eztensive with that universe ; so in secon- 
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dary propositions, the universe of discourse may be limited to a 
single day or to the passing moment, or it may comprise the 
whole duration of time. It may, in the most literal sense, be 
eternal," Indeed, unleaa there ia some limitatiaiL ezpreaaed or 
impEed in the nature of the disconne, the proper interpretation 
of the ■symbol 1 in secondary propositions is " eternity;" even as 
. its proper interpretation in the primary system is the actually 
existent universe. 

9. InatetMl of appfopriating thesymbola shy^z^ to the repce* 
sentatbn of the tmtha of propositions^ we might with equal pro- 
priety apply them to represent the oocurrenoe of events. In iact) 
the occurrence of an event both implies, and is implied by, the 
truth of a proposition, viz., of the proposition which asserts the 
oeourrence of the event. The one signification of the symbol a 
neeeeaarily invoWea the other. It will greatly eondnoe to ooiH 
▼enienoe to be able to employ onr symbola in either of these 
really eiiuivalent interpretations which the circumstances oi' a 
problem may suggest to us as most desirable ; and of this liberty 
I shall avail myself whenever occasion requires* In problems of 
pure Logic I shall consider the symbolB &o. as representing 
dementary propositions, among which relation is eipressed in 
the premises. In the mathematical theory of probabilities, which, 
as before intimated (I. 12), rests upon a basis of Logic, and 
which it is designed to treat in a subsequent portion of this work, 
I shall eaxfAoj the sme symbols to denote the aunple eveols* 
whose implied or required fiequem^ of oeourrence it coants 
among its elanents. 

Proposition III. 

10. To deduce generai Rules fir the txptetnom ofStDomdary 

Propositions, 

In the various inquiries arising out of this Proposition, fulness 
of demonstration will be the less necessaiy, because of the exact 

analogy which they bear with similar inquiries already completed 
with reference to primary proiX)sitions. We .^hall first consider 
the expression of terms ; secondly^ that of the propositions by 
whidi they are connected. 
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As 1 denotes the whole duration of time, and x that portion 
of it Ibr which the proposition X is true» i - x will denote that 
portion of time fcHr which the proposition X is ftlse. 

Again, as denotes that portion of time for which the pro- 
positions X and y are both tme, we shall, by combining this and 
the previous observation, be led to the foliowing interpretations, 
viz. : 

The expression x (1 -y) will represent the time during which 
the proposition X is true, and the proposition Y fidse. The ex- 
pression (1 - ar) (1 - y) will represent the lime during which the 

propositions X and Y are simultaneously false. 

The expression .t(1 y) f ?/(! - x) will express the time 
during which either A' is true or Y true, but not both ; for that 
time is the sum oi* the times in which they are singly and excLu* 
sively true. The expression ay + (1 - op) (1 - |f) will express the * 
tame during which X and Fare either both true or botii fidse. 

If another symbol z presents itself, the same principles remain 
applicable. Thns xyz denotes the time in which tlie propositions 
X, y, and Z are simultaneously true; (l-x)(l-y)(l-z) the 
time in which they are simultaneously false ; and the sum of 
these expressions would denote tiie time in which they are ttther 
true or false together. 

The general principles of interpretation involved in the above 
examples do not need any further illustrations or more explicit 
statement. 

1 L The laws of tiie expression of propontions may now be 
exhibited and studied in the distinct cases in which they present 

themselves. There is, however, one principle of fundamental 
importance to which I wish in the first place to diiect attention. 
Although the principles of expression which have been laid down 
are perfectiy general, and enable us to limit our assertions of the 
truth or falsehood of propositions to any particular portions of 
that whole of time (whether it be an unlimited eternity, or a pe- 
riod whose beginning; and whose end arc definitely fixed, or the 
passing moment) which constitutes the imi verse of our discourse, 
yet,' in the actual procedure of human reasoning, such limitation 
is not commonly employed. When we assert that a proposition 
is tme, we generally mean that it is true throughout the whole 
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duntioa of the time to which our discoune refers ; and when dif- 
ferent assertions of the unconditional tmth or falsehood of propo- 
rtions are jointly made as the premises of a logical demonstration, 
it is to the same iiiriversc of time that those assertions are re- 
ferredy and not to particular and limited parts of it. In that 
neceesaiy matter which is the object or field of the exact sciences 
eyery assertion of a tmth may be the assertion of an eternal 
tmtli.'* In reasoning upon transient phienomena (as of some 
social conjuncture) cacli assertion may be qualified by an imme- 
diate rel'erence to the present time, " Now." But in both cases, 
unless there is a distinct expression to the contrary, it is to the 
same period of duration that each separate proposition rehites. 
The cases which then arise for our consideration are the fi>l- 
lowiug : 

Ist. To exprea tke Proposition^ The proposition X is trueJ* 

We are here required to express that within those linuts of 

time to which the matter of our discourse is confined the propo- 
sition X is true. Now tlie time for which the proposition is 
true is denoted by and the extent of time to which our dis- 
course refers is represented by 1. Hence we have 

:r-l (4) 

as the expression required. 

2nd. To express the Proposition^ The proposition X is 
JabeT 

We are here to express that within the limits of time to which 

our discourse relates, the proposition X is \\iUq \ or that within 
those limits there is no portion of time ibr which it is true. Now 
the portion of time for which it is true is x. Hence the required 
equation will be 

a; » 0. (5) 

This result might also be obtained by equating to the whole du- 
ration of time 1, the expression for the time during which the 
proposition X is fidse, viz., l-x. This gives 

1 - x= 1, 

whence « « 0. 

3rd. To express tlie disjunctiue Proposition^ Either the pro- 
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potition X if trm or the prcpantion Y it trues" it My iherebff 
implkd that theudd pmpontiom are nmtuai^ esxhuioef that i$ to 
MOjfi that one only of them is true. 

The time for which either the propoeitioii X is true or the 
propoation Y is tnie» bat not both, is repmented bj the ex* 
preseion x (1 -y) + ^ (I - x). Heaoe we have 

+ (6) 

fiyr the equation required. 

If in the above Prt)poHlti()n the particles cither, or, are sup- 
posed not to possess an absolutely disjunctive power, so that the 
possibility of the simultaneous truth of the propositions X and Y 
is not excluded, we must add to the first member of the above 
equations the term xy. We shall thus have 

a3f + «(l-y) + (l-4r)y-l, 

or «+(l-x)2^«l. 

4tb. To expreet the conditional FropooitioUf **jythe propo^ 
sition Y ie true, the proposition X is true.*' 

Since whenever the jn'oposition Yis true, tlie i)ro])ositiou X 
is true, it is necessary and sufficient here to express, that the time 
in which the propodtion Y is true is time in which the propo- 
sition X is tme; that is to say, that it is some indefinite portion 
of the whole tune in wluch the proposition X is true. Now the 
time in which the proposition Y is true is p, and the whole time 
in which the proposition X is true is x. Let v be a symbol of 
time indefinite, then will ex represent an indefinite portion of the 
whole time x» Acoor^gly, we shall hare 

as the expression oi' the proposition given. 

12. When v is thus regarded as a symbol of time indefinite, 
vx may be understood to represent the whole, or an indefinite 
part, or no part, of the whole time x ; for any one of these mean- 
ings may be realized by a particular determination of the arbitrary 
symbol v. Thus, ii u be determined to represent a time in which 
the whole time x is included, we will represent the whole time x. 
If V be determined to represent a time, some part of which is in- 
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duded in the time bat whidi does not fill up the meMore of 
that time, tas will repreaent a part of the time x. If, lastly, v is 

determined to represent a time, of which no iiai t is common with 
any part of the time j-, vx will assume the value 0, and will be 
equivalent to " no time," or " never." 

Now it is to be observed that the propontiiniy **l£YiB truOy 
X ia tmey** contains no asiertbn of the truth of either of the 
propositions X and F. It may equally conaist with the suppo- 
sition that the truth of the proposition Y is a condition indis- 
pensable to the truth of the proposition X, in which case we 
shall have v = I; or with the supposition that although Y ex- 
presses a condition which, when realized, assures us of the truth 
of Xt yet X may be true without implying the fulfilment of that 
condition, in which case v denotes a time, some part of which is 
contained in the whole time x ; or, lastly, with the supposition 
that the proposition Y is not true at all, in which case t; repre- 
sents some time, no part of which is common with any part of 
the time x» AH these cases are involved in the general suppo- 
sition that o is a symbol of time indefinite. 

5th. To exprtis a jpraposUum m which the comUtumal and the 
duftmetive eharaderM both exist. 

The general form of a conditional proposition is, " If y is 
true, X is true," and its expression is, by the last section, y^vx. 
We may properly, in analogy with the usage which has been es- 
tablished in primary propositions, deeagnate Y and X as the 
term$ of the conditional proposition into which they enter; and 
we may fiirllK'r adopt the language of the ordinary Logic, which 
designates the term to which the particle j/'is attached, the 
antecedent*' of the proposition, and the term X the conse- 
quent.'* 

Now instead of the terms, as in the above case, being simple 
proiKwitions, let each or either of them be a disjunctive propo- 
sition involving dlti'erent terms connected by the particles either^ 
or^ as in the following illustrative examples, in which X^ 
&C. denote simple propositions. 

Int. If either X is true or Fis true, then Z is true. 
2ud. if A is true, then either Y is true ur Z true. 
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3rd. If either X is true or F is tniey then either Zand W 
are both true, or they are both fiilse. 

It is evident that in the above cases the relation of the ante- 
cedent to the consequent is not afieeted by the circumstance that 
one of those terms or both are of a disjunctive chanuster. Ao- 
cordingly it is only necessary to obtain, in confimnity with the 
principles already established, the proper expressions for the ante> 
cedent and the consequent, to alfect the latter with the indefinite 
symbol and to equate the results. Thus for the propositions 
above stated we shall have the respective equations, 

1st. x{\ -y) t (I -x)y =^ vz, 

2nd. X'=v{if(l-z) + z{l-y)]. 

3rd. a?(l - Jf) « v^zw + {l -«)(!-»)). 

The rule here exemplified b of general api)lication. v V 

Cases in which the disjunctive and the conditional elements 
enter in a manner different fix>m |he above into the expression of 
a compound proportion, are conceivable^ but I am not awar^ that 

they are ever i)resentcd to us by the natural exigencies of hiunan 
reason, and I shall tlicrel'ore relVain from any discussion of them. 
No serious difliculty will arise from this omission, as the general 
principles which have foiTued the basis of the above applications 
are perfectly general, and a slight effort of thought will adapt 
them to any imaginable case. 

13. In the laws of expression above stated those of interpre- 
tation are implicitly involved. The equation 

must be understood to express that the propontion X is true; 
the equation 

X- 0, 

that the proposition X is false. The equation 

will express that the propositions X and Y are both true toge- 
ther ; aud the equation 

xy^O 

that they are not both together true. 
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In like maimer the equations 

•^(1 - + y(i - ^) = 0, 

will respectiyely assert the truth and the ^dsehood of the disjuno- 
tiye Proposition) <*£ither X is trae or Fis true.*' The equa- 
tions 

y-t;(l -x) 

will respectiTely express ihe FropositionB, If the proportion F 
is true, the proposition X is true." If the proposition Fis 

true, the propo.-itioii A' is false." 

Exaiiiplori will liequently present themselves, in the suc- 
ceeding chapters of this worky of a case in which some terms of a 
particular member of an equation are affected by the indefinite 
symbol v, and others not so afiected. The following instance 
will serve for illustration. Suppose that we have 

Here it b implied that the time for which the proposition F is 
tnie consists of all the time for which X and Z are together tme, 

together with au iudelinite j)orliun of the time for which X is 
true and iT fidse. From this it may be seen, ist. That if Vis 
trucy other X and Zaie together true, or is true and Zfiilse; 
Sndly» 1£ X and Z are together true, Fis true. The latter of 
these may be called the reverse interpretation, and it consists in 
taking the antecedent out of the second member, and the conse- 
quent from the first meiuber of the equation. The existence of 
a term in the second member, whose coefficient is unity, renders 
this latter mode of interpretation possible* The general principle 
which it involves may be thus stated : 

14, Princu*ls. — Any constituent term or terms in a particular 
member of an equation which have for their coefficient unity^ may 
he taken ae the antecedeni of a proposition^ qfwhwh all the terms 
in the other member form the consequent. 

Thus the equation 

y-4Kr + «t(l-«) + (l-«) (l-«) 

would have the following iutciprctatioud : 
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DiRBCT Intbbprbtatiok. — Jff'the praponHoH Yi$ true^ then 
either X and Zare true^ or X U true and Z folse^ or X amdZ 
tore both false, 

Eeversb Interpketation. — If either X and Zare trucp or 
X and Z arefaUe^ Y u true* 

The aggregate of these part Lol interpretations will e ipicaB 
ihe whole sigmficance of the equation given. 

15. We may here call attention again to the lemark, that 

although the idea oi' time appears to be an essential element in 
the theory of the interpretation of secunJary prujiositions, it may 
practically be neglected ius soon as the laws of expression and of 
interpretation are definitely established. The forms to which 
those laws give rise seem, indeed, to correspond mth the forms of 
a perfect language. Iiet us imagine any known or existing lan- 
guage freed from idioms and divested of superfluity, and let U3 
express in that language any given proposition in a manner the 
most simple and literal, — the most in accordance with those 
principles of pure and universal thought upon which all Umgm^pe 
are founded, of which all bear the manifestation, but from which 
all have more or less departed. The transition I'loin r^uch a lan- 
guage to the notation of analysis would consist of no more than 
the substitution of one set of signs for another, without essential 
change either of form or character. For the elements, whether 
things or propositions, among which relation is expressed, we 
should substitute letters; for the disjunctive conjunction we 
should write + ; for the connecting copula or sign of relation, we 
should wiite This analogy I need not pursue. Its reality 
and oompletenesB will be made more apparent from the study of 
those forms of expresnon wluch will p resen t themselves in sub» 
sequent applications of the present theory, viewed in more imme- 
diate comparison with that im{)erfect yet noble instrument of 
thought — the English language. 

16. Upon the general analogy between the theory of Priraary 
and that of Secondary Propositions, I am desirous of adding a 
few remarks before dismissing the subject of the present chapter. 

We might undoubtedly have established the theory of Pri- 
mary Propositions upon the simple notion of space, in the same 
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way as that of secondary propositions has been established upon 
the notion of time. Periu^, had this been done, the analogy 
which we are contemplating would have been in somewhat closer 

accordance with the view of those who regard space and time 
as merely *' forms of the human understanding," conditions of 
knowledge imposed by the yecy constitution of the mind upon 
all that is sutnnitted to its apprehension. But this view, while 
on the one hand it is incapable of demonstrationy on the other 
hand ties us down to the recognition of " place," to itoD, as an 
e--cntial category of existence. The question, indeed, whether 
it is so or not, lies, I apprehend, beyond the reach of our faculties; 
bat it may be, and I oonceiYe has been, established, that the 
formal pcooesses of reasoning in primary propositions do not re- 
quire, as an essenlial condition, the manifestation in space of the 
things about which we reason ; that they would remain a])pli- 
cable, with equal strictness of demonstration, to ibnns of exis- 
tence, if such there be, which lie beyond the realm of sensible 
eztennon. It is a fiust, perhiqM, in some degree analogous to this, 
tiiat we are able in many known examples in geometry and dy- 
namics, to oxhil)it the formal analysis of problems fbmidcd upon 
some intellectual conception of space different from that which is 
presented to us by the senses, or which can be realized by the 
imagination.* I conceive, therefore, that the idea of space is not 



* 8pMt ii prattBtod to « in peroeption, m poaaessing Um iStum UkumAm 
•f kiigftli» brwidCh, and dipth. Bvtia»larg»olMtofpNbltiiMnlstiii(totli« 
ptopttUw of oomd wathiem, tho rolaiioat of ooHd bodiao arooid siof, tho H- 
bntaoos of obotle media, this UmiUtioo appoort in tho anoljtioil IbtosII- 
'galion to be of u ■rUtrary dianMstor, and if attaation imo paid to tbo prooo t aao 
ofaolotioo aloM, no reason oonld be discorered why space shomld not eziat in 
four or in any greater nnnber of dimensions. Tlie intellectual procedure in 
tbo imaginary world tboa aaggaatod oan bo apprebandod by tho elearoat light of 
analogy. 

The existence nf space in tiiree dimensions, and the riews thereupon of the 
religious and philosophical mind of antiquity, are thus set forth by Aristotle: — 
Mtyiyoi TO flit' h', ypa/i/i 17, c' iiri Svo iiriiriSot\ rb ^ ixi rpia ffCHfia' 
Kai irapd ravra ovk tffriv dXXo fiiytOn^, ^itl rb rpta travra tlvat cai to rpig 
travrg. Kadairtp yap patri Kai ol II vBayoptioi, to irav rai to. 7ra»»ra ruTf rpietlv 
iptCTau TiKtvTt) yap Kcii fiiaov rai «px') dpiOfiby txti tov tov 7r«*'rof* 
ravra fi rbv r^c rpui^oc. Atb iropd rqc ^vattaQ ttXii^orti iaaxip vofiov^ iKiivrj^f 
nal ir pt>c rdc dytartiae xP^H'^^ BUhfrtp dpiBiuf ro^r^. — De Ceeib, I. 



^.d by Google 



176 



or SBCONOABY PaOFOSITlONS 



[chap. XI, 



essential to the development of a theory of primary propo8itioii8« 
but am disposed, though desiring to speak with diffidence npcm 
a question of suoh extreme difficulty to think that the idea of 
time is essential to the establishment of a theory of secondary 

propositions. There seem to be grounds for thinking, that 
without any change in those faculties which are concerned in 
reasmunff^ the manifestation of space to the human mind m^t 
have been diffisrent from what it is» but not (at least the same) 
grounds for supposing that the manifestation of time could have 
been otherwise than we perceive it to be. Dismissing, however, 
these speculations as possibly not altogether free from prcsumj)- 
tion, let it be affirmed that the real ground upon which the 
symbol 1 represents in primaiy propositions the umyerae of 
things, and not the space they occupy, is, that the agn of 
identity - connecting the members of the corresponding ei^ua- 
tions, im[)lics that the things which tliey represent are identical, 
not simply that they are found in the same portion of space. 
Let it in like manner \>e affirmed, that the reason why the symbol 
1 in secondary propositions represents, not the universe of events, 
but the eternity in whose successive moments and periods they 
are evolved, is, that the same sign of identity connecting the 
logical members of the corresponding equations implies, not that 
the events which those members represent are identical, but that 
I the times of thdr oocunenoe are the same. These reasons a|^>ear 
to me to be deddve of the immediate question of interpretatum. In 
a former treatise on this subject (Mathematical Analyds of Logic, 
p. 49), following the theory of Widlis respecting the ReductioQ 
of Hypothetical Propositions, I was led to interpret the symbol I 
in secondary propositions as the universe of'' cases" or conjunc- 
tures of circunutances;" but this view involves the necessity of a 
definition of what is meant by a " case," or conjuncture of 
circumstances;" and it is certain, that whatever is involved in 
the term beyond the notion of time is alien to the objects, and 
restrictive of the processes, of formal Logic. 
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CUAPTEE XII. 

or THK HBTBODS AND PBOCS88B8 TO BB ADOPTBD IB TUB TBBAT- 
MBHT OF BBCOHOABT PROP08ITIOB8. 

1. TT has appeared from previous researches (XI. 7) that the 
laws of oombinatioii of the literal symbols of Logic are the 
flame, whether those symbols are employed in the expression of 

primary or in that of secondary propositions, the sole existing 
difference between the two cases being a difference of interpre- 
tation. It has also been established (V. 6), that whenever dis- 
tinct systems of thonght and interpretation are connected with 
the same system of fonnal laws, i. e., of laws relating to the com- 
Unallon and nse of symbols, the attendant processes, intermediate 
between the expression of the primary conditions of a problem 
and the interpretation of its symbolical solution, are the same in 
both. Hence, as between the systems of thought manifested in 
the twoftnna ofprimaiy and of secondary propositionsy this com- 
momfy of formal law exists, the processes which have been es- 
tablished and illustrated in our discussion of the former class of 
propositions will, without any modification, be applicable to the 
kttcr. 

2. Thus the laws of the two fundamental processee of elimi- 
nation and development are the same in the system of secondaiy 
as in the system of ])rimary propositions. Again, it has been 

seen (Chap. vi. Prop. 2) how, in priniury jjropositions, the inter- 
pretation of any proposed equation devoid of fractional forms 
may be effected by developing it into a series of constituents, and 
equating to 0 eyeiy constituent whose coefficient does not vanish* 
To the equations of secondary propositions the same method is 
applicable, and the interpreted result to which it finally conducts 
us i.*, si-s in the former case (VI. 6), a system of co-existent denials. 
But while in the former case the force of those denials is ex- 
pended upon the existence of certain classes of things, in the 
latter it relates to the truth of certain combinations of the 
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mentary propomtionB involved in the terms of die given premisee. 
And as in primary propositions it was seen that the system of 
deniald admitted of convention into various other forms of propo- 
ntions (VI* 7)9 such conversion will be found to be possible 
here also^ the sole difference consisting not in the forms of the 
equations, but in the nature of their interpretation. 

3. Moreover, a.s in primary propositions, we can find the ex- 
pression of any clement entering into a system of equations, in 
terms of the remaining elements (VI. 10), or of any selected 
nnmber of the remaining elements, and interpret that ezpressioii 
into a logioal inferenoe, the same object can be aooomfdished by 
the same means, difference of interpretation alone excepted, in 
the system of secondary propositions. The elimination of those 
elements which we desire to banish from the final solution, the 
rednctioii of the system to a sing^ equatioii, the algebnuo solu- 
tion and the mode of its development into an interpretshle ftmi, 
differ in no respect from the corresponding steps in the discussion 
of primary propositions. 

To remove, however, any possible difficulty, it may be de- 
sirable to ooUect under a general Bule the difforent eases whieh 
present themsdves in the treatment of secondary propootioiia. 

Rule. — Express symboUcaUy the given propositions (XI. 11). 
Elmdmte s^paraUiyfrim eaeh eqmtum m which U isfowsd the 
ind^fimte synM v (VII. 5). 

Eliminate the remaining symbols tchich it is desired to banish 
from the final snhition : always Ixjorr diniination reducing to a 
single equation those equations m which the symbol or symbols to 
he eliminated arefimd (VIII. 7). Collect the resuUmg equa^ 
tkm mto a single egmHim V- 0. 

Then proceed aecerdmg to the parHadar farm m toAadl U ie 
desired to express the jinal relation, as — 

Ist. ffin thejbfm i^a denude or system of denials^ develop the 
' fimction F, and equate to 0 all those constituents whose coejffiaente 

do not vanish, 

2ndiy. ffin the form of a disjunctive proposition, equate to 1 
the sumt^^ase emtstUMents whose ceffiedenis vatdsh. 

3idly. ffmtluJinmofaconditioHalpropasUiimhasfi^as^ 
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pU tlemetUj aMXcrX-x^firUi amieeedenif determine the alge-^ 

braic expression of that element y and develop that expression, 

4tlil7. If in the form of a conditional proposition having a 
compouHd expreukny ii« xy, + (1 (1 - y\ $*c., for Us ante* 
cedmif egmie thai expre$$ien to a new tymbtd t, and determine t 
as a developed fimetion eymhole wUdtk are to appear m the 
eonsequenty either by ordinary methods or by the special rnUhod 
(IX. 9). 

5thly. Interjyret the results by (XI. 13, 14). 

only be desired to aeeertain v^ether a partieniar element 
tary proposition x i$ true erfiUe^ we msut eUmAmte all lie eym^ 
bole tat X ; then the equation x •* I wHl indkate Haf the proposition 
is true, x = 0 that it is false, 0 = 0 that the premises are insufficient 
to determine whether it is true or false, 

4. Ex. I. — The following prediction is made the subject of a 
curious discussion in Cicero's fragmentary treatise, De Fato 

Si quia (Fabius) natus est oriente Canicula, is in miri non mo- 
lietor/' I shall apply to it the method of this oluipter« Let y 
represent the propontioD, FaHus was bom at the risiiig of the 
dogHtar;" x the proposition, "Fabius will die in the eca." 
In saying that x represents the proposition, " Fabius, &c.,** it is 
only meant that x is a symbol so appropriated (XI. 7) to the 
above propontion, that the equation jr« 1 dedaresy and the equa- 
tion X ■ 0 demos, the troth of that proposition. The equatioii 
we have to discuss wiU be 

y- •(»-«)• 0) 

And, first, let it be required to reduce the given proposition to a 
negation or system of negations (XII. 3). We have, on trans- 
position, 

y-v(i-.x)»0. 

FJiminatmg 

y|5f-(l-«))-0, 

or, y-y{l -x) = o, 

or, yx B 0. (2) 

The interpretation of this rc^'ult is ; — " It is not tnie that Fabius 
was bom at tlic rising of the dogstar, and will die iu the sea." 

M 2 
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Cioero tenns this fonn of propodtion, ^^Conjimctio ez rq»iig- 

nantibus and he remarks that Chrysippus thought in llu8 way 
to evade the difficulty which he imagined to exist in contingent 
assertions respecting the future : Hoc loco Chrysippus aostuaos 
&Ui sperat Chaldeoe caterosque diviooB, neque eos usuios case 
oonjunctioiiibuB ut ita su* peroepta pronimtieat : Si qiiis natus 
est oriente Camcul& is in man non morietur; sed potina ita dksaDt: 
Non et natiis est quia oriente Canicula, et in mari morietur. 
O licentiam jocularem ! . . • . Multa genera sunt enuntiandi, nec 
uUum distortias qnam hoc quo Chiynppua sperat Chaldnos ooop 
tentos Stoioomm oausft five." — Cw« Db Faio^ 7» 8. 

5. To reduce the given proposition to a disjunctive form. 
The constituents not entering into the ^t member of (2) are 

Whenoe we bave 

The interpretation of which is : — Either Fabim was bom at the 
rising of the dog star ^ and will 7wt perish in the sea ; or he toas not 
bam at the rising oftke dog star ^ and will perish in the sea; or he 
was not bom at the rising <(ftke dogstar^ and wiil not perish m 
the sea. 

In cases like the above, however, in which there exist consti- 
tuents differing from each other only by a single factor, it is, as 
we have seen (VII. 15), most convenient to collect such consti- 
tuents into a nngle term. If we thus connect the first and third 
terms of (3)» we have 

(1 1 -«« 1; 

and if we similarly connect the second and thirds we have 

These fonns of the equation sevenll j give tlie interpretations— 

Ei^er Fabius was not bom under Ae dogsiOT^ and will die m 

the sea, or he tcill not die in the sea. 

Either Fabius was bom under the dogstar^ and will not die m 
ihe eeOf or he woe not bom under the dogstar* 
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It is evident tliat tliefle interpfetstioiiB are striotlj equivalent 

to the former one. 

Let us ascertain, in the form of a conditional proposition, the 
oonsequences which ilow from the hypothesia, that Jb'abiiis will 
periah in the aea." 

In the equation (2), which ezpreaaea the leaalt of Uie elinuU 
nation of v firom the original equationi we mnst seek to detennine 
X as a functiuQ of y. 

We have 

» m ^ m y ^ -{ \ - y) on expanauniy 

the interpretation of which is, — IfFakim $hall <Se m seOf 
was not bom at the riimg of the dogitar. 

These eiamplea serve in some measure to iDnstnte the oon> 
neiion which has been established in the previous sections be- 
tween primary and secondary propositions, a connexion of which 
the two distinguishing ieatures are identity of prooeas and analogy 
of interpretation . 

6. Ex. 2. — There is a lemarkabk aigmnent in the second 
book of the Bepnblic of Phto» the design of which is to prove 
the immuUibility of the Divine Nature. It b a very fine example 
both of the careful induction from familiar instances by which 
Plato arrives at general principles, and of the dear and connected 
logio by which he deduces from them the partiodar inferences 
which it is lus object to establish. The sigument is contained 
in the following dialogue : 

** Must not that which departs from its proper form be 
changed either by itself or by another thing ? Necessarily so. 
Are not things which are in the best state least changed and dis- 
turbed, as the body by meata and drinks, and labours, and every 
•pedes of plant by heato and winds, and such like auctions? Is 
not the healthiest and strongest the least chan«]^cd ? Assuredly. 
And does not any trouble from without least disturb and change 
that soul which is strongest and wisest ? And as to ail made 
vessels, and fbmitnres, and garments, according to the same 
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pnnopley axe not tlioie wlnoh are well wioiiglit» and in a good 

condition, least changed by time and other aoadents ? Eren so* 
And whatever is in a right state, either by nature or by art, or 
by both thedOy admits of the smallest change from any other 
thing. So it seems. But God and things divine are in every 
•ense in the beat state. Assnredly. In this way, then, Gkid 
should least of all bear many forms? Least, indeed, of alL 
Agmn, should He transform and change Himself? Manifestly He 
must do so, if He is changed at all. Changes He then Himself to 
that which is more good and fair, or to that which is worse and 
baser ? Necessarily to the worse, if he be changed. For never 
shall we say Aat God is indigent of beauty or of wtne. Yoa 
speak most rightly, said I, and the matter being so, seems it to 
you, O Adiinantus, that Goil or man xcillingltj makes himself in 
any sense worse ? Impossible, said he. Impossible, then, it is, 
said I, that a god should wish to change himself ; but ever being 
fidrestand beat, each of them ever remains absolutely in the same 
lonn* 

The premises of the above argument are the following : 

1 St. If the Deity suffers change, He is changed either by Him* 
self or by another. • 

2nd. If He is in the best state^ He is notdiangedby anotlier* 

3rd. The Deity is in the best state. 

4th. If the Deity is changed by HimseH^ He is changed to • 
worse state. 

5th. If He acts willingly. He is not changed to a worse state. 
6th. The Deity acts wiUingly. 

Let us express the elements of these premises as follows : 

Let X represent the proposition, <^ The Deity suffisrs change.'* 
y. He is changed by Himself. 

He is changed by another. 
5, He is in the best state. 
U He is changed to a worse state. 
10^ He acts willingly. 

Then the premises expressed in symbolical language yield, after 
elimination of the indefinite dass symbols the fi^Uowing equa- 
tioDs: 
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*5fr+»(l-y)(l-z)-0, (1) 

9Z - 0, (2) 

. « 1, (3) 

y(l-0-0, (4) 

wt - O9 (5) 

w - 1. (6) 



Ketuning I shall eliminate in succesfiion z, #, y, ^, and w (thid 
bdng the order in which thoee symbols oocor in the above 079- 
tem)t and inteipret the snooeanTe resulta. 
Eliminating z fiom (1) and (2), we get 



«(l.y)-0. 


• 


(7) 


Kliminating # fiom (3) and (7), 






z(l-y) = 0. 




(8) 


Eliminating y from (4) and (8)9 










(9) 


Riimina^mg t fix>m (6) and (9)» 










(10) 


Kliminating lo from ^6) and (10)» 










(11) 



These equations, beginning with (8), give the following 
lesnlta: 

I^tom (8) we have « - thetefim^ Jf the Deity suffm 
ehtofft, Ht it changed Inf HimMelf. 

From (9)} ' * ^ ^9 1/the Deity iuffers change^ He is changed 
io a wmne ztaU. 

From(iO)»<c « ^(^ " J^f the Deity suffers change^ He 

does not act willingly. 

From (11), The Deity does not silver change. This is Plato's 

Molt. 

New I'have belbie remailDed, that the order of eHmhiation 

h iudiiFerent. Let us in the present case seek to verify this ftct 
by eliminating the feame symbols in a reverse order, b^inning 
with IO. The resulting equations are. 
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yielding the following interpretations : 

God is not thonged to a worse state. 
His is not changed hy Himseffl 

If Me suffers change. He is changed by another. 
He it not changed by another* 
He is not changed. 

We tbiiB reach by a different route the same conclunoii. 

Though as an exhibition of the power of the iiiethoH, the 
above examples are of slight value, they serve as well as more 
complicated imtancoo would do^ to illustrate its nature and oh»- 
xacter. 

7. It may be remarked, as a final instance of analogy between 

the system of piiinary and that of Bccondary propositions, that 
in the latter system also the fundamental equation, 

admit.'' of interpretation. It expresses the axiom, A proposition 
cannot at the same time be trut andjhlse, Xet this be comptired 
with the corresponding interpretation (UL 15). Solved under 
the form 

0 0 
1-* 0 ' 

by development, it furnishes the respective axioms : *' A thing is 
what it is:" " If a proposition is true, it is true:" forms of what has 
been termed The principle of identiQr." Upon the nature and 
the Taltte of these axioms the most opponte opinions have been 
entertained. Some have regarded them as the very pith and mar- 
row of philosopliy. Locke devoted to tliem a chapter, lieaded, 
*« On Trifling Propositions." * In both these views there seems 
to have been a mixture of truth and enor. Regarded as sup- 
planting experience, or as furnishing materials for the vain and 
wordy janglings of the schools, such propositions are worse than 
trifling. Viewed, on the other hand, us intimately allied with 
the very laws and conditions of thought, they rise into at least a 
speculative importance. 

. I . m - — 

* Beiay on the Human UndwBtsnittng, Book lY. Ghsp. vUL 
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CHAPTER Xni. 

ANALYSIS OF A PORTION OF DR. SAMUEL CLARKE's ''DEMONSTRA- 
TION Of THE BEING AND ATTBIBUTBS OF GOD," AND OP A 
POBTION OF TEN ** BTBIOA OBDINB GBOHBTBICO DNMON- 
STBATA** OF 8PIN0SA. 

!• nPHE general order which, in the inTesdgations of the foU 
lowing chapter, I design to porsuey is the following. I 
shall examine what are the actual premises invoWed in the de-> 

monstrations of some of the general propositiuus of the above 
treatises, whether those premises be expressed or implied. By 
the actual premises I mean whatever propositions arc assumed 
in tl\e oomse of the aigmnenty without being proved, and are 
employed as parts of the foundation upon whidi the final condu- 
aon is built. The premises thus determined, I shall express in 
the language of symbols, and I shall then deduce from them by 
the^^ethods developed in the previous chapters of this work, the 
most important inferenoes which they involve, in addition to the 
particular inferenoes actually drawn by the authors* I shall in 
eome instances modify the premises by the omission of some ftet 
or principle which is contained in thcni, or by the addition or 
substitution of some new ])roposition, and shall detcrmme how 
by such change the ultimate conclusions are afiected. In the 
pursuit of these objects it will not devolve npon me to inquire, 
except incidentally, bow &r the metaphysical principles laid down 
in these celebrated productions are worthy of confidence, but 
only to asccrtiiin what conclusions may justly be drawn from 
given premises; and in doing this, to exeinplily the perfect li- 
ber^ which we possess as concerns both the choice and the 
order of the elements of the final or concluding propositions, viz., 
as to determining what elementary propositions are true or fidse, 
and what are true or false under given restrictions, or in given 
combinations. 

3. The chief practical diiiioulty of this inquiry wiU consisty 

. kj u.^ .d by Google 



186 CLARU AHD BPIHOBA. [CHAP. ZIH. 

■ 

not in the appUoatikHi of the method to the pfemiMB onoe deter- 
mined, but in asoertuning what the pramifleB «re. In what ace 

regarded as the most rigorous examples of reasoning applied to 
metaphysical questions, it will occasionally be found that different 
trains of thought are blended together; that particular but essen- 
tial parts of the demonstiation axe given parenthetScaUy, or out 
of the main ooone of the argument; that the mftoiiing of a pr^ 
miss may be in some degree ambiguous; and, not unfiequently, 
that arguments, viewed by the strict laws of formal reiisoning, 
are incorrect or inconclusive. The difficulty of determining and 
distinctly ezhibitiog the true premises of a demonstration may, 
in Bueheaaea, be very ocmsiderable. But it is a difltolty which 
must be overoome by aU who would asoartain whether a parti- 
cular conclusion is proved or not, whatever fi>rm they may be 
prepared or disposed to give to the ulterior process of reasoning. 
It is a difficulty, therefore, which is not peculiar to the method 
4^ this work, though it maniftsts itself more distinctly in oo»- 
neziom with this method than with any other. So intimate^ in- 
deed, is ibis oonnezioo, that it is impoanble, employing the 
thod of this treatise, to form even a conjecture as to the validity 
of a conclusion, without a distinct apprehension and exact state- 
ment of all the premises upon which it rests* In the more usual 
course of prooedure^ nothing is, however, more common than to 
cxartiine some of the steps of a train of argument, and tbenoe to 
form a vague general impression of the scope of the whole, with- 
out any such preliminary and thorough analysis of the premisoa 
which it involves. 

The neoessi^ of a xiganma detennioation ci the real pr^ 
mises of a demonstnitian ou^ not to be regarded as an evil; 
espedally as, when that task is aooomplished, every sonree oC 
' doubt or ambiguity is removed. In employing the method of 
this treatise, the order in which premises are arraoged, the mode 
of connexion which they exhibit, with every similar droumstanoe, 
may be esteemed a matter of indi i n e r on oe, and the process of 
inftrenee b conducted with a praoiinoii which might afacnost be 
termed mechanical. 

3. The " Demonstration of the Being and Attributes of 
God," consists of a series of propositions or theorems, each 
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of them proved hj means of premisee reaolvaliley fbt the most 

part, into two diBtinet duflses, Tis., ftcte of obflerration, such 
as the existence of a matci iid world, the phasnomenon of mo- 
tioUf &c., and hypothetical principles, the author!^ and uni- 
venafity of which are supposed to be recognised d priori. It is^ 
of course, upon the truth of the ktter, aiwmining the coixeotiiess 
of the leasomng, that the validitj of the demonstration really de- 
pends. But whatever may be thought of its claims in tliis re- 
spect, it is unquestionable that, as an intellectual performance, its 
merits iure very high. Though the trains of argument of which 
it consists are not in geneial very clearly arranged, they are al- 
most always spedmens of cooect Logics and they ezhiUt m 
subtlety of apprehension and a ibroe of reasoning which have 
seldom been equalled, never perhaps 8urj)atii5cd. We see in them 
the consummation of those intellectual efforts which were awa- 
kened in the realm of metaphysical inquiry, at a period when the 
dominiim of hypothetical principles was kss questioned than it 
now is, and whenr the rigorous demonstrations of the newly risen 
school of mathematical phy^sics seemed to have funii:5hed a model 
for their direction. They appear to me for this reason (not to 
mention the dignity of the subject of which they treat) to be 
deserving of high considenition ; and I do not deem it a vain 
or superfluous task to expend upon some of them a careful 
analysb. 

4. The Ethics of Benedict Spinoza is a treatise, the object 
of which is to prove the identity of God and the universe, and 
to establish, upon this doctrine, a system of morals and of philo- 
sophy. The analysis of its main argument is extremely difficult, 
owing not to the complexity of the separate propositions whidi it 
involTes, but to the use of vague definitions, and of axioms which, 
through a like defect of cleaniess, it is j>erplexing to determine 
whether we ought to accept or to reject. While the reasoning of 
Dr.SamnelChttkeisinpartTerbal, thatof Spinonissoinamuoh 
greater degree; and periiaps this is the reason why, to some 
minds, it has appeared to possess a formal cogency, to which in 
reality it po^se^scs no just claim. These points will, howevefy 
be oooakiered in the proper place* 
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CLABKB'S DBMOM8TBATION. 

Proposition L 

5. Something has existed from eternity,'* 

The proof is as fi>llowB : — 
For dnoe something now is, 'tis mamfest that something 

always was. Otherwise the things that now are must have risen 

out of nothing, abdoiutely and without cause. Which is a | 

plain contradiction in tenns. For to say a thing is produoed» 

and yet that there is no cause at all of that production, is to say 

that something b effected when it is eflfected by nothing, that is, 

at the same time when it is not cft'ccted at all. WTiatever exists 

has a cause of its cxbtence, either in the necessity of its own 

nature, and thus it must have been of itself eternal : or in the 

will of some other being, and then that other b^ng most, at least 

in the order of nature and causality, have existed before it.*' 

Let us now proceed to analyze the above demonstration. Its 
first sentence is Resolvable into the following propositions : 

Ist. Something is. 

2nd. K something is, dther something always was, or llw 
things that now are must have risen out of nothing. 

The next portion of the demonstration consists of a proof 
that the second of the above alternatives, viz., " The things that 
now arc have ri^^en out of nothing," is impos8ible9 and it may 
fimnally be resolved as follows : 

3rd. If the things that now are have risen out of nothing, 
something has been eff^scted, and at the same time that some- 
thing has been effected by nothing. 

4th. If that something has been effected by nothing, it has 
not been ^^ted at alL 

The second portion of this argument appears to be a mere 
assumption of the point to be proved, or an attempt to make that 
point clearer by a different verbal .statement. 

The third and last portion of the demonstration contains a dis- 
tinct proof of the truth of either the original proposition to be 
proved, viz., Something alvrays was," or the point proved in 
the second part of the demonstration, viz., the untenable nature 
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of the hypothesis, that the things that now are have risen out 
of nothing." It is resolvable as follows : — 

dth. If someduiig is, either it ezisiB by the neoeBsity of its 
own nature^ or it euts by the will of another being. 

Ml. If it edata by the neoeesity of ita own nature, something 
always was. 

7th. If it exists by the will of another being, then the pro- 
position, that the things which exist have arisen out of nothingy 
isfiilae. 

The laet proposition is not expressed in the same torn in the 
text of Dr. Clarke ; but his expressed conclusion of the prior ex- 
istence of another Being is clearly niciint tHjuivalent to a de- 
nial of the proposition that the things which now are have risen 
out of nothing. 

It appears, thereforo, ihat the demonstration oonsists of two 
^stinct trains of argument : one of those trains comprising what 
I liavc designated as the Jirst and second parts of the demonstra- 
tion ; the other comprising the Jirst and t/iird parts. Let us con- 
sider the latter train. 

The prendses are : — 

Ist. Something is. 

2nd. If something is, either something always was, or the 
things that now are have risen out of nothing. 

3rd. If something is, either it exists in the necessity of its 
own nature, or it exists by the will of another being. 

4th. If it exists in the necessity of its own nature, something 
always was. 

5th. If it exists by the will of another being, then the hy- 
pothesis, that the things which now are have risen out of nothing, 
isfiUae. 

We must now esqpiess symboEoally the above proposition. 
Let X > Something is. 

y = Something always was. 
z » The things which now are have risen fipom 
nothing. 

p « It exists in the neoesnty of ita own nature 

(Le. the somethmg spoken of above). 
9 - It exiato by the will of anotlitf Being. 
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It must be understoodi that by the ezpreesion, Let x m 
Something is," is meant no more than that « ia the npie- 
aentative symbol of that pn^oeition (XL 7)» the eqnatkma 
« a 1, « a 0, respeotiyely dedaring its truth md its &Iaehood. 

The equations of the premises are 

1st. 4r»l; 

2nd* jr - V (jf (1 - + ;v (1 - y)); 
Srd. «-t»{/>(l-y) + y (!-;>)); 
4th. p =^ vy; 
5th. q - v{\ - z); 

and on eliminating the several indefinite STmbda v» we havo 



l-z«0; (I) 

«(y« + (i-y)(i-'))-0; (2) 

'l/>^ + (l-p)(l-!/)j-0; (3) 

l^(l-y)-0; (4) 

qz - 0. (5) 



6. First* I shall examine whether any oondnsions are deda- 
dble from the above, concerning the truth or ftlsity of the 

single propositions represented hj the symbols /?, q, viz., of 
the propor^itiona, " Something always was ;" " The things which 
now arc have risen from nothing;" The something which ia 
ezbts by the neoesuty of its own nature The something 
which is exists by the will of another being.** 

For this purpose we must separately eliminate all the S3rmbol8 
but y, all these but <S:c. The resulting equation will deter- 
mine whether any such separate relations exist. 

To eliminate x from (1), (2), and (3), it is only necessary to 
substitute in (2) and (3) the value of x derived from (1). We 
find as the results, 

yz + (l-y)(l-;r) = 0. (6) 
i^ + (l-./»)(l-^)-0. (7) 

To eliminate p we have from (4) and (7), by addition, 

p(l-»)+W + (l-/>)O-?)-0i (8) 
whence we find, 

O-»)(l-j)-0. (9) 
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To eliminate q £rQm (5) and (9), we have 

^ir+(l-y)(l-^)oO; 

ffiifiiicB WO find 

«(l-y)-0. (10) 

There now remain but the two equadons (6) and (10), which» 
onadditionf 

yjr + 1 - y • 0. 

Eliminating from this equation we have 

or, y- 1. (11) 

Kliminating firom the same equation |r, we have 

* - 0. (12) 
The interpretation of (1 1) is 

Somethmff alwaifi woi. 

The interpretation of (12) is 

The thmga yghick are have not risen from nothif^» 

Nest resuming the Bystem (6), (7), with the two equations 
(4), (5), let us determine the two equations involving p and q 
respectively. 

To eliminate p we have firom (4) and (6), 

p(i-y) + y^ + (i-y)Ci--^)-(0); 

whence (p+\~z)zmOf or» /ur - 0. (13) 

To eliminate z from (5) and (13), we have 

qz+pz 

whence we get, 

0-0. 

There remains then but the equation (7)f irom which elimi- 
nating q^ we have 0 » 0 ior the final equation, in p* 

JSemee there i$ no comkuum derivable fiem the premises q^ 
Jirming the simple truth or fihdkood of the proposition^ *^ The 
something irhich is exists in the necessity of its own nature.** And as, 
on eliminating p, there is the same result, 0 = 0, for the ultimate 
equation in q^ it also follows, that there is no conclusion dedudble 
from the premises as to the single truth or falsehood qfthepropo- 
tition^ « The something which is exists bp the wiU of another Being" 
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Of relations connectiDg more than one of the propositions re- 
presented by the elementary symbols, it is needless to copsider 
any but that whidi is denoted by the eqnatbn (7) eonnecting 
p and inasmnch as the proporitions represented by the renudii- 

ing symbols are absolutely true or false independently of any con- 
nexion of the kind here spoken of. The interpretation of (7)9 
placed under the form 

p{l-q) + y (1 ~p) = 1, is, 

TJu tomethwg whick it, tHher exuU w tJu neeesiUif of itt 
cwn naiuref or by the vM of another being* 

I haye exhibited the details of the above analyns with a, 

perhaps, needless fulness and prolixity, because in the examples 
which will foUow, I propose rather to indicate the steps by 
which results are obtained, than to incur the danger of a weari- 
some fiequency of repetition. The condudons which have re- 
sulted from the above applicatioa of the method are easily veiified 

by ordinary reasoning. 

The reader will have no difficulty in applying the method 
to the other train of premises involved in Dr. Clarke's first Pro- 
podtbn, and dedudng from them the two first of the condusioDS 
to which Ae above analyns has led. 

Proposition II. 

7. Some one unehangeahlie and independent Being hoe exieted 
from etemiig* 

The premises from which the above proportion is |mmd 
are the following: 

1st. Something has always existed. 

2nd. If something has always existed, either there has existed 
some one unchangeable and independent being, or the whole of 
existing things has been comprehended in a socoession of change- 
able and dependent beings. 

3rd. If the universe has consisted of a succession of change- 
able and dependent beings, either that series ha^ had a cjiuse from 
without, or it luus had a cause from within. 

4th. It has not Iiad a cause from without (because it includes^ 
by hypothesis, all things that exist). 
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Ml lilMtaollyid • mat fiom within (baome no part it 
MMMury, md if no part 18 naeenftry, Ihewiiole onnotba n^ 

oeanry). 

Omitting, merely for brevity, the subaidixuy proofs contained 
in the pareptheeeg of the fourth and fiiUi piaouii» wa ma/ repsa* 
aant the pramiaaa aa fiiUowa s 

Let m m Somalfaing haa alwi^ eaated. 

y m There has exiijted some one unchangeable and in- 
dependent beinp^. 

M m There has existed a inicceaaion of changeable and 

denendent i i ^ ww - 
ji « That aeriea haa had a canaa ftein withoot 

^ ■ That series has had a cause from within. 

Then we have the following ayatem of eqaationa» vis. : 
let. 9-1; 

2nd. X = V {i/ (i - z) + z (\ - y) \ ; 
3rd. z^v{p{i'q) + {i'p)g\; 
4th. pmOi 

which, on the sapacate elimination of the indefinite symbols Vy 
givea 

1-x-O; (1) 
*|^ + (l-3f)(l-z)).0; (2) 

P-O; (4) 

9 «= 0. (6) 

TheelinunatioB fiom the above ayalem efa^ jr> mi- 

dnata to the e^natioii 

And the eliminataon ef «^ and a, oonduola in a aimihr man- 
aar to the ei|nation 

jr- I. 

Of which equations the respective interpretations are : 



iat. Tk§ whole ^ exUting things has not bsm €PS^^r€kmdid 
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The latter of theee is the propc^tion which Dr» Clarke proves. 
As, by the above ttoalyrisy all the propodtioiis represented by the 
literal s jmbolB tan detennined as absolutelj tme or 

fidse, it is needless to inquire into the enstenoe of any fiirther re- 
lations coniiecfui<^ those propositions together. 

Another proof is given of Prop, ii., which lor brevity I pass 
over. It may be observed, that the impossibility of infinite 
snooession," the proof of which forms a part of Clarke's argu- 
ment, has commonly been assumed as a fundamental principle of 
metaphysics, and extended to other questions than that of causa- 
tion. Aristotle applies it to estiibli^h the necessity of first prin- 
ciples of demonstration ;* the necessity of an end (the good), in 
human actions^ &o.t There is, peihi^, no principle more fre- 
quently referred to in his writings. By the schodmen it was 
similarly applied to proye the imposmbility of an infinite snbor- 
dination of genera and species, and hence the necessary existence 
of universals. Apparently the impossibility of our forming a 
definite and complete conception of an infinite scries, i. e. of 
comprehending it as a whoie^ has hem con&unded with a logical 
inoondstency, or contradiction in the idea itself. 

8. The analysis of the following argument depends upon the 
theory of Primary Propositions. 

Proposition III. 
That unchaageahU and independeni Being nuut be se^existent. 

The premises are: — 

1. Every being must dther have come into existence out of 
nothing, or it must have been produced by some, external cause, 
or it must be self-cxistent. 

2. No being has come into existence out of notliing. 

' 3. The unchangeable and independent Being has not been 
produced by an external cause. 

For the symbolical expression of the above, let us assume. 



• Metaphysics, III. 4 ; Anal. Post. I. 10, el *f^. 
t Mic. Ethics, Book L Cap. u. 
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X m BeingB which have arisen out of nothiog. 
y m BdngB which have been produced bj an eztenuJ 
canse. 

z « Beings which are self-existent. 

w -> The unchangeable and independent Being. 

Then we have 

x(l - 3f) (1 - «) + y (1 - a:) (1 - + 2J (1 « ») (1 - y) - 1, (1) 

« = 0, (2) 

w-»(l-y), (3) 
from the kat of which eliminating 

wy = 0. (4) 

^^^^^ • 

Whenever, as above, the yalue of a eymbol is g^ven as 0 or 1» it 
is best eHminated by ample substitntion. Thus the elimination 

of X gives 

or, y;s + (1 - y) (1 - «) .- 0. (6) 

Now adding (4) and (6), and eliminating y, we get 

the interpretation of which is, — The unchangeable and indepen^ 
deni being is neceeearHy self^xiMting, 

Of (5), in its actual fonn, the interpretation is, — Eoefpy being 
ha» eOher been produced hf an external canee, or Hie eelfiexietemt. 

9. In Dr. Samuel Clarke's ol)servations on the above propo- 
sition occurs a remarkable argument, designed to prove that the 
niaterial world is not the self-existent being above spoken of* 
The passage to which I refer is the following : 

« If matter be supposed to exist neoessarilj, then in that ne- 
cessary existence there is either included the power of gra^'itation, 
or not. If n(»t, then in a world lueroly material, and in wliich no 
intelligent being presides, there never could have been any mo- 
tion ; because motion, as has been already shown, and is now 
gnmted in the question, is not necessary of itselE But if the 

o2 
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power of gravitaAion be inoliuled in the pretended neoeflflery ex- 
iBtence of matter: then, it foUowing neoeesarily that there must 

be a vacuum (as the incomparable Sir Isaac Newton has abun- 
dantly demonstriited that there must, if gravitation be an uni- 
versal quality or affection of matter), it follows likewise, that 
matter is not a neoessary being. For if a yacuum aotnally be» 
ihen it is plainly more than posable matter not to be.^ — 
(pp. 25, 26). 

It will, upon attentive examination, be found that the actual 
premises involTed in the above demonstration are the following : 

let. If matter is a necessary beings ather the property of gra- 
vitation is necessarily present^ or it ib necessarily absent. 

2nd. If gravitation is necessarily absent, and the world is not 
subject to any presiding Intelligence, motion docs not exist. 

3rd. If the property of gravitation is necessarily present, the 
existence of a vacaum is necessary. 

4th. Ktheeiistenoeof a vacnmn is necessary, matter is not a 
necessary being. 

5th. If matter is a necessary being, the world is not subject 
to a presiding Intelligence. 

6th. Motion exists. 

Of the above premises tlie first four are expressed in the de- 
monstration ; the fifth is implied in the connexion of its first and 
second sentences; and the sixth expresses a ftet, which the aa- 
ihor does not appear to have thought it necessary to state, but 
which is obviously a part of the ground of his reasoning. Let us 
represent the elementary propositions in the following manner : 

Let X «- Matter is a necessary bdng. 

J/ = Gravitation is necessarily present. 

/ = Gravitation is necessarily absent. 

z - The world is merely material, and not subject to 

any predding Intelligence. 
w a Motion exists, 
v = A vacuum is necessary. 

Then the system of premises will be represented by the following 

equations, in which (j is employed as the symbol of tune indefi- 
nite: 
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«-^|y(l-0 + O-y)^)- 

tZm q(\ - to). 

V s= ^ (I - a). 

X = yz. 

From which, if we eliminate the symix>Li tjy wc have the follow- 



ing system, viz. : • 

*l»<+0-y)0-0)-o. 0) 

<2W « 0. (2) 

2/(1 -«)-0. (3) 

t7x = 0. (4) 

x(l-js)«0. (5) 

1 - w - 0. (6) 



Now if from these equations we eliminate u?, v, and we 
obtain the equation 

which expresses the proposition, Matter is not a neeesgarp bemg, 

ThLs is Dr. Clarke's conchision. If we endeavour to eliminate 
any other set .of five 8ymbt)ls (except the set w, 2, y, ty and a:, 
which would ^ve 10 « I), we obtain a result of the form 0 « 0. 
It hence i^pears that there are no cth$t conokuAom 
ikt absolute truth or falsehood of any of ^ demmiary proposUums ' 
dedgnated by single symbols. 

Of conclusions expressed by equations involving two symbols, 
there exists but the following, viz. : — If the world is merely maU' 
rial^ and not eubjeet to a presiding InieUigence^ giramtation ie not 
neeeeearSy absent* This oonoliinoii is eiprosaed by the equation 

B O9 whence z- q^i- t). 

If in the above analyns we suppress the concluding premiss, ex- 
pressing the fact of the existence of motion, and leave the hyi>o- 
thctical principles which are embodied in the remaining premises 
untouched, tome remarkable conclusions follow. To these I 
shall direct attentaon in the following chapter. 

10. Of the remainder of Dr. Clarke's argument I shall briefly 
ttatc the bubstauce aud couiicxiuu, dweiiiiig ouly ou certain por- 
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tions of it which are of a mofe oomplez character than the otbeEB» 
and afford better illustrtttioiia of the method of this work. 

In Prop. nr. it is ahown that the substance or eeaence of the 

Bclf-cxistcnt being is incomprehensible. The tenor of the reason- 
ing employed is^ that we are ignorant of the essential nature of 
all other thingSi— much inore» then, of the essence of the self- 
ezistent being. 

In Prop. y. it is contended timt though l3ie snbstance or 

essence of the Bcll-cxititcnt being is itself absolutely incompre- 
hensible to us, yet many of the essential attributes of his nature 
axe strictly demonstrable, as well as his existence." 

In Fwp. it is argued that the self-existent being must 
of necessity be infinite and omnipresent f* and it is contended 
that his infinity must be " an infinity of fulness as well as of 
immensity/* The ground upon which the demonstration pro- 
ceeds is, that an absolute necessity of existence must be inde- 
pendent of tune, place, and drcumstance, firee from limitatioD, 
and therefore exdudbg all imperfection. And hence it is in- 
ferred that the self-existent being must be " a most simple, un- 
changeable, incorruptible being, without parts, figure, motion, 
or any other such properties as we find in matter." 

The premises actually employed may be exhibited as fellows : 

1. If a finite bdng is ad^existent, it is a oontiadiction to 
suppose it not to exist. 

2. A finite being may, without contradiction, be absent fipom 
one place. 

3» That which may without contradiction be absent from one 
place may without contradiction be absent from all places. 

4. That which may without contradiction be al).^ent from all 
places may without contradiction be supposed not to exist. 
Let us assume 

X " Fiiiite beings. 

y a Tlungs self-existent. 

z = Things which it is a contmdiction to suppose not to cxif t. 
w ^ Things which may be absent without contradiction from 
one place. 

I . Things which without contradiction may be absent firom 
every place. 
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We have on eipmaing the aboTe, and elmuiiatuig the indefinite 
0ymbols» 

ay(l-«)-0- (I) 
x{\ -lo) «0. ' (2) 

v{\-t) -0. (3) 
- 0, (4) 

Eliminating in 8iiooeB8um and Zf we get 

the inteipretatioii of which is, — Whaieoer ii selfeseisteni is m- 
JlmU. 

In Prop. Tii. it is argued that the eelf^zistent bdng must of 

necessity be One. The order of the proof is, that the self-exis- 
tent being ia necesaarily existent," that neceesity absolute in 
itaelf is simple and unifonn, and without any possible difference 
or ymiBty" that all " ▼ariet7 or difference of existence" implies 
dependence ; and hence that whatever eidsts necessarily is the 
one einiple essence of the self-existent being." 

The conclusion is also made to tiow £rom the ibllowing pre- 
mises: — 

1. Ifliiere are two or more necessary and independent bongs, 

either of them may be supposeil to exist alone. 

2. If either may be supposed to exist alone, it is not a contra- 
diction to suppose the other not to exist. 

3« If it is not a contntdiction to suppose this, there are not 
two necessary and independent beings* 

Let us represent the elementary propositions as follows : — 

X B there exist two necessary independent beings. 

y m other may be supposed to exist alone. 

z it is not a contradiction to suppose the other not to exist. 

We have theoy on proceeding as before, 

x(l-y)-0. (I) 
y(l-r).0. (2) 
= 0. (3) 
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Filiminating y and we have 

Whence, TheTe do not exist two necessary and independent beings. 

1 1 . To the premises upon which the two previous propositions 
mty it is well known that Bishop Butler, who at the time of the 
pnblicatioii of the " Demoiistration»'' was a student in a non- 
confonnist academy, made ol:jection in some celebrated letters, 
which, together with Dr. Clarke's rejilicd to them, are usually 
appended to editions of the work. The real question at issue is 
the validity \)f the principle, that whatsoever is absolutely ne- 
oeesaiy at all is absolutely neoessaiy in eveiy part of space, and 
in every point of duration,*'-^ principle assumed in Br. Churke'e 
reasoning, and explicitly stated in his reply to Butler's first let- 
ter. In his second communication Butler says : I do not con- 
ceive that the idea of ubiquity is contained in the idea of self* 
existence, or direeUifJbUawMjram ii^ any otherwise than as what^ 
ever exists must exist somewhere.*' That is to say, necessary 
existence implies existence in some part of space, but not in 
every part. It does not appear that Dr. Clarke was ever able to 
dispose effectually of this objectioD. The whole of the corres- 
pondence is extremely curious and interesting. The objections 
of Butler are piedsely those which would occur to an acute mind 
impressed with the conviction, that upon the sifting of first prin- 
ciples, rather than upon any mechanical dexterity of reasoning', 
the successful investigation of truth mainly depends. And the 
replies of Dr. Clarke, although they cannot be admitted as sati^ 
fteUMry, evince^ in a remarkable d^^ree, that peculiar intellectnal 
power which is maniftst in the work firom which the discuseioa 
arose. 

12. In Prop. VIII. it is argued tliat the self-existent and ori- 
ginal cause of all things must be an Intelligent Being. 

The mun argument adduced in support of this prc^Kwition is, 
that as the cause is more excellent than the e^et, the sell^ 
enstent bdng, as the csuse and original of all things, must con- 
tain in itself the perfections of all things ; and that Intelligence 
is one of the perlections manifested in a part of the creation. It 
is further argued that this perfection is not a modification of 
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£giiie» divinbili^y or my of the known propertieB of matter; 
Ibr these are not perfeotioii8» bat UmttaHam* To this ie added 

frame of the universe. 

There is appended, however, a distinct argument for the 
eziatence of an inteUigent self^istent being, founded upon the 
phnomeiial eziatence of motioain the uniyerse. I shall briefly 
exhibit this proo^ and shall apply to it the method of the present 
treatise. 

The argument} omitting unimportant explanationsy is as fol- 
lows: — 

'Tis evident there ia some snch % thing as motion in the 
world ; which dther began at some time or other, or was eternal. 
If it began in time, then the question is granted that the first 
cause is an intelligent being. . . • On the coutraryy ii' motion was 
eteina], either it was eternally caused by some eternal intelligent 
being, or H must of itself be necessaiy and self-exiBtent, or else^ 
without any necesrity in its own nature, and without any external 
necessary cause, it must liave existed from eternity by an endless 
successive communication. If motion was eternally caused by 
some eternal intelligent being, this also is granting the question 
as to the present dispute. If it was of itself neoessaiy and self- 
eiistenty then it follows that it must be a contradiction in terms 
to 8u[)po9e any matter to be at rest. And yet, at the same time, 
because the determination of this self-existent motion must be 
every way at once, the effect of it would be nothing else but a 
• peipetnal rest. .But if it be said that motion^ without any 
eemty in its own nature^ and without any external neeoasaiy 
cause, has ensted fiom eternity merely by an endless succesnve 
communication, as Spinoza inconsistently enough seems to assert, 
this I have before shown (in the proof of the second general 
propontion of this discourse) to be a plain contradiction. It re- 
mains, therefore, that motion must of necessi^ be originally 
caused by something that is inteUigent." 

The premises of the above argument may be thus disposed : 

1. If motion began in time, the first cause is an intelligent 
being. 
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2. If motioii htm existed fiom etenuty, either it hai been 
eternally orased by some etenial intelligent bein^ or it is eel^ 
ezistenty or it most haye existed by endless soooessive oommnni- 

cation. 

3. K motion has been eternally caused by an eternal intelli- 
gent being, the first cause is an intelligent being. 

4. Kit is self-existenty matter is at rest and not at rest. 

0. That motion has existed by endless snooesave oommnni* 

cation, and that at the same time it is not self-existent, and has 
not been eternally caused by some eternal intelligent beings is 
fabe. 

To express these propositions, let us assume — 

X B Motion began in time (and therefore) 
I - X - Motion has existed from eternity. 
y m The first cause is an intelligent being. 
p m Motion has been eternally oansed by some eternal intelli> 

gent being. 
q m Motion is self^xistent. 

r » Motion lias existed by endless suooessive couununicatiou. 
s » Matter is at rest. 

The eqaations of the premises then are— 
l-«-t.|p(l-y)(l-r) + g(l -p)(l-r) + i:(l.p)(l-^)). 

r(l-^7)(l-;^)-0. 

Since^ by the foorth equation, obtain, on snbstitating 

fotq its value in the remaining equaAions, the system 

. aj««y, l''X^v[p(l-r) + r{l-p)]^ 
p-ty> r(l-p)-0, 

from which eUiuinating the indefinite symbols t;, we have the 

final reduced system, 

«(l-y)-0. (1) 
(l-x){pr-f(l-;>)(l-r))«0, . (2) 
7.(l-y) = 0. (3) 
r(l-i,)-0. (4) 
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We afaall first seek the tbIhb of y, the symbol inyolyed in Dr. 
Clarke's oonoliisioii. First, eliminating x fnm (1) and (2), we 
have 

(1-3^) lpr^(l-p){l^r)]^0, (5) 
Next, to eliminate r from (4) and (5), we have 

r (1 -p) + (1 -y) (F- + (I -i') (1 -r)\ - 0, 

0-y)0-i>)-o- (6) 

Lastly, eliminating p from (3) and (6), we haYO 

1 -t/ = 0, 

y = i> 

which ex p r e s ses the required eondiieion, ThtfitH cemte is an 

itUelUycnt hcimj. 

Let U8 now examine what other conclusions are deducible 
from the premises. 

If we sabstitiite the Talae just found for y in tlie equations 
(1), (2), (3), (4), they are reduced to the foUo^g pair of equa- 
tions, yiz., 

(l-«){pr+(l-,.)(l-r))=0, r(l-p)-0. (7) 

Kliminating from these equations we have 

r(l -p) - 0, whence r • 191, 

which expresses the conclusion, If motion has existed by endlen 
stiecetnve eonummieaiiani it has been etemaSy caused by an eter^ 

Agvun eliminating, from the given pur, r, we have 

(l-x)(l-;,)=.0, 

or, 1 - « - tji, 

which expresses the condusioo, J^motiam has existed from eter^ 

mUyy it has Uen eternally caused by same eternal intelligent being, . 

Lastly, from the same original pair eliminating/?, we get 

(l-»)r-a, 

whieh, solved in the form 

l«x-o(l-r), 



. kj u.^ .d by Google 



2 04 



CLABKB AND 8PIKOZA. 



[chap. ZUI, 



gtwes the ocmdnnon, ffmUUm has exuted/ram tUrmiff^ it hag mot 
existed by an endless sueeessive e o m mmu eatioiu 

Solved under the form 

r »tfXj 

the above equation leads to the equivalent conclosion, IfmoUom 
exists by an endless successive comimmication^ it fm/an in time. 

13. Now it will appear to the reader that the iirst and last of 
the above four conelusions are inoonsiBtent widi each other. The 
two coDflequenoes drawn from the hypotheflie that motion exists 
by an endless successive communication, viz., Ist, that it has 
been eternally caused by an eternal intelligent being; 2ndly, that 
it bcg^n in time, — arc plainly at variance. Nevertheless, they are 
both rigorous deduetions from the original premiseB. The <qppo- 
aition between them is not of a lo^iba( but of what is technically 
termed a material, character. This opposition might, however, 
have been formally stated in the premises. We might ha\ e 
added to them a formal proposition, asserting that whatever is 
efemo/!^ eansed by an eternal intelligent being, does not begin in 
tune." Had this been done, no such opposition as now appears 
in our conclusions could have presented itself. Formal logic 
can only take account of relations which are formally ex]>re^sed 
( VL 16) ; and it may thus, in particular instances, become ne» 
cessary to express, in a formal manner, some connexion among 
the premises which, without actual statement, is involved in the 
very meaning of the language employed. 

To illustrate what has been said, let us add to the equations 
(2) and (4) the equation 

JWJ-O, 

which expresses the condition above adverted to. We have 

(1 - «) {|ir + (l-p) (1 -r)) + r(l-/,) +jw. 0. (8) 

Eliminatbg p irom this, we find simply 

r-O, 

which expresses the proposition, Motion does not exist by an end^ 
less successive communication. Know we substitute for r its value 
in (8), we have 

(1 - a:) (1 - /i) + /KC a 0, or, 1 - « 
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wlienoe we hsve the interpfetaAuniy ffmoHnm ha$ aiUedJram 
Hermly^ ii hag been eUmaU^f earned hy an eUnud intdl^ent hemg ; 

together with the converse of that propoehaon. 

In Prop. IX. it is argued, that " the self-existent and original 
cause of all things is not a necessaiy agent, but a being endued 
wHh liberty and ohoice." The proof ia baaed miunly upon hia 
poiMMaoa of inteDigence, and upon the eiiatenoe of final cauBeB, 
implying design and ehoioe. To the objeedon that the supreme 
cause operates by necessity for the production of wliat is best, it 
is replied, that this is a necessitj of fitness and wisdom, and not 
cf nature. 

14. In Prop. z. it ia aigoed, that the flel£>eziBtent being» 
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power." The ground of the demonstration is, that as " aU the 
powers of all things are derived from him, nothing can make any 
difficulty or resistance to the execution of his will.'* It is de- 
fined that the infinite power of the Belf-«xiitent being does not 
extend to the making of a thing which implies aeontnidietiont'* 
or the doing of that which would imply imperfection (whether 
natural or moral) in the being to whom such power is ascribed," 
but that it does extend to the creation of matter, and of an im- 
msterialy oogitative substance, endued with a power of beginning 
motion, and with a liberty of will or dioioe. Upon this doctrine 
of liberty it is contended that we are able to give a satisfiictory 
answer to *'that ancient and <^reat question, iroOiv to kokov, 
what is the cause and original of evil The argument on this 
head I shall briefly exhibit. 

All that we caU evil is either an evU of imperfection, as the 
want of certun fiumlties or ezoelleneies which other creatarte 
hare ; or natural evil, as pain, death, and the like ; or moral evil, 
as all kinds of vice. The first of these is not properly an evil ; 
for every power, faculty, or perfection, which any creature enjoys, 
being the free gift of Grod, • . it is plain the want of any certam 
&ealty or perfection m any kind of cre a t ur es, which never be- 
longed to thebr natoretf is no more an evil to them, than thdr 
never having been created or brought into being at all could pro- 
jxjrly have been called an evil. The second kind of evil, which 
we call natural evil, is either a neoessaiy consequence of the 
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former, as death to a creature on whoee nature immortality was 
never oonierred; and then it ii no more properly an evil than the 

former. Or else it is counterpoised on the whole with as great 
or greater good, as the afflictions and sufferings of good men, 
and then also it is not properly an evil ; or eLs^ lastly, it is a 
poniahment, and then it is a neoeaaaxy oonsequenoe of the third 
and last kind of evil, via., moral evil. And this ariaea wholly 
from the abuse of liberty which God gave to His creatures for 
other purposes, and which it was reasonable and fit to give them 
for the perfection and order of the whole creation. Only they^ 
contrary to Crod'a intention and command, have abnaed what was 
neoeesary to the perfection of the wholot to the oomiption and 
depravation of themselves. And thus all sorts of evils have en- 
tered into the world without any diminution to the infinite good- 
neaa of the Creator and Governor thereof." — p. 112. 

The main premises of the above aigument may be thus 
stated: 

Iflt. AllreputedeviiiBeitherevilof imperfection, or natural 

evil, or moral evil. 

2nd. Evil of imperfection is not absolute evil. 

3rd. Natural evil ia either a consequence of evil of imperfeo> 
tion, it is c(uppensated with greater goodi or it ia a conse- 
quence of moral evil. 

4th. That which is either a consequence of evil of imperfec- 
tion, or is compensated with greater good, is not absolute eviL 

dth. All absolute evils are included in reputed evils. 

To express these premises let us assume — 

10 b reputed evil. 

X = evil of imperfection, 
y B natural evil, 
^.moralevil.' 

p - consequence of evil of imperfection. 
q B compensated with greater good. 

r ■ consequence of moral evil, 
t B absolute evil. 

Then, regarding the premises as Primary FtopontioiiSy of which 
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all the predicates are portioiilary and the conjonctioiu eUher^ or, 
as absolutely disjimotivey we have the fi>Uowiiig equations : 

ip-t;(x(l-^)(l-2)+y(l-«)(l-^) + 'fa-«) 
If^vlp(l-q) (l-r) + y(l -r) + r(l-p)(l-.y)) 

From which, if we separately eliminate the symbol v, we have 

«7{l^;i:(l-i^)(l-^)-y(l-«)(l-;f).^(l-a;)(l-y)J«0,(l) 

«e-o» (2) 

!f{l-pii-q)il-r)-q(l-p){i-r)-r(l-p)(l^q)]^0,{3) 

{p(l'q)^q{l-p))i-0. (4) 

t(l - 10) - 0. (5) 

Let it be required, first, to find what conclusion the premises 
wamnt us in fonning respecting absolute evils, as ooncems their 
dqwndence upon moral evils, and the consequences of moral 
evfls. 

For this purpot^c we must dctcrniine t in tenns of z and r. 
The symbols w, q must therefore be eliminated. The 

process is easy, as any set of the equations is reducible to asingle 
equation by addition. 

Eliminating to from (1) and (5), we have 

<|l.«(l-y)(l-z)-^(Ua;)(l-z)-z(l-«)(l.y)JoO.(6) 
The elimiuatiou oi'/> from (3) and (4) gives 

yfr + w# + y*(l-r)(l-y)-0- (7) 
The elimination of ^ from this gives 

yf(l-r)-0. (8) 
The elimination of x between (2) and (6) gives 

t{yz^{l-y)(\-z)]^0. (9) 
Ihe i»1»i«mftrinin of ij from (8) and (9) gives 

(l-r)-0. 

Tills is the only relutiou existiug between the elements and r. 
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We henoeget 

- J «• + J*a- r) + J (I -«)r 4 0 (I -*)(l -r) 

the interpretation of which is, Absolute evil is either moral eoilf or 
it iif if not moral evil, a consequence of moral evil. 

Any of the results obtained in the prooesB of the above aolii- 
tion fbrnieh os with inteipretatbne. Thus fiom (8) we might 

deduce 

whence, Absolute evils are either natural evils, which are the con- 
sequences of moral evUs, or they are not natural evils at all. 

A Tariety of other ooneliuionB may be deduced fiom the ^ven 
equations in reply to questions which may be aibitzarily pro- 
posed. Of such I shall give a fnw examples, without eibibiting 
the intermediate processes of solution. 

Quest. 1. — Can any relation be deduced from the premises 
connecting the following elementSy vis. : absolute evils, conse- 
quences of evils of imperfection, evils compensated with greater 
good? 

Ans. — No relation exists. If we eliminate all the symbols but 
2r,jp, the result is 0 = 0. 

Quest. 2. — Is any relation implied between absolute evils, 
evils of imperfection, and consequences of evils of imperfectioiu 

Ans^The final relation between ^ and p b 

whence 

Therefore, Absolute evils are neither evils of imperfection^ nor con- 
sequences of evils of imperfection. 
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Quest. 3. — Required the relation of natural evils to evils of 
imperfection and evils compensated with greater good. 
We find _ ^ 

/jj^y = 0, 



Therefore, Natural eviU are either eoneegvencei of emle of imper- 
feeticn whiA are not compemated vrith greater goodj or t/wi/ are not 
eoneequeneee ofemU of imperfeetum at all. 

Quest. 4. — In what relation do those natural evils which are 
not moral* evils stand to absolute evils and the consequences of 
moral evils? 

If y (1 - z) « we find, after elimination, 

t*(l- r) = 0; 
0 0 0 , . , 

Therefore, Natural emle^ whieh are not moral emh^ are either abeo' 
lute emley whiA are the eoneequeneee of moral evUe, or they are not 

abaolnte evils at ail. 

The Ibllowing coiicluf-ions have been deduced in a similar 
manner. The subject of each conclusion will 8how of what par- 
ticiilar things a description was required, and the predicate will 
show what dements it was designed to involve ; — 

Aheidid^ evils, whieh are not eonsequences of moral evib, are 

maral and not natural f n7.«. 

Absolute evils ichidi are not moral evils are natural evils^ which 
are the consequences of moral eviU, 

Natural evils which are not eonsequenees of maral evils are not 
ahmkute evils. 

Lastly, let us tieek a description of evils which are not abso- 
lute, expressed in terms oi' natural and moral evils. 
We obtain as the final equation, 

»-'-y* + Sy(i-*)+50-y)« + a-y) (»-')• 

The direct interpretation of this equation is a necessary truth, 
but the reverse interpretation is remarkable. Evils whieli are both 



210 



CLARiLS AUD 8PINOZ4. 



£CUAP. XUI. 



natwal and moral, and ewU tohich are neither ruUural nor moral, 
are not abedvU eoils. 

This conclusion, though it may not express a truth, is oeiv 
tainly involved in the given premises, as formally stated. 

15. Let us take from the fiame argument a somewhat fuller 
system of premises, and let us in those premises suppose that the 
partidesy eUh^r^ or, aie not absolutely disjunctiTe, so that in the 
meaning of the expression, " either evil of imperfection, or na- 
tural evil, or mond evil," we include whatever possefiaes one or 
more of these qualities. 

Let the premises be— 

1. All evil (ir) is cither evil of imperfection (x), or natural 
evil (y), or moral evil {z)* 

2. Evil of imperfection {x) is not absolute evil 

3. Natural evil (//) is either a consequence of evil of imper- 
fection (p), or it is compensated with greater good (^), or it is a 
consequence of moral evil (r). 

4. Whatever is a consequence of evil of imperfection (p) is 
not absolute evil {£), 

5. Whatever is compensated ^vith greater good (^) is not 
absolute evil {t). 

6. Moral evil {z) is a consequence of the abuse of liberty (a). 

7. That which is a consequence of moral evil (r) is a conse- 
quence of ihe abuse of liberty {u). 

8. Absolute evils aie included in reputed evils. 

The premises expressed in the usual way ^ve, after the elimi* 
nation of the indefinite symbols the following equations : 



«^(l-ic)(l~y)(l-^)«0, (1) 

e 0, (2) 

y(l-p)(l-^)(l-r)-a, (3) 

- 0, (4) 

qt = 0, 

z(l-tt) = 0, (6) 

r(I-ii)-0, (7) 

#(l-io)»0. (8) 



Each of these equations satisfies the condition F(l - « 0« 
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The ftllowlug MoltB m eaaily dednoed--* 

Haiural evil is eit/ter ahmlute n^il, which is a consequence 0/ mo* 
red evil, or Hie not aheoiute evU at all. 

AU mi§ mr$ eiiket abeoluU mU^ which cm comeequeneee ofih$ 
mhm cf Hbertjff or ihmf are no€ ttheolute ecili. 

Natural emU are either evils of itnpt^r/ectlon, fchich are not ah* 
solute evils f or they are not evils of impajedion at all. 

Absolute evils an$ cither natural cvilSf which are eonsequencci of 
fke etbmm of Iskerty^ or Aey art not natural eoUs, and at the came 
t6m$ not evils of imperfection. 

Consequences of the abuse of Bberiy include all natural evils 
%thich are nl>s<>/nU' rvi/s, and are not evils of iftiperfxtton, rridi an 
indejimte remaindtr of natural evils tMeh arc not abeoiutCf and 0/ 
avilc which an not ntttural» 

16. These exMnpUw wOl suflBce for flltutndoo. The retder 
en emsily supply others if they mre needed. We proceed now to 
examine the most essential puruuini oi' the demonstration of 

DEFINITIONS. 

I . By e eatise 0/ itse{f(eamcacm)^ I anderstend Uiet of which 

thr r»sence involve- oxlsti-nrf, or tlmt of which the nature cau- 
not be c/jncrived except as existing. 

8« That thing is sud to be finite or Ixmnded in its own kind 
(im cm ^cnercjbuta) which may be boimdfd by another thing of 
the tame Idnd ; e. g. Body is said to be fhiite, because we can 
ttlwaN'!* conceive of another IhhIv fxre.iter tliun a given one. So 
thought la bounded by other tlutught. l)ut body is not bounded 
by thooghty nor thought by Inxly. 

3« By •nbstaiice» 1 imderstand that which is in itself (m se), 
and is ooooeiTed by itself (per ce ameipitwr)^ i. e., that whose 
conception (lr>efl not re<|uire to be formed from the conception of 
another thing. 

4. By attribute, I understand that which the intellect per- 
celTea in iiib8taiiee» as constituting its irciy essence, 

5. By mode, I understand the ailbctions of substance, or that 

whicli i- in an<»ther thing, by which thin^ alw» it conceived. 

6. By Oud, I understand the Being absolutely infinite, that 
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is the substance consistuig of mfinite attribates, each of wluch 
expresses an eternal and infinite essence. 

Explamtion. — I say abi?olutely infinite, not infinite in itd 
own kind. ITor to whatever is only infinite in its own kind we 
may deny the potoession of (some) infinite attributes. But when 
a thing is absolutely infinite^ whatsoever expresses essence and 
iuToIres no negation belongs to its essence. 

7. That thing termed Jree^ whicli exists by the sole neces- 
sity of its own nature^ and is determined to action by itself alone ; 
necessary^ or rather constrained) which is determined by another 
thmg to existence and aetiony in a certain and determinate man- 
ner. 

8. By eternity, I understand existence itself', in so far as it is 
conceived necessarily to follow from the sole definition of the 
etenial thing. 

EsBpUmattcn. — ^For such exiBtence» as an eternal truth, is con- 
ceived as the essence of the thing, and therefore cannot be ex- 

phiined by mere diirati(in or time, tliou^h the hitter should be 
conceived as without beginning and without end. 

AXIOMS. 

1. All things wluch east are either in themselves {in se) or 
in another thing. 

2. That which cannot be conceived by another thing ought 
to be conceived by itself. 

3. From a given determinate cause the effect necessarily fol- 
lows, and, contrariwise, if no determinate cause be granted, it is 
impossible that an effect should follow. 

4. The knowledge uf'the cflTcct depends upon, and involvcj?, 
the knowledge of the cause. 

5. Things which have nothing in c<munon cannot be under- 
stood by means of each other ; or the conception of the one does 
not involve the conception of the other. 

6. A true idea ought to agree with its 0¥m object. {Idea 
vera debet rum suo ideato convemre.) 

7* Whatever can be concaved as non-existing does not in- 
volve existence in its essence. 
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Other definitums ate impHedy and other azioiiiB are yirtoallj 
aMmned, in some of the demofiBtrations. Thus, in Prop, t., 

*' Substance is prior in niiture to its uftbctions," tlic proof of 
which coDsitftd in a mere reference to Defs. 3 and 5, there 8ceni8 
to be an assomption of the following axiom, viz^ That by which 
a thing is concaved is prior in nature to the thing oonodved." 
Again, in the demonstration of Ph>p. v. the converse of this 
axiom is assumed to be true. Many other examples of the same 
kind occur. It is impossible, therefore, by the mere jiroecs^es of 
Logic, to deduce the whole of the conclusions of the iin^t book of 
the EUuoB finom the azims and defimtions which aie prefixed to 
it, and which are given above. In the brief analysis which wiU 
Mlow, I shall endeavour to present in thdr proper order what 
appear to me to be the real prenlise^', whether fonimlly stated or 
implied, and shall show in what manner they involve the conclii> 
sions to which Spinoza was led. 

17. I eoncdve, then, that in the course of his demonstiatioii, 
%>ino2a eOects seversl parallel dimons of the universe of pos- 
sible existence, as, 

1st. Into things which fire in themselves, x, and things which 
are in some other thing, x'i whence, aa these classes of thing toge- 
ther make up the universe, we have 

« + a;' = 1 ; (Ax. i.) 
or, xm I -af. 

2nd. Into things which are conceived by themselves, and 
things which are oonoeived through some other thing, y; 
whence. 

y-l-y. (Ax. II.) 

3rd. Into bubtitance, z, and modes, ^ ; whence 

r a 1 - (Def. III. V.) 
4th. Into things free, /, and things necessary, /; whence 

/«!-/. (Defvii.) 

5th. Into things which are causes and self-existent, e, and 
things caused by some other thing, e ; whence 

s • I - e . (Def. I. Ax. vii.) 
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And his reasmdng prooeeds upon the ezpreflsed or aBsmned 
principle, that ihese diviaoiis am not only paiaUel, but eqaivi^ . 
lent. Thns in Def. iii., Snhetenoe is made eqmvalent ^lith tiiaft 

which is conceived by itself; whence 

Agun, Ax. IV., as it is actually applied by Spinoza, estab- 
lishes the identity of cause with that by which a thing is ooo- 
ceived; whence 

Sf-e. 

Again, in Def. vu., things £ree are identified with things 
self^«ziBtent ; whence 

Lastly, in Def. v., mode is made identical with tiiat which is 
in another thing ; whence 2^ « o^, and therefore, 

AU these results may be collected together into the following 
series of equations, viz. : 

«-y-z=/=e= 1-sf- 1-/'= l-z'^l-e. 

And any two members of this series oonneeted together by the 

sign of equality express a conclusion, whether drawn by Spinoza 
or not, which is a legitimate consequence of his system. Thus 
the equation 

expresses the sixth proposition of his system, viz.. One substance 
cannot be produced by another. Similarly the eqoation 

expresses his seventh proposition, viz., " It pertains to the nature 
of substance to exist." This train of deduction it is unnecessary 
to pursue. Spinoza applies it chiefly to the deduction according 
to his views of the properties of the Divine Natore, having first 
endeavoured to prove that the only substance is God. In tlie 
steps of this process, there appear to me to exist some fallacies, 
dependent chiefly upon the ambiguous use of words, to which it 
will be necessary here to direct attention. 



^.d by Google 



CHAP. XUK] 



CLABKB AND 8PINOZA. 



215 



18. In Prop. T. it is endeayomed to sbow, that ^ There cannot 
edet two or more subetancee of the same natnre or attribute." 
The proof is virtually as follows : If there aze more substances 

than one, they are distinguished either by attributes or modes ; 
if by attributes, then there is only one substance of the same at- 
tribute ; ii' by modes, then, hiying aside these as non-eseentialy 
there remains no rtal gnnmd of distinotion. Henoe there eodsts 
bat one snbstanoe of the same atCaribnte. The assumptions here 
involved are inconsistent with those which are found in other 
parts of the treatise. Thus substance, Def. iv., is apprehended 
by the intellect through the means of attribute. By Def. vi. it 
may hare many attributee. One snbstanoe may, th6refi»e» oon- 
eewabfy be distingaished fiom another by adiflferenoe in some of 
its a ttri bu te s , while others remain the same. 

In Prop. VIII. it is attempted to show that, All substance 
is necessarily infinite. The proof is as follows. There ex- 
ists but one substance, of one attribute, Prop. v. ; and it per> 
taioB to its nature to exist, Prop. tii. It will, therefore, be of its 
nature to exist other as finite or infinite. But not as fimte, for, 
by Def. ii. it would require to be hounded by another substance 
of the same nature, which also ought to exist necessarilt/^ Prop. 
VII. Therefore, there would be two substances of the same 
attribute, which is absurd, Pkop. Subetanoe^ therefine, is 
infinite. 

In this demonstration the word finite" Is confounded with 
the expression, " Finite in its own kind," Def. ii. It is thus as- 
sumed tliat nothing can be finite, unless it is bounded by another 
thing of the same kind. This is not consistent with the ordi- 
nary meaning of the term. 'Spinoca's use of the term finite 
tends to make space the only form of substance, and aD eziBting 
things but affections of space, and this, 1 liiiuk, is really one of 
the ultimate foundations oi' his system. 

The first scholium applied to the above Proposition is r^ 
maricable. I give itin the original words ! " Quum finitum esse 
rerera at ex parte n^tio^ et infinitum absolnta affirmatio exis- 
tcntias alicujus natune, sequitur ergo ex sola Prop. vit. omnem 
substantlam debere esse iiifinitam.** Now this is in rejdity an 
assertion of the principle afiirmed by Clarke, and oontroyerted by 
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Butler (XIII. U), that neoeeeary existence impliee eustence 
in every port of space. Ftobably tliis principle friU be found to 

He at the basu of every attempt to demonstrate, a priori, the 
existence uf an Infinite Being. 

From the general properties of substance above stated, and 
the definition of God as the substance consisting of infinite at> 
tributes, the peculiar doctrines of Spinoza relating to the Divine 
• Nature neoessarity foDow. As snbetanoe is self-esdstent^ iiree, 
causal in its very nature, the tiling in which other thing? are, 
and by which they are conceived; the same properties are also 
asserted of the Deity. He is sel^^xistenty Prop. xi. ; indivi- 
sible, Prop. XIII.; the only substance, F^p. zir.; the Being in 
which all things are, and by which all things are concaved, 
IV)p. XV.; free, Prop, xvii.; the immanent cause of all things, 
Prop. XVIII. Tlie prool' that God is the only substance is dniwn 
from Def. vi., which is interpreted into a declaration that God 
is the Being absolutely infinite, of whom no attribute which ex- 
presses the essence of substance can be denied." Eveiy con- 
ceivable attribute being thus assigned by definition to Him, and 
it being dctcnnined in Prop. v. that there cannot exist two sub- 
stances of the same attribute, it follows that God is the only 
substance. 

Though the Ethics*' of Spmoza, Hke a large portion of his 
other writings, is presented in the geometrical form, it does not 

afford a good praxis for the symbolical method of this work. 
Of course every train of reasoning admits, when its ultimate 
premises are truly determined, of being treated by that method ; 
but in the present instance, such treatment scarcely differs, ex- 
cept in the use of letters for words, firom the processes employed 
in the original demonstrations. Keasoning which consists so 
Lirgely of a \)\i\y upon terms defined as equivalent, is not often 
met with ; and it is rather on account of the interest attaching to 
the subject, than of the merits of the demonstrations, highly as 
by some they are esteemed, that I have devoted a fow pages 
here to thdr exposition. 

19. It is not po:•^ible, I think, to rise from the perusal of the 
arguments of Clarke and Spinoza without a deep conviction of the 
futility of all endeavours to establish, entirely d |»rtort,theexiBtence 
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of an Infimte Being, His attributes, and His rdation to the mii- 
Terse. The fundamental prindpleof all such speculations, viz., that 
whatever we can clearly conceive, mudt exist, fails to accomplish 
its eodf even when its truth is admitted. For how shall the iiuite 
oomprehend the infinite ? Yet most the possibility of such con- 
ception be granted, and in something more than the sense of 
a mere withdrawal of the limits of phtenomena] existence, before 
any solid ground can be established for the knowledge, « priori, 
of things infinite and eternal. Spinoza's aitirmation of the re- 
ali^ of such knowledge is plain and explicit : Mens humana 
•dwiutt^ iMbetoogmtioiiem iBtenw et mfinite eMenti. Dd" 
(Prop. XLVii., Part 8nd). Let tbis be compared with Prop, 
xxxiv., Part 2nd : " Omnis idea quae in nobis est absoluta 
sive ada^quata et periccta, vera est and with Axiom vi., Part 
Isty Idea vera debet cmn suo ideato convenire." Moreover, this 
species of knowledge is made the essential constituent of all other 
Imowledge : De natnra lationis est res sub quadam stemitads 
specie perciperc" (Prop, xliv., Cor. ii., Part 2nd). Were it 
gaid, that there is a tendency in the hunian mind to rise in con- 
templatioQ from the particular towards the universal, from the 
finite towards the infinite, from the transient towards the eternal ; 
and that this tendency suggests to us, with high probability, the 
enstence of more than sense pcrcdves or understanding compre- 
hends ; the statement might be accej)ted jk? true for ut least a 
a large number of minds. There is, however, a claujs of 8])ecu- 
lations, the character of which must be expliuned in part by 
iderenoe to other causes, — impatience of probable or limited 
knowledge, so often all that we can really attun to ; a dedre fcnr 
absolute certainty where intimations sufficient to mark out before 
us thcixith of duty, but not to satisfy the demands of the specu- 
lative intellect, have alone been granted to us ; perhaps, too, 
dissatisfiMrtion with the present scene of things. With the 
ondue predominance of these mottYCS, the more sober procedure 
of analogy and probable indncdon falls into neglect. Yet (he lat- 
ter is, beyond all question, the course most adapted to our pre- 
sent condition. To iuier the existence of an inteiiigeut cause 
from the teenung evidences of surrounding dcugn, to rise to the 
conception of a moral Governor of the w<Hrld, firom the study of 
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the wmUtutiaii and tlie maul proYiBUiiiB of our own mitiire ; — 

these, though but the feeble steps of an imderstandiDg limited 
in its faculties and its materials of knowledge, are of more avail 
than the ambitious attempt to arrive at a certainty unattainable 
on the grocmd of natural religum* And as these were the most 
anoienty ao are they still the most solid fonndatiops, Bevelatioii. 
being set apart, of the belief that the course of this world is not 
abandoned to chanoe and inexorable ikte. 
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CHAPTER XIV. 

IXAMPLE OF THE ANALYSIS OF A SYSTEM OF EQUATIONS BY THE 
METHOD OF REDUCTION TO A SINGLE BQUIVALENT EQUATION 
Vm 0, WHSRSIX FaATXSFIBS THB oomhtiov F) •O. 

1 • T" ET us take the remarkable system of premises employed 
in the previous Chapter, to prove that Matter is not a 
neoeseaiy being and suppreaaing the 6th premiBa, viz., Motkm 
eadatfl, frnmine some of the ooDsequenoee whicfa flow finom the 
ranaining premiaee. This ia in reality to accept aa trae Dr. 
Clarke's hypothetical principles ; but to suppose ourselves igno- 
norant of the fact of the existence of motion. Instances may 
occur in which such a selection of a portion of the premises of 
an aigoment may lead to interesting conaequenoea, thoo^ it is 
mth other Tiewa that the present example haa been reaomed. The 
premises actually employed will be — 

1. If matter is a necessary being, either the property of gravi- 
tation is necessarily present, or it is necessarily absent. 

2. If gtavitatioa ia n o e o aa a rily abaent> and the world ia not 
eobjeot to any prending intelligenee, motion doea not eziat. 

3. If gravitation is necessarily present, a yaonum ia necessary. 

4. If a vacuum is necessary, matter is not a necessary being. 

5. If matter is a necessary being* the world is not subject 
to a preai^bEig intelligenoe. * 

If, aa before, we represent the elementary pfopoeitiona by the 
ftUowing notation, tis. : 

« * Matter is a necessary bdng. 

y • GriaTitation is necessarily present. 

10a Motion eziata. 

t = Gnivitation is nccossai ily absent. 

X - The world is merely material, and not subject to a 

presiding intelligence, 
o - A vaooom ia necessary. 
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We shall on exprosrion of the premises and elimmation of the 

indefinite class symbols (^), obtain the following system of eqiu^ 
tions: 

xyt ■¥ xyt = 0, 
vx »• Ot 

in which for brevity y stands for 1 -y, Ifor 1 - 1; and so on; whence, 

also, \ - t ^ \ ~ y = &c. 

An the first nicinbors of these equations involve only positive 
terms, wc can i'orm a single equation by adding them together 
( vm. Prop. 2), via. : 

ay/ + ayi + yi? + px + + tzw « 0, 
and it remains to reduce the first member so as to cause it to 

« 

satisfy the condition V ( \ - / ') = 0. 

y^iix this purpose we will £rst obtain its development with 
leference to the symbols x and y. The result is — 

+ r + » + z + tzw) ay + (^ +!? + « + Uw) ay 
+ (v + tzw) xy -h £010^ s 0. 

And onr object will be aooomplished by reducing the fiiiirooeffi- 
dents of the development to equivalent forms, themselves satis- 
lying the condition required. 

Now the iirst coefdcient is» since v + p « i, 

1 + # + i + tzwy 

which reduces to unity (IX. Prc^. 1). 
The second coefficient is 

^ + » + z + tzwy 

and its reduced ftnn (X. 8) is 

(p + tvz + /p<no. 

The third coctlicicnt, v + tzw, retluccs by the same method 
to + tzwv ; and tlie last coedicient tzw needs no reduction. 
Hence the development bec(»neB 
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ajf + (7 + + ivg + ivzw) a;^ (v + tzwo) + izwxy » 0; (I) 

and t\\U h the form of reduction soujjht. 

2. Now according to the principle asserted in Prop, iii., 
Chap. X., the whole relation connecting any particidar 8ct of the 
sjnnbok in the above equaticm may be deduced by developing 
that equation with reference to the partieuhur Bymbols in question^ 
and retaining in the result only those constituents whose coef- 
ficients are unity. Thu^, if x and y are the symUold chosen, we 
are immediately conducted to the equation 

whence we have 

jr-5(l-a:), 

with the interpretation, If gravitation is mcessarUy pretaUf nuU" 
ter is not a necessary being • 

Let U8 next seek the relation between x and w. Developing 
(1) with respect to those symbols, we get 

(jf + tg + tvy + ivzg tvzy) xic ^ (y ^ ty ^ try ^ tvzy) xTB 

+ (i^ + tzoy + tzy) xtD + vyxw - 0. 

The coefficient of xw, and it alone, reduces to unity. For 
tizy + ivzy = tvyy and tvy + tly = ty, and tff + /// = i/, and hu^tly, 
jf -f y ■> 1. This is always the mode in which such redactioos 
lake phoe. Hence we get 

xw s 0, 
w = ^ (1 - x), 

of which the interpretation is, J[f motion exists^ matter is not a ne^ 
eesiory Iteing. 

If, in like niannery we devek»p (1) with respect to x and 
we get the equation 

0 

with the interpretation, If ma tier is a urrcssary Iteinp^ tJie world 
is merely maltriul^ and wUhoui a presiding intelligence. 



222 BXAMPLB OF ANALYSIS. [CHAP. XIV* 

This, indeedi b only the fiilh premiss reproduced, but it 
shows that there is no other lelfttioiLCOiineotiiig the two elemeatB 
which it inTolves. 

K we seek the whole rdation connecting the elements x, w, 

and y, we find, on develo|»ng (1) with reference to those sym- 
bols, and proceeding as before, 

xy + xwy m 

Suppose it required to determine hence the consequences of the 
hypothesis, ** Motion does not exist," rektiyely to the questioiis 

of the necessity of matter, and the necessary presence of gravita- 
tion. We find 

w ■» — I 

ay 

X I .0. 
ay 0 ^ ^ 0 

or, 1 - to - ay + ^ X, with ay • 0. 

The direct interpretation of the first equation is. If motion does 
not exist, either matter is a necessary being, and gravUcUion is not 
mecessarity present, or matter is not a necessary being. 

The reverse interpretation is, IfnuOUr is a neeesmay My, 
mndgraoHaUem nei ttsosMoiy, moHtm does mot exist. 

In exactly the same mode, if we sought the full reUtion be- 
tween X, z, and we should find 

From this we may deduce 

Therefore, If the world is merely material^ and not subfeet to 

any presiding intelligence, either matter is a necessary l>eingy and 
motion does not exist, or matter is not a necessary being. 

Also, reversely^ If matter is a necessary heing^ and there it no 
euek thing as motion^ the world is merely material. 

3. We might, oi' course, extend the same method to the de- 
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termination of the oonaequences of any complex hypothesb 
soch as, The world b merely material, and without any pre- 
nding intelligenoe (ir), bfot motion enata" (to)» with reference to 
any other elementa of donbt or speculation inyolved in the origi- 
nal premises, such as, Matter is a necessary being" (x), " Gra- 
vitation is a necessary quality of matter," (y). We should, for 
this purpoee, oonneot with the general equation (1) a new 
o^naitiooy 



reduce the system thus formed to a single equation, 0, in 
which V satisfies the condition F(l - F) » 0, and proceed as 
above to determine the rektion between «, andy, and finally « , 
M adeveloped function of « and y. Bat it ia votj much better 
to adopt the medioda of Chapters vni. and ix. I shall here 
simply indicate a few results, with the leading steps of their de- 
duction, and leave their verification to the reader's choice. 

In the proUem last mentioned we find, as the relation ooo- 
neeting |f» 19, and 

xw xwjf + xwyz « 0. 

And if we write u =\xy) and then eliminate the symbols x and y 
by the general problem. Chap, ix., we find 

m + zyu - 0, 

whence 1 ^ . 0 _ 

wherefefo 0 — ^ 

Hence, If the world is merely material^ and without a presiding 
uUeUufence, and at the same time motion exists, matter is not a ne- 
eeMsarff bang* 

Now it has before been shown that jfwwH/m exuU, moHer is 
mt a necessarp hemg, so that the aboye oondnrion teDs us ef«n 
less than we had before ascertained to be (infercntially) true. 
Nevertheless, that conclusion is the proper and complete answer 
to the question which was proposed, which was, to determine 
omplT liie consequences of a certain complex hypothesis. 
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4. It would tlius be casj^ even irom the limited system of 
premises before us, to deduce a great wriety of additional iii£> 
renceS) inTolying, in the ooiiditioiis whidi are given, any pnn 
posed combinations of the dementary propomlaons. If the con- 
dition is one which is inconsistent with the premises, the fact 
will be indicated by the form of the solution. The value which 
llie method will assign to the combination of symboJs expresslTe 
of the proposed condition wiQ be 0. If, on the other hand, the 
fulfilment of the condition in question imposes no restriction npoa 
the propositions among which relation is sought, so that every 
combination of those propositions is equally possible, — the fact 
will also be indicated by the ifxrm of the solution. £jcampk8 
of each of these cases are subjoined. 

If in the ordinary way we seek the consequences which would 
flow from the condition that matter a necessary beiti//, and at 
the same time that motion exists, as affecting the Propositions, 
The world is merely material^ and unHurnt a pr€$idnig itUeU^enee, 
and, Qramiaiian U meoestarUy pntaiti we shall obtain the eqiia> 
tion 

which indicates that the condition proposed is inconsutent with 
the prenuses, and therefi>re cannot be fulfilled. 

If we seek the consequences which would flow from the con- 
dition that Matter is a necessary beinfj, and at the same time 
that Motion does exist, with reference to the same elements as 
above, viz., the absence a presiding inUUigenee, and the fieees- 
sity of ffrauHation, — we obtain ihe following result, 

(1 -a:) = ^t^z + (1 -z) + ^ (1 - + ? (I - y) (1 -z), 

which might literally be interpreted as follows : 

If matter is not a necessary beinp, and motion exists, then 

either the world is merely material and irithout a presidiity intcl- 
liyence, and grax'itation is necessary, or oneofthe^e two results fol^ 
lows without the other, or they both fail being true. Wherefore 
of the four possible combinations, of which some one is true of 
necessity, and of which of necessity one only can be true, it is 
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affinned that any one may be true* Such a result ia a tniifltn — 
• BMre metmpy truth. Still it oflntMna tha only aiifwer whioh 

can be given to the queatioii propoied* 

I do not deem it necessary to vindicate against the charge of 
laborious trifling thciic application!*. It may be requisite to en- 
tar with souic fulness into details usclc88 in themselves, in order 
to aatafalith oonfidenoa io geaet a l ptinoiplaa aod mathoda* Whan 
tint end ahall hava been aooompUahed in the anljaot of the pre- 
sent inquiry, let all that has contributed to its attainment, but 
has ailcrwards been found superfluous, be foigotten. 
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CHAPTEB XV. 

THB ARISTOTELIAN LOGIC AND ITS MODERN EXTENSIONS, BX- 
AMIN&D BY TUB MBTHOD OF THIS TBBATISB. 

1. ^T^HE logical system of Aristotle, modified in its details, 

^ but unchanged in its essential features, occupies [so im- . 
portaat a place in academical education, that some account of its 
nature, and some brief discuBsion of the leading problems wfaidi 
it presents, seem to be called for in the present work. It is, I 
trust, in no narrow or harshly critical spirit that I approach this 
task. My object, indeed, is not to institute any direct compa- 
rison between the time-hononied system of the schools and that 
of the present trealase ; bat» setting truth above all other con- 
nderations, to endeavour to exhibit the real nature of the andent 
doctrine, and to remove one or two prevailing misapprehensions 
respecting its extent and sufficiency. 

That which may be regarded as essential in the spirit and 
piooedure of the Aristotelian, and of all oognate systems of Iiogicb 
is the attempted dassifioation of the allowable forms of inference, 
and the distinct reference of those forms, collectively or indivi- 
dually, to some general principle of an axiomatic nature, such as 
the " dictum of Aristotle Whatsoever is affirmed or denied of 
the genus maj in the same sense be affirmed or denied of any 
species included under that genus. Concerning such general 
principles it may, I think, be observed, that they cither state di- 
rectly, but in an abstract form, the argument which they ore 
supposed to elucidate, and, so stating that argument, affirm its 
validity ; or involve in their expression technical terms which, 
after definition, conduet us again to the same point, viz., 
the abstract statement of the supposed allowable forms of in- 
ference. The idea of classification is thus a pervading element 
in those systems, f'urthennore, they exhibit Logic as resolvable 
into twougrcat. branches, the one of which is occupied with the 
treatment of categorical, the other wiih that of hypothetical or 
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conditional propositions. The distinction is nearly identical with 
that of primary and secondary propoaitioiia in the present work. 
TbediaeiMBionof the thaary gfcategorieal;^ mall 
tileoidinaiytrestifles of Logic, miich more fbU and elaborate than, 
that of hyp^)thetical propositions, and is occupied partly with 
ancient scholastic distinctions, partly with the canons of deduc- 
tive inference. To the latter appUcatioa only is it necoDoary to 
direct attentioii hare* 

8. Gategoncal propodtkms are olaMod mder die ftur 
. lowing headsy viz. : 

TYPB. 

let. Universal affirmative Propositions : All F's are X's. 
2nd. Universal negative „ No F's are X's. 

3rd. Particular affinnatiTe „ Some F's are X*b» 
4t]L Fiurticiilar B^galm „ Some 7*8 are not X's. 

To these forms, four others have recently been added, so as 
to constitute in the whole eight forma (see the next article) sna- 
oeptible, howcTert of reduction to 8ix» and subject to xelatioiia 
which have been diacnased with great ftdneaa and ability by Fko- 
fessor De Morgan, in his Formal Logic. A scheme somewhat 
different from the above has been given to the world by Sir W. 
Hamilton, and is made the basis of a method of syllogistic in- 
ftmce, which is spoken of with ray hi^ leapect fay anthoritiea 
en the aalject of Logic*. 

The prooemet of Formal Logic, m rdalion to^e above system 
of propositions, are described as of two kinds, viz., " Conversion** 
and " Syllogism.*' By Conversion is meant the expression of 
any propotttion of the above kind in an equivalent form, but ¥rith 
a reraaed order of terms. By Sj^legism is meant the dednctioa 
firom two anoh propoaitioiiB having a common term, whether 
subject or predicate, of some third proposition inferentially in- 
volved in the two, and formin<^ the ** conclusion." It is main- 
tained by most writers on Logic» that these processes, and ac- 
cording to aome» the single proceaa of Syllogiam» fumiah the 
umyevial types of reaaoning, and that it is the bnnueaa of the 
mind, in any train of demonatralion, to conform itMlf, whether 

• ThomftOB's OoUinet of the Laws of Thought, p. 177. 
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consciously or unconsciously, to the particular models of the pro- 
cesses which have been classified iu the ¥nitiiigs of logicianB. 

3. The ooovBe whioh I de0ig& to pfunue is to show how 
these proceeses of Syllogism and CoiiTeraioii may be oonduoted 
in the most general manner upon the principles of the proflcn t 
treatise, and» viewing them thus in relation to a system of Logic, 
the foundations of which, it is conceivedy have been bud in the 
ultimate kwe of thought, to seek to detenmne their true phoe 
and essential charaoter. 

The expressions of the eight fuiidanicntal types of proposi- 
tion in the language of symbols are as follows : 

1 . All rs are X% y - vx. * 

2. No Y's are A's, ^ » t;(l - a;). 

3. Some Y's are X\ «y •> «p* * 

4. Some Y*b are not-JjC's, ty « v (1 - a;). 

5. Allnot-ysareX's, l-y = «i?. (I) 

6. No not- Y's arc A''p, i - y = v {I ~ x), 

7. Some not- Vs are X's, v{l -y) = vx. 

8. Some not- ys are not- JiC's, v (1 -y) « o (1 - 

In referring to these forms, it will be convenient to apply, in 
a sense shortly to be ezpbined, the epithets of logical quantify 
^^univenal" wad *^ partioular/' and of quality, ^'affirmadve" and 
** negatiye," to the terms of propositions, and not to the propo- 
sitions themselves. We shall thus consider the term " All Y\" 
as universal-afl&rmative ; the term ** Y*g,** or " Some ITs," as 
particuhu^affirmative; the term All not- Fs,'' m univensal-ne- 
galire ; the term Some not* ys," as partioular-negatiTe. * The 
expression ** No ys," is not properly a term of a proportion, for 
the true meaning of the proposition, No Y's are X's," is '* All 
Y's are not-X's." The subject of that proposition is, therefore, 
muTersal-affinnative^ the pcedicate particularHMgadye. That 
there is a real distinotion between theooneeplaons of ^^m^'^and 
**not men*' is manifost. This distbction is all that I oontem- 
j)late when applying as above the designations of affinnative and 
negative, without, however, insisting upon the etymological pro- 
priety of the application to the terms of propositions. The 
designations positiYe and priYatiye would have been more i^^ 
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propriate, W the ftrnwr term it almidj employed in • iiid 

eeniie in other {mrts of this work. 

4, From the aymbolicul fonii3 ohovo given the laws of COO- 
rmmm immeduitely foUow* Thui from (be eqiuUioa 

g e pfe wa ting the propootioii, All Fa «e Z'si** we dednee^ on 
ernnineting v, 

y(l-x)«0, 

which giTee fay eolntioii with leAmee to 1 «- e^ 

l-«-?(l.y); 
tihe interpreted of whieh 11, 

All Dot-JSC's ere not- Fa. 

TUi ia en exemple of whet ia called <<nigBtave coBTenion.'* 

In like maimer, the equation 

repraaanting the propogiiiou, No Fb are X*a," ^vea 

«-5(i-y)» 

temterpi«tstaonofwhichM,««NoiC'aeTOFa." Thia ia an 
eiemple of what ia tanned eimple co nve raion ; though it ia in re- 
ality of the same kind as the conversion exhibited in the previous 
example. All the examples of conversion which have been noticed 
bj loLn^'iaoa are either of the above kind» or of that which con- 
ate in the mere trenapoaition of the tenna of e pfcpoattion, with- 
ontellanng their qnaU^, ee iriien we change 

ay • ei^ rep t e a enting » Some Fa ere X'a, 

imo 

car«if^ repreaantingy Some iC'a era Fa; 

or they involve a combination of tho!*e pHJcej^ses M-ith fKime auxi- 
liary prooeaa of limiUtioDy aa when from the equation 

y « ««» repreaenting. All Fa era X\ 
we deduce on multiplicaiiuu by 

ly • ec» ra pc eae nting i Some Fa are X*a» 

end hflooe 

vMmvif^ repraaanting, Some X'§ ere Fa. 

Digitized by 



880 



ARiaroTiLUfr logic 



[chap. XT. 



In this enmiplei tfaa piooeM of lindtatioii pseoedes thai of 

tnmspositaoii* 

From these instances it is seen that conversion is a particu- 
lar application of a much more general process in Logic, of which 
many examples have been given in this work. That process has 
for its object the detenniiuitioii of any element in any propoeitioOf 
however oomplex, as a logical fbnotion of the remaining elements. 
Instead of confining our attention to the subject and predicate, 
regarded as simple terms, we can take any element or any 
oombination of elements entering into either of them; make that 
element» or that oomlMnation» the ** solgeot" of a new proposilion ; 
and determine what its pre^cate shall be, in aoooidanoe with the 
data afforded to us. It may be remarked, that even the simple 
forms of propositions enumerated n lx)ve afford some ground for 
the appUoadon of such a method, beyond what the xeoeived laws 
of conTerdon appear to recognise. Thus the eqnalka 

jf-M^ representing^ All Y*f^wnX% 

gives us, in addition to the proposition beibie deduoed, the three 
ibUowing: 

1st. y (1 - x) B 0. There are no Ps that ace not-JIC's. 

2nd. l-jf«jap + (l-a;). Things that are not- Y's include all 

things that are not-X*s, and an 
indefinite remainder of things 
that are X's. 

drd. jr«y-i-^(l*y). Things that are Z'sindndeaUl^iiigi 

that aro Ps, and an indefinite 

remainder of things that are not- 
Ps. 

These conolnsions, it is tme, merely pkoe the given propo- 
ntion in other and equivalent forms, — but such and no more is 
the office of the received mode of " negative conversion." 

Furthermore, these processes of conversion are not elemen* 
taiy, but they are cmbinations of processes more simple than 
they, more immediately dependent upon the ultimate laws and 
arioma which govern the use of the symbolical instrument of 
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leasomng. This lemark is eqnaiDj applicable to the ease of 
Sjyllogisiiiy whioh we prooeed next to ooonder. 

5. The nature of syllogism is best seea in the particular in- 
stance. Suppose that we have the propositions! 

All Z's are Fs* 

AU Fa are Z's. 

Erom tiieoe we may deduce the oondnsion, 

Ally's are Z's. 

This is a syUogietio inference. The terms X and Z are called 
the extremes, and Y is called the middle term. The function 
of the syllogism generally may now be defined. Given two pro- 
pofiidons of the kind whose species are tabulated in (I), and in- 
▼oliriiig one middle or common term F, which is connected in 
one of the proporitions with an extreme X, in the other with an 
extreme Z; required the relation connecting the extremes X and 
^. The term Y may appear in its aflirmative form, as. All F's, 
Some Ys ; or in its negative form, as. All not- F's, Son^e not* 
Ps ; in either proposition^ without regvd to the particular fonn 
which it assumes in the other. 

Nothing is easier than in partieular instances to resolye the 
Syllogism by the method of this treatise. Its resolution is, in- 
deed, a particular application of the process for the reduction of 
■ystema of propositaona. Taking the examples above ^tcd, 
wehavcb 

If" vis; 

whence by BobstitutioD, 
which is interpreted into 

An JIT'S areZ's. 

Or» proceeding rigorously in accordance with the method deve- 
loped in (VIU. 7), we dednee 

a;(l-y)-0, y(l-z) = 0, 
Addii^ these equations, and eliminating we ha^ 
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whence ^ * 5 ^* ^ ^ 

And in the same way may any other case be treated. 

6. Quitting, however, the conaideration of special ezamplfiSy 
let us cnraniifie the general forms to whioh all syllogism may be 
reduced. 

Proposition L 

To deduce the general rules qf Syllogism. 

By the general rules of Syllogism, I here mean the rules appli- 
cable to premises admitting of every variety both of quantity 
and of quality in their subjects and predicatesy except the com- 
faiiiataon of two wiiyeraal terms in the same proposition. The 
adnusdble finrms of propositions ace therefore those of which a 
tabular view is given in (1). 

Let X and Y be the elements or things entering into the first 
premiss, Z and Y those involved in the second. Two cases, iun- 
damentally different in charaotery will then present themsdra. 
The terms inyolving FwDl either hecfUkear niFwilike guaUly, 
those terms being regarded as of like quality when they both 
speak of " F's," or both of" Not- Y's," as of unlike quality when 
one of them speaks of Y^e" and the other of " Not- s." Any 
pair of premises. In iriiich the ibnner condition is satisfied, may 
be represented by the equations 

iw - t<Sf, (1) 
wzmwy; (2) 

for we can employ the symbol p to repteBeat dther ^< All Y's," 
or Allnot-ys," since the inteipretaticmofthe symbol is pnreTj 
eonventaonal. If we employ y in- llie sense of All not- ys," 
then \-y will represent «« All Y\" and no other change will 
be introduced. An equal freedom is permitted with reqtect 
to the symbols x and 2, so that the equations (1) and (9) may, 
by properly assigning the interpretations of y, and jp, be made 
to represent all varieties in the oombination of premises dei>en- 
dent upon the quality of the respective terms. Again, by as- 
suming proper interpretations to the symbols t/, to, u/, in those 
equations^ all wieties with reference to quani^ may also be 
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wpi^etanted. Him, if w tikft l» md wpwMnt by a cim 
indfllfante, the eqiwtkm (1 ) will re pff c a ent • udveMl propondon 

■coording to the ordinary sense of that term, i. c, a pro[H>>ltion 
with universal subject and particular predicate. We may, in 
htitf gm to Bubjeot aiid piredioftte in eithor prenuM whaterflr 
faanHHn (ongthis term in the Mholastio tense) we pleeae^ ex- 
eept that by h3rpotheni, they most not both be tiniyersal. The 
system (1), (2), representei, therefore, with |)erfeet pjencrality, 
the poMible combinationa of premises which have like middle 

7. Thnt oar enaljas mi^ be ei genenl m the eqiotlioiis to 
wiueh it is applied, let us, by the method of this work, eBmi* 

natc t/ from (l)and (2), and peek the expressions for x, I - x, and 
«r, in temis o£z and of the symbols r, r , u?, w. The above will 
omlnde all the pomible forms of the enlgeot of the oonohiMon. 
The haa e ( 1 - jp) is exdnded, imMmoeh as we cannot from the 
interpietalioB loi « Some X'a, given in the premises, interpret 
r( I - x) aj? Some not-A"s. The symbol r, when u^ed in the senj^e 
of soine»" applies to that teon onljf with which it is connected 
m thepmiam. 

The retdta of the aoalyoe are le fbOows : 

+ ?{rr'(l-.c)+l-r)(l-z), (L) 

I -«-[« (1 -i^ (1 0 «0 

4 ? (rr'(l - ic) (1 - k7') + ICM7' (I - v) (I - r) + (1 - r) (1 - w)l]z 

+ (I - M^) w + J (w^ (1 - > ^ I - 1 J] (I - (IL) 

far-(wiru? +2w'(l-ir)(l-ir')Jr+ ^(1 -"'Xl -z)- (Ul.) 

Eaoh of then esprmsiooa inTolvea in its aeoood member two 
tenosy of one of which sr ia a ftctor» of the other I - Bot 

syllogii*tir inference doa^ not, as a matter of form, admit of con- 
tnty clantMn iu its oonclusiunf as of Zs and notrZ's together. 
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We most, therafore, in older to determine the roles of that 
speeies of inHnenoey aaoertain under what oonditionB the eeccMid 
members of any of oor equations are redndble to a smgle term. 

The simplest form is (1II.)> it is reducible to a single 
term if to' » 1 • The equation then becomes 

vx - w'wZf * (3) 

the first member is identical with the extreme in the first pie- 
miss; the second is of the same qnantity and quality as the extreme 
in the second premiss. For since «/ « 1, ^e second member of 

(2), involving the middle term //, U universal; therefore, by the 
hypothesis, the first member is particular, and therefore, the se- 
cond member of (3), involving the same symbol w in its coeffi- 
denty is partioular also. Hence we deduce the foUoiving law. 

Condition of Inference. — One middle term, at least, uni- 
versal. 

Bulb of Infb&bncx.— -Equate the extremes. 

Firom an analysis of the equations (I.) and (II.), it will fbrtiier 

appear, that the above is the only condition of syllogistic in- 
ference when the middle terms are of like quality. Thus the 
second member of (L) reduces to a single term^ if tr' = 1 and 
« B 1 ; and the second member of (II.) reduces to a angle tenii» 
if ts-l. Li each of these cases, it is necessary that 

u/^\^ the solely suffident condition before assigned. 

Consider, secondly, the case in which the middle terms are 
of unlike quality. The premises may then be represented un- 
der the foxms 

M - *if, (4) 

tiw- w'(l -y); (5) 

and if, as before, we eliminate and determine the expressions 
oiZf 1 - and vx, we get 

«- [w (I - w) a/ + ^ (i«i^(l -») + (I -») (1 (1 -^P) 

+ i;'(l-ic)(l-io)J]-5 
+ Ivvw' + ^ ((1 - v) (1 - tO + t;'(l - w")]} (I - z). (IV.) 
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1 - jc = [mo'v + I? (1 - t?') (1 - to) + j [ww' (1 - v) 

+ (1 - ») (1 - V) (I - IT) + 1/(1 - W) (1 - 10'))] « 

+ - + J 1^(1 - + (1 - 1^) (1 - t,')j] (1 - z). (V.) 

vz « {m;'(l-io)to'+ ^ trt/ (1 - lo) (1 - « 

+ {w/io' + ? W(l - nO) (1 - «). (VL) 

Now ihe seoomd member of (VL) lednoes to a flin^^ teim xdiH 
ti?«ljto;^ifi0»l> giTing 

- {tw'w' + j w' (1 - a^')J (1 - -2) ; 

the seoond member of which is oppoeite, both in quantity and 
qiialit7» to the oonespoiidiiig extreme, tozj in the second prenuas* 
For dnoe lo • 1, wz is muversaL But the fiustor tn/ indicates 
that tiie term to which it Is atteohed is partiedar, eince by hypo- 
thesis V and V are not both equal to 1 . Hence we deduce the 
ibUowing kw of inference in the case of like middle terms : 

Fntsr Condition of Invbbbncb^<K host one wmer$al 

extreme. 

Bulb of iNFXRSNCid — Change the guantiijf and quality ^ 
Attt esBtremef and equate Ifte teeidt io Ae e^er e sdr e aie. 

Moreover, the second member of (V.) reduces to a single term 
Hi/ ^IfU/mi; it then gives 

1 - » « {v» + ^ (1 - v) w) 

Now since v's 1, vf^ 1, the middle terms of the premises are 
both imiversal, therefore the extremes vx, wz, are particular. 
But in the conclusion the extreme involving x is opposite, both 
in quantitj and quality, to the extrane i» in the first prenuss, 
whUe the extreme involTiiig z agrees both in quantity and qna- 
fity with the corresponding extreme wz in the second prenuss* 
Hence the following general law : 
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Sbcomd Condition of Infbrbncb. — Two wdoentd ndddk 

terms. 

Rule of Inference. — Change the quantity and quality of 
either extreme^ and e^Mote the renUt to the other extreme wh 
ehanffed* 

There are in the case of tmlike middle terms no other condi- 
tions or rules of syllogistic inference than the above. Thus the 
equation (IV.), though reducible to the fonn of a syllogistic coa- 
dbjsioii^ when w - 1 and o ■> 1, does not thereby establish anew 
oood^lxon of inferenoe; since, by what has preceded, the 
condition ?; = 1, or «? = 1, would suffice. 

8. rThe following examples will sufficiently illustrate the ge- 
neral Ailes of syllogism above given : 

-I 1. All Y*s are JTs. 

All are Fs. 

This belongs to Case 1. All Y's is the uniTennl middle term. 
The extEemee equated give as the condndon 

All Z's are A"s ; 

the imiverssl term. All Z's, beocxning the subject; the psrtioiilar 
term (some) JTs, the inedioate. 

. 2. All A"s are F s. 
No Z's are Fs. 

The proper ezpresdon of these premises is 

All X's are Fs. 
All 2r 8 are not- Fs. 

They belong to Case 2, and satisfy the first oonditionof inferencs. 

The middle term, Y*8, in the first premise, is particuhn^-affirma- 
ti\ e ; that in the second premiss, not- Fs, particular-negative. 
If we take All as the universal extreme, and change its 
quantify and qjpsHty aooording to the nde, we obtain the tem 
Somenot-^8, andthiseqiditedmththeotiier eztrane, AUJT^ 
gives. 

All A''a ai-e not-Z^s, i. e., No X'a are Z's. 

If we oonunence with the other universal extreme, and prooeed 
similarly, we obtain the equivalent result, 

No Z*a are -Y's. 
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3. All Ts are JTa. 
AUnot-FsttreZ's. 

Here also the middle terms are unlike in quality. The premises 
therefore belong to Case 2, and there being two universal middle 
terms, the second condition of inference is satisfied. If bj the 
role we diange the qusntitj and quality of the first eitreme, 

(some) A"8, we obtain All not-A*8, wliich, equated with the 
other extreme, gives 

All not-^s are Z's. 
The leTcrBe order of procedure would give the equivalent result. 

All not--2r8 are A'*8. 

The conclusions of the two last exsmples would not be recog- 
nised as valid in the seholasttc system of Logic, which virtually 

requires that the subject of a proposition should be affirmative. 
They are, however, perfectly legitimate in themsclvei^, and the 
rules by which they are determined fonn undoubtedly the most 
genertl canons of syllqgistio inference. The process of investi- 
gation by which they aro deduced will probably appear to be of 
needless complexity ; and it is certain that they might have been 
obtained with greater facility, and "without the aid of any sym- 
bolical instrument whatever. It was, however, my object to 
condnet the investigation in the most general manner, and by an 
anslyris thoroughly exhaustive. With this end in view, the 
brevity or prolixity of the method employed is a matter of indif^ 
ferenoe. Indeed the analysis is not properly t hat of the syllogism, 
but of a much more general combination of propositions ; for we 
an permitted to assign to the symbols v, t/, to, «/, any class-in- 
terpretations that we please. To illustrate this remark, I will 
apply the sobtion (I.) to the fi>1]owing imaginary case : 

Suppose that a number of pieces of cloth striped with diffe- 
rent c^ilours were submitted to inspection, and that the two fol- 
lowing observations were made upon them : 

1st. That eveiy piece striped with white and gfeen was also 
striped with, bhek and yellow, and vice ttersd. 

2nd. That ever>' piece striped with rod and orange was also 
striped with blue and yellow, and vice versa. 
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Suppose it then required to determine how the pieces marked 
with green stood affected with referenoe to the oolonn whiter 
Uack, nsdf orange, and bkie. 

Here if we aesiime V- white, x <= green, i/«b1ack, y = yellow, 
fo B red, z m orange, uf m blne^ the expression of our premises will 
be 

vx = w'y, 

agreeing with the system (1) (2). The equation (I.) then leads 

to the following conclusion : 

Pieces striped >vith green are either striped with orangje, 
white, black, red, and blue, together, all pieces possessing which 
ohaiacter are included in those striped with green ; or they are 
striped with orange, white, and black, but not with red or blue ; 
or they are striped with orange, red, and blue, but not with white 
or black ; or they are striped with orange, but not with white or 
red ; or they are striped with white and black, but not with blue 
or orange ; or they are striped ndther with white nor orange. 

Considering the nature of this oondusion, neither the sym- 
bolical expression (I.) by which it is conyeyed, nor the analyns 
by which that expression is deduced, can be considered as need- 
lessly complex. 

9. The form in which the doctrine of syllogism has been 
presented in this chapter affords ground for an important obser- 
vation. We haye seen that in eadi of its two great divisions the 

entire discu.<sion is reducible, so far, at least, as concerns the de- 
termination of rules and methods, to the analysis of a pair of 
equations, viz., of the system (1), (2), when the premises have 
like middle terms, and of the system (4), (5), when the middle 
terms are unlike. Moreover, that analysis has been aetuaUy 
conducted by a method founded upon certain general laws de- 
duced immediately from the constitution of lanf^nage. Chap, ii., 
confirmed by the study of the operations of the human mind. 
Chap. III., and proved to be applicable to the analysis of all sys^ 
tems of equations whateyer, by which propositions, or eomfaim^ 
tions of proporittons, can be represented. Chap. VIII. dere, dwn, 
we have the means of definitely resolving the question, whether 
syllogism is indeed the fundauicntal type of reasoning, — whether 
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the study of its laws is co-cxtensive with the study of deductive 
logic. For if it be so, some indication of the fact must be given 
in the systems of equations upon the analysis of which we have 
been engaged. It cannot be conceived that syllogism should be 
the one essential process of reasoning, and yet the manifestation 
of that process present nothing indicative of this high quality of 
pre-eminence. No sign, however, appears that the discussion of 
all systems of equations expressing propositions is involved in 
that of the particular system examined in this chapter. And yet 
writers on Logic have been all but unanimous in their assertion, 
not merely of the supremacy, but of the universal sufficiency of 
'syllogistic inference in deductive reasoning. The language of 
Archbishop Whately, always clear and definite, and on the sub- 
ject of Logic entitled to peculiar attention, is very express on 
this point. " For Logic," he says, " which is, as it were, the 
Gram mar of Reagpning, does not bring forward the regular Syl- 
logism as a distinct mode of argumentation ^ designed to be substi- 
tuted for any other mode ; but as the form to which all correct 
reasoning may be ultimately reduced.*** And Mr. Mill, in a 
chapter of his System of Logic, entitled, " Of Ratiocination or 
Syllogism," having enumerated the ordinary forms of syllogism, 
observes, " All valid ratiocination, all reasoning by which from 
general propositions previously admitted, other propositions, 
equally or less general, are inferred, may be exhibited in some of 
the above forms.** And again : ** We are therefore at liberty, 
in conformity with the general opinion of logicians, to consider 
the two elementary forms of the first figure as the universal types 
of all correct ratiocination.*' In accoi-dance with these views it 
has been contended that the science of Logic enjoys an immunity 
from those conditions of imperfection and of progress to wliich 
all other sciences are subject ;t and its origin from the travail of 
one mighty mind of old htis, by a somewhat daring metaphor, 
been compared to the mythological birth of Pallas. 

'As Syllogism is a species of elimination, the question before 
us manifestly resolves itself into the two following ones: — 1st. 
Whether all elimination is reducible to Syllogism ; 2ndly. Whe- 



* Elemeats of Logic, p. 13, ninth editioa. 
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ther deductive reasoning can with propriety be regarded as con- 
nstmg only of elimination. I believe, upon ciureful examination, 
the true answer to the fimner question to he, that it is ahrajs 
theoretically posdihle so to resolve and comhine propoations tiiat 
elimination may subsequently be effected by the syllogistic ca- 
nons, but that the process of reduction would in many instances 
be constrained and unnatural, and would involve operations 
which are not syUogistio. To the second question 1 r^ly, that 
reasoning cannot, except by an arbitrary restriotkm of its mean- 
ing, be confined to the prooess of elimination. No definition can 
suffice wliich makes it less than the aggregate of the methods 
which are founded upon the laws of thought, as exercised upon 
propositions; and among those methods, the piooess of eliniin*- 
tion, eminentiy important as it is, occupies only a place. 

Much of the error, as I cannot but regard it, which prevails 
respecting the nature of the Syllogism and the extent of its 
office, seems to be founded in a disposition to regard all those 
truths in Logic as primary which possess the diaracter of sim^ 
plicity and intuitive certainty, without inquiring into the relation 
which they sustain to other troths in the Science, or to general 
methods in the Art, of Reasoning. Aristotle's dichim de omni H 
nullo is a self-evident principle, but it is not found among those 
u l tm ai e laws of the reasomog £M)ulty to which all other Um, 
however plain and sel£« vident, admit of bttng traced, and firmn 
which they may in strictest order of sdentific evolution be de- 
duced. For though of every science the fundamental truths are 
usually the most simple of apprehension, yet is not that sini- 
I^oity the critmom by which tiieur title to be regarded as fund*- 
mentel must be judged. This must be sou^t for in the nature 
and extent of the structure which they are capable of supporting. 
Taking this view, Leibnitz appears to me to have judged cor- 
rectly when he assigned to the principle of contradiction" a 
fundamental place in Logic ;* for we have seen the coosequenoee 
of that law of thought of which it is the axiomatio expressioii 
(III. 15). But enough has been said upon the nature of deduc- 
tive inference and upon its coustitutive elements. The subject of 



* Nouveaox Emii rar r«iit«idam«!it hamaio. LW. iv. cap. 2. Thaodiofe 
^t. L MC. 44. 
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ndydkmiMjpcolMbly receive wMiia attention in enollier part of 
tUe woik* 

10. It liM been remarked in this chapter that the onlinary 
treatment of hypothetical, ia much more defective than tliat of 
categorical^ propoaitioni. What is commonly termed the hypo* 
thetieei eyllogiMn afipeHSy indeed* to be no sylkgiem at alL 
Let the aignment — 

If^ isB, CiaA 
But A laB, 

TheraforeCie A 

be put in the form— 

Ifthepropodtion JTistnie, Fistnie» 

Bat X is tnie, 

Therefore Y id true; 

wlMfciif bj X ie meant the proportion AIbB^ and by y, the 

pnipoflition C is D, li ia then seen that the premises contain 
only two tcmi? or elements, while a 8yllo<riHni essentially involves 
three. The foUowiiig would be a gemiine hypothetical ^Uogiam: 

If A' is true, Y U true ; 
If Y U true, Z is true ; 
If A' ia true, Z is true. 

After the di.-icussion of fiec<»n»lary pro]K)sitions in a former 
part of this work, it ia evident that the Ibrms oi' hypothetical 1 
trllogism mnst present, in every respect, an exact counterpart to j 
thoae of eategorioai ayllogism. ParHadar Propoaltiooai suoh aa» | 
•♦fiom e t ia nesif Xistroe, yistme,** may beintrodveed, andthe 

©ontlitions anil ruUs of inference dethuvd in thi-^ chaptt-r fi)r c^i- 
tegorical syllogisms* may, without abatement, be iuterprcted to 
meet tht> corresponding cases in hypothetioala. 

1 1. To what final oondualona are we then led reepeeting the 
nature and extent oftheichobstio logic? I think to the following: 
that it is not a science, hut a colleetion of scienlltic truths, too 
iocomplcte to form a system of themselves antl not (sufficiently 
fimdamental to serve as the fbondatiou upon wliich a perfect 
ayatemmi^reat. It does not, howew, ibllow» that beeanae the 
lofio of the aehoob hm been invested with attribntea to whioh it 
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has no just claim, it i» therefore undeserving of regard. A sys- 
tem which has been associated with the jery growth of langnsge, 
which has left its stamp upon the greatest questions and the 

most famous demonstrations of philosophy, cannot be altogedier 
unwortliy of attention. Memory, too, and usage, it nui:?t be ad- 
mitted, have much to do.' with the intellectual processes ; and 
there are certain of the canons of the ancient logic which have 
become almost inwoven in the very texture of thought in coltored 
minds. But whether the mnemonic forms, in which the particu- 
lar rules of conversion and syllogism have been exhibited, posf^ess 
any real utility, — whether the very skill which they are supposed 
to impart might not, with greater advantage to the mentnl 
powers, be acquired by the unassisted eflR>rts of a mind left to its 
own resources, — are questions which it might still be not un- 
profitable to examine. As concerns the juirticular rosults de- 
duced in tliis chapter, it is to be observed, that they are solely 
designed to aid the inquiry concerning the nature of the ordinsiy 
or scholastic logic, and its Telatioa to a moie perfect Uieoiy of 
deductive reasoning. 
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CHAPTER XVI. 

OV TBB THBOBT Of PB0BAB1IITIB8. 

1. |3£FOB£tlieospinlionoffliio(lMr7^ 

will Imve rolled away sinoe PmobI solved the first known 

question in the theory of Probabilities, and laid, in its s^olution, 
the foundations of a science posseasing no common share of the 
' attraction which belongs to the more abstract of matlicmatical 
•peenlatjons. Tiie proUem whioh the Ciievaiifir de Mer6» a re- 
puted gunarter, proposed to the reoluse of Port Royal (not yet 
withdrawn fiom the interests of science* by the more distracting 
contemplation of the "greatness and the misery of man"), was 
the first of a long series of problems, destined to call into ejds- 
tence new nethods in mathematical analysis, and to render ya- 
InaUe aervioe in ihe pfaetical oonoenu o£Uk. Nor does the in- 
tsrat of the subject centre merely in its mathematical connexion, 
or its associations of utility. The attention is repaid which is 
devoted to the theory of Probabilities as an independent object 
of speculation, — to the fundamental modes in which it has been 
coDOsiTed, — ^to the great secondary principles which, as in the 
oontemporsneoos sdenee of Meehanics, faafe gradually beoi aa- 
aezed to it, — and, lastly, to the estimate of the measure of per- 
fection which has Ix en actually attxiincd. I speak here of that 
perfection which cou.^ists in miity of conception and harmony of 
processes. Some of these points it is designed vecy briefly to 
eonsidcr in the present chi^ter. 

8. A distinguished writert has thus stated the fundamental 
definitions of the science : 



• 8m ia partleiilar aleCtcr addrMMd hy PsMsl to Fcrmstp who hid toUd t ed 
Us afttsatioB to a nhf otioal problon (Port Rojal, par If. do Soiato Bom)i 
oboTOfioM poMifot la tho ooUoeUoaof FroBMOtt p«blHhodb| IL FMpor 
Fang^ro. 

t PoiMOB, BoehorahM Star la ProbobiUU doo Jogomtai. 

b2 
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The probability of an event is the reason we baye to believe 
that it hae taken plaoey or that it will take place." 

The measure of the probability of an event b the ratio of 

the number of cases favourable to that event, to the total num- 
ber of cases favourable or contrary, and all equally possible" 
(equally likely to happen). 

From these definitions it follows that the word probabHUgf in 
its mathematical acceptation, has reference to the state of our 
knowledpce of the circumstances under which an event may hap- 
pen or fail. With the degree of inibrmation which we possess 
concerning the circumstances of an event, the reason we have to 
think that it will occur, or, to use a single term, owteaqifeetatiMd 
it, will vary. Probability is expectation founded upon partial 
knowledge. A perfect acquaintance with all the circumstances 
affecting the occurrence of an event would change expectation 
into certainty, and leave neither room nor demand for a theory 
of probabilities. 

3. Though our expectation of an event grows strrager inth 
the increase of the ratio of the number of the kno"\m cases fa- 
vourable to its occurrence to the whole number of equally jx>8- 
sible cases, iavourable or un&vourable, it would be unphilosophical 
to affirm that the strength of that expectation, viewed as an 
emotion of tiie mind, is capable of being referred to any numerical 
standard. The man of sanguine tem])erament builds high hopes 
where the timid despair, and the irresolute are lost in doubt. 
As subjects of scientific inquiry, there is some analogy between 
cpimm and setuatum. The thermometer and the carefully pre- 
pared photographic plate indicate, not the intensity of the sen- 
sations of heat and light, but certain physical circumstances 
which accompany the production of those sensations. So also 
the theory of probabilities contemplates the numerical measure 
of the drcumstances upon which expectation is founded ; and this 
object embraces the whole range of its Intimate applications. 
The rules which we employ in life-assurance, and in the other 
statistical applications of the theory of probabilities, arc altogether 
independent of the mental phsenomena of expectation. They are 
founded upon the assumption that the future will bear a resem- 
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blance to the padt ; that under the same circumstances the tsamo 
event will tend to recur with a definite numerical frequency ; not 
upon any attempt to siibmit to calculation the strength of human 
hopes and fean. 

No'lr ezperienoe actually testifies that events of a gLvea spedes 
do, under given cmmmstaaoes, tend to reeur inth definite fre- 
quency, whether their true causes be known to us or unknown. 
Of course this tendency io, in general, only manifested when the 
mcem of observation is suffidently large. The judicial records of 
• great nation^ its registries of births and,death8y in relation to 
age and sex, &c., present a remarkable uniformity from year to 
year. In a given language, or family of languages, the same 
sounds, and successions of sounds, and, if it be a written lan- 
guage, the same characters and successions of characters recur 
with determinate finequen<7* The key to the rude Qgham in- 
scriptions, found in various parts of Lrdand, and in which no 
distinction of words oould at first be traced, was, by a striet ap- 
plication of this principle, recovered.* The same method, it is 
understood, has been appliedf to the deciphering of the cuneiform 
reoords recently disentombed from the ruins of Nineveh by the 
enterprise of Mr. Layard. 

4. Let us endeavour from the above statements and defini- 
tions to form a conception of the legitimate object of the theory 
of Prubabilities. 

Probability, it has been said, consists in the expectation 
branded upon a partioukr kind of knowledge^ via., the know- 
ledge of the relative fi^equency of oocurrenoe of events. Hence 
the probalnHties of events, or of combinations of events, whether 
de^luced from a knowledge of the particular constitution of 
things under which they happen, or derived from the long-con- 
tinued observation of a past series of their occurrences and fai- 
luresy constitute, in all cases, our data. The probability of some 



» Thm jlsflcfwy fa d»» totlw B»y. Cfcartos Gratw, Piroftwor of MsthswaHcs 
in the Uaifwtitj oTDoUiii.— Fufo Prooaedi^gt of the Rojal Irfah ▲eadtaj. 
Fib. 14, 1848. ProfeMor Gravis inlbnu me that 1m has ▼•riifad the priaoiple 
by e e a eU le ti ag legmaee te h l et for allthe B arope ea leagosges. 

t Bj the leaned Orientalist, Dr. Edward Hinoke. 
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connected event, or combination of events, constitntes the cor- 
reeponding qucesitum, or object sought. Now in the most gene- 
raly yet strict meaning of the term event," every combination 
of events oonstituteB also an event. The sinuillHieoiis ocoor- 
rence of two or more events, or the oeomenoe of an eveiA under 
given conditions, or in any ooncelvable eo 
events, is still an event. Using the term in this liberty of appli- 
cation, the object of the theory of probabilities might be thus 
defined. Given the probabilities of any events^ of whatever 
Idndy tofindthepiobafaili^of some other event eooneoted witk 
them. 

5. Events may be distinguished as simple or compound, the 
latter term being applied to such events as consist in a combina- 
tion of simple events (1.13). In this manner we might define it 
as the practical end of the theory under consideratMm to deter*- 
mme the probability of some event, dmple or oompoimd, fiom 
the given probabilities of other events, simple or oomponndy 
with which, by tlic terni!? of its definition, it stands connected. 

Thus if it is known from the constitution of a die that there 

is a probability, measured by the fraction |, that the result of 

any particular throw will be an ace, and if it is required to deter- 
mine the probability that there shall oooorone aoe^ and only one, 
in two successive throws, we may state the problem in the order 
of its data and its qiuBnhen^ as follows: 

First Datum. — Probability of the event that the first throm 

will give an ace = ^. 

Second Datum. — Probability of the event that the aeeood 

throw will give an aces g. 

Qu.EsiTUM. — Probability of the event that either the first 
throw will give an ace, and the second not an aoe; or the first 
will not give an ace, and the second will give one. 

Here the two data are the probabilities of simple events de- 
fined as the first throw giving an ace, and the second throw 
giving an ace. The qusssitnm is the probability of a oomponnd 
eventy'^a certain disjunctive oomlnnation of the simple events 
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involTed or impliediii the data. Fkobably it will generally hap* 
pen, when the aumerioal oonditioiiB of a problem are oqiable of 
bdng deduced, as above, from the constitution of things under 

which they cxidt, that the data will be the probabilities of simple 
events, and the qusoBitum the probability of a compound event 
d^Modent upon the said sin^^ events. Such is the case with a 
ekes of proUems which has oocopied perhaps an nndoe share of 
the attention of those who have studied the theory of probalnlitiee, 
viz., game:3 of chance and ekiil, in the lormer of "which some 
{)hy6ical circumstance, as the constitution of a die, determines 
the probability of each possible step of the game, its issue being 
eome definite ooknbinatuHi of those steps; while in the latter, the 
idative deztenty of the players, supposed to be known d 
equally determines the same element. But where, as in statisti- 
cal problems, the elements of our knowledge are drawn, not from 
the study of the constitution of things, but from the registered 
observations of Nature or of human society, there is no icasoa 
why the data which snbh observations affixrd should be the pco^ 
babilities of rimple evento. On the oontrary, the ooeorrence of 
events or conditions in moi ked combinations (indicative of sonic 
secret connexion of a causal character) suggests to us the pro- 
priety of ™'^^""g such concurrence^profitahle for future Instruo- 
tkm by a numerical reootd of their fiequeney. Now the data 
which observatioDs of this land affind aro the probabilities of 
compound events. The solution, by some general method, of 
problems in which such data are involved, is thus not only essen- 
tial to the perfect development of the theory of probabilities, but 
also a perb^ neoessary condition of ito application to a large 
and pruticaUy unportant dass of inquiries. 

6. Before we proceed to estimate to what extent known me- 
thods may be applied to the solution of problems such as the 
above, it will be advantageous to notice, that there is another 
form under which all questions in the theory oi' probabilities may 
be viewed ; and this form consisto in substituting §ot evnis the 
propontions which assert that those evente have occurred, or 
will occur ; and viewing the element of numerical probalnlity as 
having reference to the truth of those proposUiom^ not to the oc- 
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currenof of the events oonoemiiig wbidi they make MBeHaoo. 
Thus, instead of conridering the numerical firaetion p aa ex- 

pressing the probability of the occurrence of an event £, let it 
be viewed as representing the probability of^ihe truth of the 
proposition Xf which asserts that tlie evept £ will occur. Si- 
milarijy instead of mj probatHlitj, ^y/tteing oonaidered as re-> 
fbrring to some oompound event, such as the coBcoRence of the 
events E and is let it represent the probability of the truth of 
the proj)osition which asserts that E and F will jointly occur; 
and in like manner, let the transformation be made from di^ono- 
tive and hypothetical comlnnations of events to disjunctive and 
conditional propositions. Though the new application thus as- 
signed to probability is a necessary concomitant of the old one, 
its adoption will be attended with a practictd advantage draitu 
from the circumstaucc that we have already discussed the theory 
of propositions, have defined their principal varieties, and estab- 
lished methods foot detennining, in every case, the amount and 
character of their mutual dependence. Upon this, or upon some 
equivalent basis, any general tlieory of probabilities must rest. 
I do not say that other considerations may not in certain cases of 
applied theory be requisite* The data may prove insuffioient fer 
definUe solution, and this defect it may be thought necessary to 
supply by hypothesis. Or, where the statement of large num- 
bers is involved, difficulties may arise after the solution, from this 
source, for which special methods of treatment are required. 
But in every instance, some form of the geneial problem as above 
stated (Art. 4) b involved, and in the discnsnon of that problem 
the proper and pecidiar work of the theory consists. I desire it 
to be observed, that to this object the investigations of the fol- 
lowing chapters are mainly devoted. It is not intended to enter, 
except incidentally, upon questions involving supplementaiy hy- 
potheses, because it is of primary importance, even with reference 
to such questions (I. 17), that a general method, founded upon 
a solid and sufficient ba.«is of theory, be first established. 

7. The following is a summary, chiefly taken from Laplace, of 
the principles which have been gqpplied to Uie solution of questions 
of probability. They are consequences of its fundamental defini^ 



Digitized by Google 



CHAF. ZVI.] or TBB TBBOBT OW PBOBABILITIBS. 



249 



tioot already ataledy aod noay be regarded as incBeatiiig the degree 

in which it has been found possihie to render thoisc dc£ui lions 
available. 

Pbinciplb Ist. If j9 be the probability of the oocurrence of 
snj event, will be the probability of its noiM>oeiirreiioe. 

2iid. TheptobabiUtj ef the oonoiiReiioe of two ind^tendent 
events is the product of the probabilities of those events. 

3rd. The probability of the concurrence of two dependent 
events is equal to the product of the probability of one of them 
by the probability that if that event oocur, the other will happen 
bIbo. 

4ih. The probalnlity that if an event, J?, take place, an event* 

will also take place, is equal to the probability of the concur- 
rence of the events E and divided by the probability of the 
occurrence of E, 

6th. The probability of the oocurrence of one or the other of 
two events which cannot concur is equal to the sum of thdr se- 
parate probabilities. 

6th. If an observed event can only result from some one of n 
different causes wliich are d priori equally probable, the proba- 
bility of any one of the causes is a fraction whose numerator is the 
probability of the event, on the hypothesis of the existence of that 
came, and whose denominator is the sum of the dmikr proba- 
Inlides relative to all the causes. 

7th. The probability of a future event is tlic sum of the pro- 
ducts formed by multiplying the probability of each cause by 
the probability that if that cause east, the said future event 
will take plaoe. 

8. Respecting the extent and the relative suffidency of these 
principles, the following observations may be made. 

Ist. It is always possible, by the due combination ol" these 
principles, to express the probability of a compound event, de- 
pendent in any manner upon independent simple events whose 
distinct probabilities are j^ven. A very large proportion of the 
problems which have been actually solved are of this kind, and 
the difficulty attending their solution has not arisen Irom the in- 
suiticicncy oi' the indications furnished by the theory of proba- 
bilitiesy but from the need of an analysis which should render 
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those indiottdons available when fbnotions of large nimibera, or 

series consisting of many and complicated terms, are thereby in- 
troduced. It may, therefore, be fully conceded, thut all pro- 
blems having for their date the probabilities of indepeodeut 
ereats fidl within the 80ope of reoeiTed methoda. 
2iidly. Certain of the prinoiples above enomefated, and espe- 
dfllly the sixth and seventh, do not presuppose that all the data 
are the probabilities oi' simple events. In their peculiar applica- 
ti<m to questions of causation, they do» however, assume, that the 
oansee of which they take aooonnt are mutuall j eiohiflive^ so 
that no combination of them in the production of an eflfect is 
possible. If, as before expbdned, we transfer the numerical pro- 
babilities from the events with wliich they are connected to the 
propoaitionB by which those events are expressed, the most ge- 
neral problem to which the aforesaid principles are ap^icaUe 
may be stated in the following order of data and fiuulta. 

DATA. 

IsU The probabilities of the n conditional propositions ; 
If the canse A\ exist, the event J^will folloiw ; 

99 ^% 99 E ' n 

2nd. The condition that the antecedents of those propositioiiB 

are mutually conflicting. 

BBQUIRBMBNTS* 

The probability of the tnith of the proposition which declares 
the occurrence of the event E; also, when that proposition is 
known to be trucy the probabilities of truth of the several prsK 
portions which affirm the respective oeourrenoes of the causes 

Here it is seen, that the data are the probabilities of a j^orics 
of compound events, expressed by conditional propositions. But 
the system is obviously a very limited and pardcnlar one. For 
the antecedents of the propositionB are eul:jeet to the condition of 
being mutually exclusive, and there is but one consequent, the 
event Ey in the whole system. It does not follow, from uur 
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ability to discuss such s tystem ts the above, that we are able to 
resolve problems whose data are the probabilities of any system 
of conditional propositions ; far less that we can resolve problems 
whfMe data are the probabilitiee of any ^Um of pr^pomHom 
wkaiever, Aod^ vkwiiig the satject m Ha material laiher*^ 
than itB ^mal aspect, it is erident, that the hypotheris aiMdth \ 
$ive causation is one which is not of\en realized in the actual 
world, the pbsBnomena of which seem to be, usually, theproduoto 
of complex cauaee, the amount and character of whose oo-oper»- ^ 
tkm is unknowiu Sudi is» without dottbt» the case in Bearly all t 
departments of natural or social inquiry in which the jlootrine of ) 
probabilities holds out any new promise of useful applications. ( 
9. To the above principles we may add another, which has [ 
been stated in the follomng terms by the Saviliaa Professor of ^ 
Astronomy in the Universi^ of Oxford.* ) 

FHndple 8. If theie be any nmnber of mntoally ezolosiye 
hypotheses, A,, A,, A„ . . of which the probalnlities reladve to a 
particular state of information are />2» /'a? • • and if new infor- 
mation be given which changes the probabilities of some of them, 
suppose of h^^x and ail that ibliow^ without having otherwise 
My nfirmn to iht rmt; then the probabilities of these ktter 
ha^ the same ratios to one another^ alter the new information, 
that they had before, that is* 

P'l'Pt'P'f • •ipm^Pi'-P^'Pi ' . 'Pm% 

where the accented letters denote the values after the new inftr- 
mation has been acquired.** 

This principle is apparently of a more fundamental character 
than the most of those before enumerated, and perhaps it might, as 
has been suggested by Professor Donkin, be regarded as axio- 
matic It seeuks indeed to be founded in the very definitiim of 
the measure of probability, as " the ratio of the number of cases 
favourable to an event to the total number of cnses favourable or 
contrary, and all equally possihle." For, adopting tliLj definition, 
it is evident that in whatever proportion the number of equally 

• On MrtaiD QoMtioM reUting to tlie TlMory of ProbaliUitiM; bj W. F. 
DooUm M. A., ?. R. &, &e. PhUoMpUeal Magaiiae, May, IS5I. 
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poaflible otaes is dinuiushed, while the namber of fitvoonble 

rcmfuns imaltered, in exactly the same proportion will the pro- 
babilities of any events to which these cases have reference be 
increased. And as the new hyppthesisy viz., the diminution of 
the number of pooaible oasee without affecting the number of 
them which are fiivoumble to the events in question, increases 
the probabilities of those events in a constant ratio, the relative 
measures of those probabilities remain unaltered. If the principle 
we are considering be then, as it appears to be, inseparably in- 
▼oWed in the ▼er7 definition of probability, it can scarcely, of 
iUeffi conduct us fiirther tium the attentiTe study of the defini- 
tion would alone do, in the solution of problems. From these 
considerations it appears to be doubtful whether, without some 
aid of a difierent kind from any that has yet offered itself to our 
notice, any connderable advance, either in the theory of proba- 
bilities as abranch of speculative knowledge, or in the practical 
solution of its problems can be hoped for. And the establish- 
ment, solely upon the basis ofiuiy such collection of principles as 
the above, of a method universally applicable to the solution of 
pxoblems, without regard either to the number or to the nature 
of the propositions involved in the expresnon of thor data, 
seems to be imposnble. For the attunment of such an object 
other elements are needed, theconsiderationof which will occupy 
the next chapter. 
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CHAPTER XVII. 

DEMONSTRATION OF A GENERAL METHOD FOR THE SOLUTION OF 
PK0BLBM8 IN THE THBORT OF PB0BABILITIB8. 

1. XT has been defined (XVI. 2), that "the measure of the 

probability of an event is the ratio of the number of 
finroorable to that event, to the total numbw of oases fimuxable 
or unfaToutaUe, and all equally posdible.'* In the billowing in- 
▼estigatkms the tenn pfrofaability will be used in the above aenee 
of " measure uf probability.** 

From the above definition we may deduce the following con- 
clusions. 

I. When it is certain that an event will ocoor, the piobabilitj 
of that event, in the above mathematical sense, is 1. For the 
cases which are favourable to the event, and the cases which are 

possible, are in this instance the same. 

Hence, also, ifphe the probability that an event x will happen, 
1 - /> will be the probability that the said event will not happen. 
To dedace this result directly firom the definition, let m be the 
number of eases ^vourable to the event n the number of eases 
possible, then n-m is the number of cases uniavoui*uble to tlie 
event x. Hence, by deiinitiou, 

^ » probability that x will happen, 
n 

— j2 — B probability that x will not happen. 
But II M ^ in ^ 

II. The probability of the concurrence of any two events is 
the product of the probabili^ of either of those events by the 
probability that if that event occur, the other will oceur also. 

L#ct m be the number of cases favourable to the happening 
of the iirst event, and n the number of equally possible cases un- 
fiivourable to it; then the probability of the first event is, by defini- 
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tbn, . Of the m oaaeB fryonnble to tlie irat event, let I 

GosoB be fiivounble to the coinimction of the first and aeoond 

eyents, then, by definition, ^ is the probability that if the first 

event happen, the second also will happen. Multiplying these 
finwtioiis together, we have 

m / / 

X — 



m+n m m+n 

But the Nsuldng fraction — — has its numerator the num- 

m + n 

ber of cases fiiTounble to the coiy unction of events, and fbst its 
denominator, the number m + n of possible cases. Therefore, 

it repreaenU the probability of the joint occurrence of the two 
events* 

Hence, if p be the probability of any event x, and q the pro- 
balnlity that if w occur y will occur, the probability of the ood> 
junction xy will be pq. 

III. The probability that if an event x occur, the event 1/ wiU 
occur, is a fraction whose numerator is the probability of their 
joint occurrence, and denominator the probability of the occur- 
rence of the event x* 

This is an immediate consequence of Principle 2nd* 

rV. The probabiHty of the occurrence of some one of a series 
of exclusive events is equal to the sum of their separate proba- 
bilities. 

For let II be the number of possible cases ; mi the number of 
those cases &vourable to the first event ; the number of cases 
fiivourable to the second, &c Then the separate probabilities of 

the events are &c. Again, as the events are ezdusive, 

n n 

none of the cases favourable to one of them is iavourable to 
another; and, therefore, the number of cases ikvourable to some 
one of the series irill be mi + iiis . . , and the probability of some 

one of the series hi^^iening will be ^^lL^LLU.. But this is the 

sum of the previous fractions, &c. Whence the prin* 

ciple is manifest. 
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2. Definition. — Two events are Mud to be independent 
irben the probabilily of the hi^ipeiuiig of either of them is 
uneffeoted hj our eipeotatioD of the ocomraioe or fiuhne of 
the other. 

From this definition, combined with Principle XL, we have 
the following conclusion : 

y. The probability of the concurrence of two independent 
erente is equal to the product of tho sepanfte probabyities of 
those erents. 

For if p be the probability of an event x, q that of an event t/ 
regarded as quite independent of x, then is q also the probability 
that if X occur y will occur. Hencoy by Piinciple IL, pg is the 
probability of the concoRenoe of s and y. 

Under the same dromnstanoes, the probability that x will 
oeoiirandsrnotoooorwillbe;t;(l -7). For ;i is the piobalnlity 
that X will occur, and \ - q the probability that y will not occur. 
In like manner (I- p) (1 - q) will be the probability that both 
the eTcnts fiiil of ooconing. 

3* There edsts yet another principle, diffbrent in kind from 
ibe abore, but necessary to the subseqnait investigations of this 
chapter, before proceeding to the explicit statement of which I 
desire to make one or two preliminary observations. 

I would, in the first place, remark that the distinction be- 
tween sinqile and oooqioand events is not one fbunded in the 
natoie of events themselves, bat upon the mode or connezion hk 
wUch they are presented to the mind. How many separate pap- 
ticnlars, for instance, are implied in the terms " To be in health," 
To prosper," (&c, each of which might still be regarded as 
e Kp r csn ng a simple event" ? The prescriptive usages of lan- 
gnuge, whieh have assigned to particukr combmations of events 
single and definite appellations, and have left unnombered other 
conibiiiatioud to be expressed by corrcsjmnding combinations of 
distinct terms or phrases, is essentially arbitrary. When, then, 
we designate as simple events those which are expressed by a 
single verb, or by what grammarians term a simple sentence, we 
do sot thereby imply any real simplknty in the events them- 
selvee, but use the term solely with refl^noe to grammatical 
expression. 
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4. Now if this distinction of events, as simple or compound, is 
not founded in their real nftture» but rests upon the accidents of 
language, it cannot affect the question of their mutual depend- 
ence or independence. If mj Imowlcdge of two simple events is 
confined to tliis particular fact, viz., that the probability of the 
occurrence of one of them is p, and that of the other q ; then I re» 
gard the events as independent, and thereupon affirm that the 
probability o^ their joint occurrence is pq. But the ground of 
this affirmation is not that the events are nmple ones, but that 
the data afford no information whatever concerning any connexion 
or dependence between them. When the probabilities of events 
are giYea^ but all infonnation respecting their dependence irith- 
held, the mind regards them as independent. And this mode of 
thought is equally correct whether the events, judged according 
to actual expression, are simple or compound, i. e., whether each 
of them is expressed by a single verb or by a combination of 
verbs. 

d. Let it, however, be supposed that, together with the pro- 
babilities of certain events, we possess some definite information 

respecting their possible combinations. For example, let it be 
known that certain combinations arc excluded from happening, 
and therefore that the remaining combinations alone are possible* 
Then still is the same general principle i^plicable. The mode 
in which we avail ourselves of this information in the calculation 
of the probability of any conceivable issue of events depends not 
upon the nature of the events whose probabilities and whose 
limits of possible connexion are given. It matters not whether 
they are simple or compound. It is indifferent fiom what souvoe* 
or by what metiiods, the knowledge of their probabilities and of 
their connecting relations has been derived. We must regard 
the events as independent of any connexion beside that of which 
we have infinmation, deeming it qfno comequence whether such 
fimuttien hoe been eapUdtly eoneeyed tousm thedakh er thence 
deduced by topical mferenee. And this leads us to the statement 
of the general principle in question, viz. : 

VI. The events whose probabilities are given are to be re- 
garded as independent of any connexion but such as is either 
expressed, or necessarily implied, in.the data; and tiie mode in 
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which our knowledge of (hat connexion ii to be employed is in- 
dependent of the nature of the souroe from which such know- 
ledge has been derived. 

The practical importance of the above principle consists 
in the circumstance, that whatever may be the nature of the 
events whose probabilities are given,*— whatever the nature of , 
the event whose probabili^ is sought, we are always able, bj an 
application of the Caloaltts of Logic, to determine the ex p ressi on ' 
of the latter event as a definite combination of the former events, 
and definitely to assign the whole of the implied relations con- 
necting the former events with each other. In other words, we* 
can determine what that comlnnation of the given events is whose 
probability is required, and what oomlnnations of them are alone 
possible. It follows then ftom the above principle, that we can 
reason upon those events as if they were simple events, whoso 
conditions of possible combination had been directly given by 
experience, and of which the probability of some definite combi^ 
nation is sought. The possibility of a general method in prob»* 
bifities depends upon this reduction. 

6. As the investigations upon which we are about to enter 
are based upon the employment of the Calculus of Logic, it is 
necessary to explain certain terms and modes of expression which 
are derived from this iqpplioalimi. 

By the event «, I mean that event of which the propodtioa 
which affirms ihe occurrence is symbolicaUy expressed by the 
equation 

By the event t(x,fh ^ . •), I mean that event of which the 
occurrence is expressed by the equation 

Such an event may be termed a compound event, in relation to 
the simple events Xf y, z, which its conception involves. Thus, 
if » represent the event It rsins," y the event It thunders," 
the separate occurrenoee of those events bemg expressed by the 
logical equations 

» - 1» If - If 
then will Jr(l - y) y (1 - represent the event or state of 

8 
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things denoted by the Brapoaitioii, " It dther nuns or thuidan^ 
batnotbolh;" IfaeeipiMouofthAt state of things beiog 

+^(l-a;) = 1. 

If for brevity we represent the iunetion <p (x, z, . .), used in 

the above acceptation by Vf it is evident (YI. 13) that the law 
of duality 

will be identicslly satisfied* 

The simple events i/, z will be said to be " conditioned" 
when they are not iree to oocur in eveiy possible combinatioii; 
in other woirdsy when some compound event depending upon 
tiiem is predaded fixwi oooumng. Thns the events denotsd 
the propontions, ^^Itraiim," It thmiders,*' aie conditioned* 
if the event denoted by the proposition, " It thunders, but docs 
not rain," is excluded from happening, so that the range of ]X)s- 
sible is less than the range of ooooetvahle oombmation. Simple 
imoonditioned events see by definition independent. 

Any compound event is rimikuiy said to be conditioned if it 
is assumed tliat it can only occur under a certivin condition, that 
ist in combination with some other event constitutingy by its pre- 
senflfti that oooditioD. 

7. We shall proceed in the natnial oider of tiioi^ht, itm 
ample and unoonditioned, to componnd and con^tkmed eveals. 



Pbopositiom L 

I St. J/ Pi q, r are Uie respeeHve probabilities qf any imoos- 
dUioned simple events Ihe probabUxty qf ant/ c amp mad 

event F will be [TC], ihisjundtan [F] being formed by changmfft 
Is the Junction Vy the symbols x, y, z into p^ r, 8^c, 

2ndly. Under the same circumstances y the prohuhility that if 
the event V occMTf any other event V wili also occur^ xoUl be 

* icAerem [t^^^ denotes the result obtained by muUiplyi'^ 

together the logical Junctions Vand F*, and changing m the result 
^$ y» ^» iiUo p, ^, r, jfc. 

Let OS confine onr attention in the first plaoe to the pas- 
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of those erents (V. 1 1), and their corresponding probabilities, are 
ae iuUows : 

■▼■NTS. PB0BABIL1TIB8. 

xy, Goneamnoe of x and pq, 

a; (1 - y), Occurrence of x without y, /> (1 - </). 

(1 - a;)y, Occurrence of y without (1 - /?) 7. 

(1 y), Conjoint fidluie of « and (1 -p) (1 - q)* 

We sec that in tliesc cases the probability of the compound event 
represented by a constituent is the same function of p and q as 
the logical ezpresnoii of that event b of ;r and yi and it 10 obviooB 
tliat tlua remark applies* whatever may be the number of the 
simple events wboae probabOitieB are giveni and who&e Joint e»- 
utence or failure is involved in the compound event of which we 
seek the probability. 

Consider, in the second place, any diijunctive combination of 
ihe above constituents. The compound event, expressed in 01^ 
dinaiy language as the occurence of ** either the event x without 
the event y, or the event y without the event is symbolically 
expressed in the form a: (1 - y) + y (1 - x), and its probability, 
determined by Principles iv. and v., is^ (1 - 9) -t- ^ (1 - jp). Tho 
ktterof these eipressioiis is the aaine function of p and y as the 
finmerisofdpandy. And it is obvious that this is alao a pa»- 
tiodar iDnstration of a general rule. The events which are ex- 
pressed by any two or more constituents are mutually exclusive. 
The only post*ible combination of them is a dujtmctive one, ex- 
prassed in ordinary language by the conjunction or^ in the lan- 
gungn nf njmlinlifiil Injpn hjthn iiipi 1 NMrthepiobahiUtjof 
the ooonrrenoe of some one out of a set of wmhiaHy eaelnsiva 
events is the sum of their separate probabilities, and is expressed 
by connecting the expressions for those separate probabilities by 
the sign +. Thus the law above exemplified is seen to ha ycjieral. 
The probability ofairf unconditioned event Kwill be found by 
diangingitt Flliesymbobc^ir, jr,..hitOjp>^,r, 

8. Agam, by Prindple ni., the probability that if the event 
y occur, the eveut V will occur with it, U cxprc:ided by a irac- 

ft2 
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iam whoee namentor is the probability of die joint oocufimioe 
of Fand P, and denominator the probability of the occ u mnee 
of V. 

Now the expression of that event, or state of things, which is 
constituted by the joint oocorrence of the events Fand V'^ will 
be formed by multiplying together the expressions Fand Fao- 
cording to the rules of the Calculus of Logic ; since whatever 
constituents are found in both ^and will appear in the pro- 
duct, and no others* Again^ by what has just been shown, the 
probability of the event represented by that product will be de- 
termined by changing therdn or, z into p, q^r^ Henoe the 
numerator sought will be what [FF] by definition represents. 
And the denominator will be [ V^J, wherefore 

Probalnlity that if Foocur, r will occur with it- 

9. For example, if the probabilities of the simple events 
X, z are /?, y, r respectively, and it is required to find the pro- 
bability that if either x or y occur, then either y or z will occur, 
we have for the logical expressions of the antecedent and conse- 
quent— 

■ 

1st. Either x or y occurs, a; (1 - y) + y (1 - x). 
3nd. EitheryoraroQcars, 4-^(1 -y). 

If now wc multiply these two expressions together according to 
the rules of the Calculus of LogiCy we shall have for the expres- 
sion of the concnrrence of antecedent and consequent, 

Changing in this result jr, y, z into />, rj, r, and similarly trans- 
fonning the expression of the antecedent, we find for the proba- 
bility sought the value 

pr(l-q)^g(\ -p)(\-r} 

The special function of the calculus, in a case Uke the above, is 

to supply the office of the reason in determining what are the 
conjunctures involved at once in the consequent and the ante- 
cedent. But the advantage of this application is almost entirely 
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proapeotiTe, tad will be mde maoiftst in a rabeeqaent prupo- 

pRorosmoN II. 
I ^k^JOiffH ^^b^i^ cts^^^iM$^ ^i^m^^i^ tfocMfit 

mUufied; Vbemgm expression a Junction of x, 2, . . Required 
the itltAitlute probahilities of the events x, y, z, . . , Ma/ w, Me 
proltatfilitiei t{ftkar respective occurreMce imiUpendeiUiifqfthteim' 



Let/i, y , r', vfec., be the probabilities recjuired, i. e. the pro- 
litic8 of the events jr, jf, 2^ • • » rc^fnrded not only as gimple, 
bnt m independent events. Then bj Phip. i. the probebillties 
thnt these events will oeoor when the condition F, represented 

bj the logical c<^uation 1, is satUfied, are 

W W 

'HT' en* 

in whieh £4pF] denotes the lesnlt obtained by moltipljing Fby 
neeogdmg to the roles of the Cetonlna of Logje» nnd ehengi ng 

in the result x, into p', 7', r, &c. Bat the above oon& 
tioned pro))aftiIitie4« arc by hypothedid equal to /ly ^» r, . • re- 
spectively, iienoe we have» 

frooi wluoh eystem of equations equal in number to the qnanti- 

ticB //, q\ '*»••» the valuea of thoDe quautiiicd muy bo dcicr- 
auned. 

Now cFooiisisti amply of those oonBtituents in Fof which 
• knftolor. Let this snm be represented by Vm% nnd in like 
■MHier let y F be r e p rese nt e d by Ao« Oar equations then 
nMume the form 

where [F,] denotes the results obtabed by ehanging in F« the 

nyinbob x, r, &.c.^ into />,' fy/r/^vc. 

To render the mfftn'^g of the general problem sod the pria«» 
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ople of Hi ioliitioii more efvidnt, lot us take ilie lolloiwiBg es* 

ample. Suppose that in the drawing of balls from an urn 
attention had only been paid to those cases in which the balls 
drawn were either of a particular colour, *^ white,*' or of a par- 
iMolar oom p o at ien, marble,'* or were marked by both these 
dutfaeten, no mofd haying baen kept of tbose oaaea in wlndi a 
ball that waa neitlier white nor of marble had been drawn. Let 
it then have been found, that whenever the supposed condition 
was satisfied, there was a probability/) that a white ball would be 
drawn, and a probability q that a marble ball would be drawn : and 
fiom thaae data alone let it be ra^nved to find the firobabilily 
that in the next dsawin|^ irithoat seferanoe at all to the eondi- 
tion aboTe mentioned, a white ball will be drawn ; also the pro- 
bability that a marble ball will be drawn. 

Here if x represent the drawing of a white ball, y that of a . 
marble ball, the conditioa K will be lepiesented by the loffoX 
fbnetion 

ay+»0-jf) + 0-«)i^ 

lieiioe ire ium 

- ay + «(! -y) « - ay + (1 - a:) |/ = y ; 

whence 

and Hm final eqaalkoB cf the proUamMO 

^ i_ 

+ / (1 - J-) + (I -p-) 'P' /Z+p' (I - s^) + (I - fO'*' 
from which we find 

^ 9 ^ P 

It is seen that/?' and y'are respectively proportional to pmd 
as by Professor Donkin's principle they ought to be. The 
aolution of this class of problems might indeed, by a direct ^pE- 
cation of that prin<aple» be obtained* 

To meet a poeable objection, I here remark, that the above 
reasoning docs not require that the drawings ufa w hite and a 
marble ball should be independent, in virtue of the j)hydic^il con- 
stitution of the balls. The assumption of their independence is 
indeed intolyed in the solution, but it does not rest upon any 
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{unor aBsumpiaon as to the oalure of the baU«9 ^ 
er fieedom tea leblaoiMy of fimiiy oobur, atrnoliue^ It is 
fimnded upoii our total ignonnoe of all theee thingB. Probabi- 
lity always has reference to the state of our actual knowledge, 
and its numericai value varies with varying infpimatioiu 

Pbofosjtion in. 

11. To ddvmim m oiqf quuUim i^pnbabUiiiei the hgkal 
cinmexUm(^the qmuiium with the daia ; Uuti u» to assign the eoad 

whose probability is sought^ as a logical fimetion of the event whose 
probabilities are given. 

Let 8^ Tf zeproflent any compoiiDd emta whoae pro- 
babilitiea are ffveOf S and T being in ezpresnon knowiT f iino- 

tions of the symbols x, y, <&c., representing simple events. 
Similarly let represent any event whose probability is sought, 
fV being also a known function of x, y, z, &c. As Sy . . JV 
mast satisfy the fundamental law of dnalit/, we ara permitted 
to *ieplfl!oe ihem by nn^e logical aymbolsy ^ • • to. Assume 
then 

#.5; 1-7; WmW. 

Theoey bj the definition of ir» inll he a series of 

logical equations oonneoting the sy rnbob ^ . • to, with the synii- 

bols X, y, z . . 

By the methods of the Calculus of Log^c we can eliminate 
firom the above system any of the symbols 2» y» 2, • • » repre- 
senting events whose probabilities are not giyen, and determine 
to as a developed ftmction of «» t^ &c, and of such of the symbc^ 

X, y, z, c^c, if any such there be, as correspond to events whose . 
probabilities are given. The result vrill be of the form 

0 0 * 

where A, J5, C, sind D comprise uinong them all the possible 
constituents which can be formed irom the symbols s, t, S:c.y i. e. 
fiom all the symbols representing events whose probabilities are 
given* 

• The above will evidently be the complete ezpresnon of the 

rcktiou bought. For it fully dctcimiucd ihc event Wf repro- 
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sented by the dngle symbol tr, as a Action or oombination of 
the events similariy denoted by the symbob #^ t, and h m- 
ogns by the hm the Galoulus of Logic the o o ndi t Son 

i>-0, 

as conneedng the events &e.» among themselves* We nu^, 
therefore, by Prmdple vi., regard s, do., as iimpU events, of 

which the coinbliiation and the condition with which it is as- 
sociated D, are definitely determined. 

Uniformity in the logical processes of reduction being de> 
siiabley I shall here state the order which will generally be pOF- 
sued* 

12. By (Vm. 8), the primitive equations aie reducible to 

the forms 

s{l- S) + S{\ -s) = 0; 

mider which they can be added together without impairing their 
significance* We can then eliminate the symbols «9 jf, ^ either 
separately or together. If the latter course Is chosen, it is ne- 
cessary, after adding together the equations of the system, to 
develop the result with reference to all the sjTnbols to be elimi- 
nated, and equate to 0 the product of all the coefficients of the 
oonstitnents (VII. 9). 

As w is the symbol whose ezpresdon is sought, wetimy also^ 
by Fh>p. III. Chap, ix., express the lesidt of elimination m the 
form 

Ew + ^(1 - w?) = 0, 

JS and JST b^ng euccesnvely determined by making in the 

general systeui ( 1 ), m? = 1 and = 0, and eliminating the symbols 
0*, y, . , Thus the single equations firom which E and ^are 
to be respectiTely determined become 

s {\ - S) S(\ - s) t{\ - T) + T{1- t) , . ^ I-IT-O; 
#(l-5) + 5(l-#) + ^(l-r)+ T(l-/)+ 

From these it only remains to eliminate y, &c., and to de» 
tcrmiue to by subsequent development 
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III the f oeet i of eKminatioii we mj, if needfiilt svnl our- 
mifm of the dmplifioetioiM of Props, i. end tt. Cfaep. ix. 

13. Should the data, beside informing us ul'the probabilitiea 
ef eyenta, i'urthcr assign among them enj exi>licit connexion, ftuch 
conneiion mutt be logically ezpretied, end the eqnedon creqot^ 
tioiie thne Ibnned be introdnoed into the genenl i^ttem. 

PBOroblTlON IV. 

14* Owem ike pnbabOUiis of any tff$tem cf mnlt ; I0 deter** 

mine by a general method ike consequeiU or denoed probabiUty of 

OM^ other event, 

Aetn thekstPropoattion,let<S^ T, d»*, be the erente whose 
probebilities ere given, IT the erent whose piobehilitj is sooght, 

till -e being known functions ofx, 2, <&c. Let \xa repredeut tiie 
data Ad ibllows: 

Fh>bebili^of^-|>; 

Probability of r- ^ ; 

and so on, />, 7, Ac, being known nmnerioel Tallies. If then 

wc represent tlu» com pound event «S by Tby ty and \yhj 10, 
we find by the laiit propunition, 

w^A^OB^IcId; (2) 

j4, B» Cf and D being funotions of <» &c. Moreover the data 
(1) 00 tnuufbnned into 

Prob. # - Prob. « - <&c. (3) 

Now tfie eqnelion (2) is resolvahle into the system 

wmA'¥q€ 



mA'¥qC 1 



f bebg an bdefinite ehMS symbol (VL 12). Bui sinee bj the 
pn^perties ofeonstitiients (V. Prop. 111.% we have 

A'^B'i^C'^JJ'U 

the seoond equation of the above system may be expressed iu the 

■ 

A^ B-^C' i. 



* 
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If wenpment thefiuietUMi^ -k- B -k' ChyV,ih»syt;Um(4) 
beoomes 

wA-^qCi (5) 
1. (6) 

Let OS for a momeiit oonflider this lesnlt. Since Fisthe sum 
cf a aeries of eonstitaeiite of Ae^ it repreeeats the compound 

event in which the simple events involved are those denoted hy 
tj &jc. Hence (0) shows tluvt the events denoted by s, t, &c., 
and whose probabilities' are &c., have such probobilitieB not 
as iadspmdmt eomUi, btttasarents sabjeot to a certain condition 
Equation (5) expresses lo as a sinularly conditioned oomba* 
nation of the same events. 

Now by Principle vi. the mode in which this knowledge of tho 
connexion of events has been obtained does not influence the mode 
in whichy when obtained, it is to be empbyed. We mait seaooii 
upon it as if eiperience had presented to ns the erents t» Ac* 
as shnple events, ftee to enter into every combination, bnt pos- 
sessing, when actually subject to the condition the probabili- 
ties p, qy &C", respectively. 

Let then p\ ^^••yhe the coiresponding probabilities of sudb 
eventSy when the restriction V is removed. Then by Brop. n* 
of the present chapter, these quantities will be determined by the 
system of equations, 

and by Prop. i. the probability of the event is mider the same 

condition V will be 

Rob..-£^; (8) 

wheron F« denotes the sum of those constituents in F of which s 

is a I'actor, and [FJ what that sum becomes when 8f tj • * 9 arc 
changed into p', . . , respectively. The consUiut c represents 
the probability of the indefinite event ^; it is, therefore, arbitraiy, 
and admits of any value from 0 to 1. 

* Now it inll be observed, that the valuesof j/, are de- 

termined from (7 ) only in order that they may be substituted in 
(8)9 so aa to render Prub. w a function of known quantities, p, 
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Ae. It is obvious, therefore, that instead of the lattftrs //, tf^ Ac, 
wc ini;:l>t employ any oilier^ as Szz.y in the Kime ifwintitntim 
•ooepUMaoiis. This particulxir dtep woiild gimply involve a clmugo 
cfiniOThigef tiieeymb»k#»l» Ao. ihmttmimg to be logimk 
«ad beeomg yuawrtftitfiw. Tlieijelenii(7)aml(8)w<Mld«lMa 
become 

Prob. W - ^-y^^. (10) 

In employing these, it is only necessary to determine from (9) 
$9 I, &c., regarded as qiiaatitatiye symbols, in terms oi'p, 7, <&c., 
and enbstttute the lesidtiiig ynXvm in (10). It Is eridentv tbut 
j^f» Ae.^ inasmoch as they represent probMUitSf wDl be podti?e 

proper fiactioQS. 

The system (9) may be more symmetrically expressed in the 
ibrm 

h^h..^V. (11) 

Ot we mKf ezprai both (9) and (10) togetbor in the symme* 

trical sjstem 

lL^Ii...±L£,Vi (n) 

wlisi'ein ti npcesssts Fkob* w» 

15. It remama to interpret the eonstant c assmned to repre- 
sent the probability of Uie indefinite event q. Now the hgkai 
eqoation 

inlBfiBliiia in the tevefs etto, isoplies thstifeitUr tliaaveot 
A tidw plaoe* or tlie event C m eomoxioB witii iIm event 7, tlie 

went IP will t:iki' phu'i", an<l not othcrwino. Hrnco y repremint* 
that oonditiun under which, ii' the event C take placi', the event 
m will take place. But the probabiltty of ^ is r. Henoe, tbere- 

iwok pvQbafai% that if tbe event C take plioe the event w 
wiD takepbee. * 

Wherufore by Principle 11., 

Fiobabilitv of rxincarrenea of C^and w 

cm ....... . 
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We may henoe detenniiie the natuxe of that new ezperienoe 
firom which the aetoal Talue of e may be obtained. - For if we 

substitute in C for s, &c., their original expressions as func- 
tions of the simple events y, &c., we shall form the ex- 
pression of that event whose prpbabilily constitutes the denomi- 
nator of the above Taloe of c; and if we multiply that ezpraaion 
by the original expression oif te^ we shall finrm iJie expffesoon of 
that event whose probability constitutes the numerator of and 
the ratio of the frequency of this event to that of the former one, de- 
termined by new observations^ will give the value of c. Let it be 
remarked here, that the constant c does not necettanlif make its 
i^pearanoe in the solution of a problem. It is only when the 
data are insufficient to render determinate the probability sought, 
that this arbitrary element presents itself, and in this case it is 
seen that the final logical equation (2) or (5) informs us how it 
is to be determined. 

If that new experience by which c may be determined can- 
not be obtained, we can still, by assigmng to c its limiting values 
0 and 1| determine the limits of the probability of w. These 
are 

A 

Minor limit of Prob. ^-^^ 
jSnperior limit ■ ^ • 

Between these limits, it is certain that the probabilily sooghi 
must lie independently of all new experience which does not ab^ 

solutely contradict the past. 

if the expression of the event C consists of many constituents^ 
the logical value of to being of the ibrm 



we can, instead of employing their aggregate as above^ present 
the final eolation in the form 

-3 , ■ A CxCi + e%C% + &c 
Jrrob. w ■ 2-^2 
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"Herect- ptolMbiKtj that if the erentCiOoear, the event t» will 
oocrnr, and so on for the others. Conyenienoe must decide which 

form ia to be preferred. 

16. The above is the complete theoretical solution of the 
problem proposed. It may be addedy thai it is applicable equally 
to the ease in which any of the events mentaoned in its original 
stactement are conditioned. Thns, if one of the data is the prohft- 
bility p, that if the event x occur the event y will occur ; the 
probability of the occurrence of a; not being given, we must as- 
same Prob. x = c (an arbitrary constant), then Prob. xy » cpy and 
llwse two conditions most be introduced into the data, and em- 
ployed aoomding to the previous method. Again, if it is sought 
to determine the probability that if an event x occur an event y 
will occur, the solution will assume the form 



Prob. sought 



Prob. X 

the nnmerator and denominator of which must he sepaiately de- 
termined by the previous general method. 

17. We arc enabled by the results of these investigations to 
establish a general rule ibr the solution of questions in probabi- 



Gbmbral Rolb. 

Casb I. — }Vhen all the events are unconditioned, 

Fom the symbolical expranonB of the events whose pcoba- 
are given or sought. 

Equate such of those expressions as relate to compoimd events 
to anew series of symbols, t, &c., which 8yml)ols regard as re- 
presenting the events, no longer as compound but simple, to 
whose expressions they have been equated. 

Eliminate firom the equations thus ihrmed all the lofpoal sym- 
bols, except those which express events, &c., whose respective 
probabilities />, y, &c. are given, or the event w whose probability 
is sought, and determine u? as a developed function of «, <S:c. 
in the form 
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Letil + £+ C« V, and let F« repree^ the aggregate of 
thoae iMNwdtiiflote in V which oontaia # as a fiMtor, Vg of those 
wluch oontain < as a ftetor, and thus finr all the symbols whose 

probabilities are given. 

Then, passiiig irom Logic to Algebrai form the equations 

Prob. w - ^il^^, (2) 

firom (1) determine t, &c. as functions of j?, <S:c., and sub- 
atitate their values in(2)» The^ult will ezpras the soliitioii 
required. 

form the synunetrical qratem cf eqp^^ 

p y Hi 

where ti iq^resents the probability sought. 

If e appear in the aolutioiiy its interpretation will be 

Prob. Cw 
Prob.^* 

and this interpretation indicates the nature of the 
which is necessary for its discoTery. 

Case II.— tame of the emnii are eondSAmed. 

If theie be given the probability p that if the event X occur, 
the event Y will oocnry and if the probability of the antecedent 
X be not given, resolve the proposition into the two Mowing* 
viz.: 

Probability of X « c, 
ProbabiUty of 

If the quajsitum be the probability iihat if the event PToecnr, 
the event Z will occur, determine separately, by the previous 
case, the terms of the fraction 

Prob. WZ 
Prob. W • 

and the fraction itself will eaipress the probalnlitj sou^t 
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It is undttilood in tfaii em that X, Y, Zvoaj be any 





win 




ill 



erenta wlmtsoem. The espreBnoos XY and IFZ 



rep iege i rt tfae prodnots of ihesymboHoal expresrions of X and Y 

and of W and i^, formed according to the rules of the Calculus of 
LfOgic. 

The detenninotion of the angle constant c may in oertun 
eMeabe leaolTed into^ orreplaced the determinatimi of aaeriea 
cf aitntiary co as t aato Ci, c,. .aoootding to eoiivau8iiee> aa pve» 

viously explained. 

18. It has been stated (1. 12) that there exist two distinct de- 
finitions, or modes of eonoeptioii* upon which the theoxy o£pto» 
hahilikieB may be made to depend* one of them being conneefced 
mofe immediately with Number, the other more directly with 
Logic. Wc have now considered the consequences which flow 
fipom the numerical definition, and have shown how it conducts 
us to a point in which the necessity of a connexion with hoffc 
obviously suggests itself. We httre seen to some extent what 
is the natue of that oonnenon ; and further, in what mlmner the 
peculiar processes of Logic, and the more familiar ones of quanti- 
tative Algebra, are involved in the same general method of solu- 
tion* each of these so aooompHHhing its own object that the two 
processes mi^ be r^gaided as siq»plementary to each other. It 
remains to institute the reverse order of investigation, and, setting 
out from a definition of probability in which the logical rchiiioii 
is more immediately involved, to show how the numerical defini- 
tion would thence arise, and how the same general metbody 
eqiiaUy dependent upon both eLements^ would finally, but by a 
diiieront order of prooeduiey be established* 

That between tlic symbolical expresj^ions of the logical Cid- 
culus and those of Algebra there exists a close analogy, is a isict 
to which attention has firequently been directed in the course of.' 
tiie praaent treatise. It might even be said that they possess m\ 
oommnmty of fixrms, and, to a very considenible degree, a com- * 
munity of laws. With a single exception in the latter respect, 
their diflercncc is only one of interpretation. Thus tlie same 
e K p r o s s i on admits of a logical or of a quantitative interpietati<m» 
according to the particular meamng which we attach to the sym- 
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bob it mYolveB. The ezpresdon fepreBents, midef the fanner 
ocmditaon, aconourrenoe of theevente denoted by x end jf ; under 
the Litter, the prodnet of the numbers or qiuuititieB denoted by x 

and y. And thus every cxpres.<ion denoting an event, simple or 
compound, admits, under auothef system of interpretation, of a 
menaing pnrdy qnwititative. Here then arises the questioB, 
wheUier there exists any principle of transitioii, in aoooidanoe 
with which the logical and the numerical interpretations of the 
same symbolical expression shull have an intelligible connexion. 
And to this question the following considerations afford aa 
answer. 

19* Let it be granted that there exists such a feeling as es* 
pectation, a feeling of which the oljectisihe oo( nufence of events, 

and which admits of differing degrees of intensity. Let it also 
be granted that this feeling of expectation aocompanies our 
knowledge of the circumstances under which events are prodnoed* 
and that it varies with the d^ree and kind of tlwt knowledge. 
Then, without assuming, or tacitly implying, that llie intensity 
of the feeling of expectation, viewed as a mental emotion, admits 
of precise numerical measurement, it is perfectly legitimate to 
inquire into the possibility of a mode of numerical estunatkm 
whidi shall, at least, satisfy these following condita<ms, vis., that 
the numerical value which it assigns shall increase when the 
known circumstances of an event are felt to justify a stronger 
expectation, shall diminish when they demand a weaker expec- 
tation, and shall remain constant when they obviously ceqmre an 
equal degree of expectation. 

Now these eonditionB at least will be satisfied, if we assume 
the fundamental principle of expectation to be this, viz., that the 
laws for the expression of expectation, viewed as a numerical 
element, shall be the same as the laws for the expression of the 
expected event viewed as a logical element. Thus if f (ar, y, z) re- 
present any unconditional event compounded in any manner of 
the events x, y, 2, let the same expression 0 (t, y, 2), according 
to the above principle, denote the expectation of that event ; 

If, z representiDg no longer the simple events involved, but 
the expectations of those events. 
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For, in the first place, it is evident that» under this hypothesis, 
the probabili^ of the oocurrence of some one of a set of mutually 
ezdndve events will be equal to the sum of the s^Muate proba- 
Inlidea of those events. Thus if the alternation in question con- 
sist of n mutually exclusive events whose expressions are 

y» ^« y,z\ .... (a:, y, z), 
the expression of that alternation will be 

the literal symbols 4p, y, z being logical, and relatiiig to the sim- 
ple events of which the three alternatives are compounded: 

and, by hypothesis, the expression of the probability that some 
one of those alternatives will occur is 

XfffZ here denotiiig the probabilities of the above events. 
Now this ezpresnon increases, ctBteris parQm^ with the incr e a s e 

of the number of the alternatives which are involved, and di- 
minishes with the diminutiou of their number ; which id a^ee- 
able to the condition stated. 

Furthermoie^ if we set out from the above hypothetical defi- 
nitioo of the measure of probability, we shall be conducted, 
either by necessary inference or by successive steps of suggestion, 
which might perhaps be termed mcessnry, to I he received nu- 
merical definition. We are at once led to recognise unity (1) 
as the proper numerical measure of certainty. For it is certain 
that any event x or its contrary 1 - « will occur. The expres- 
sion of this proposition id 

x+(l-a?)-l, 

whence, by hypothesLs, a: + ( 1 - jr), the measure of the proba- 
bility of the above proposition, becomes the measure of certain^. 
But the value of that expresnon is 1, whatever the particular 
valne of x may be. Unity, or 1, is therefore, on the hypothesis! 

in question, the measure of certainty. I 
Let there, in the next [)hice, be n mutually exclusive, but 
equally possible events, which we will represent bj tt% • • 

T 
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The proposition which affirms that some one of these muat occur 
will be expreeaed by the eqaation 

and, 80 when we paBB in aooordance with the xeaaoning of the 
last Beetlon to nnmerioal prohabilities, the same equation remains 

true in form, and as the probabilities ^i, t^, ,tn are equal» we 
have 

whence ti « ^» and similarly ^ ^ ^ " ^* Suppose it then re- 
quired to determine the probability that some one event of the 
partial series <■» <t • • will occur, we have for the ezpressioa 
required 

+ <f .. + «- + -.. to w terms 
n n 

m 

* 

n 

Hence, therefore, if there are cases favourable to the occur- 
rence of a particular alternation of events out of n possible and 
equally probable cases, the probability of the occuirenoe oi* that 

alternation wiU be expressed by the fraction ^. 

Now the occurrence of any event which may happen in di£^ 
rent equaUy posnble ways is really equiyalent to the occurrenoe 
of an alternation, i. e*, of some one out of a set of altematiTes. 

Hence the probability of the occurrence of any event may be 
expressed by a fraction whose numerator represents tlic nimiber 
of cases &YOurable to its occurrence, and denominator the total 
number of equally possible cases. But this is the rigorous num^ 
rical definition of the measure of probability. That definition ia 
therefore involved in the more peculiarly logical definition, the 
consequences of which we have endeavoiwed to trace. 

20. From the above investigations it clearly appears, Ist, 
that whether we set out firom the ordinary numerical definition 
of the measure of probability, or from the definition which assigns 
to the numerical measme of probability such a law of value aa 
shall establish a formal identity between the logical expressions 
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of eraits and the algebnuo expreerions of thdr values, we shall 

be led to the same eystem of practical results. 2ndl7, that 
either of these definitions pursued to its conBcquences, and con- 
sidered in connejion with the lelatioDS which it inseparably in- 
volves, oonduots nsy by infefenoe or snggestiony to the other 
definition. To a sdentific view of the theoiy of probabilities 
it is essential that both prindples should be viewed together, in 
their mutual bearing and dependence. 



T 2 ^ 
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CHAPTEB XVm. 

ELEMENTART ILLUSTRATIONS OF THE GENERAL METHOD IN PROBA- 
BILITIES. 

!• XT is designed here to illustrate, by elementary examples, 
the general method demonstrated in the last chapter. 
The examples chosen will be chiefly such as, from their sim- 
plidtj) pennit a ready verification of the solutions obtained. 
But some intimations will appear of a higher class of problems, 
hereafter to be more fully considered, the analysis of which 
would be incomplete without the aid of a distinct method deter- 
mining the necessary conditions among their data, in order that 
they may represent a possible experience, and assigning the oor- 
responding linuts of the final solutions. The fuller oonrideratioa 
of that method, and of its applications, is reserved for tlie next 
chapter. 

2. £x. 1. — The probability that it thunders upon a given 
dajiBpf the probaUlity that it both thunders and haila is jr, bnt 
of the connexion of the two phenomena of thunder and hul, no- 
thing further is supposed to be known. Kcquired the probability 
that it hails on the proposed day. 

Let X represent the event — It thundeia. 

Let y represent the event — It liails. 

Then xy will represent the event— It thunders and hails; and 

the data of the problem arc 

Prob. X'^pf Fh)b. xjfmq. 

There being here but one compound event xy involved, assume, 
according to the rule, 

ay = (0 

Our data then beoome 

Prob. « « />, Prob. q; (2) 
and it is required to find Prob. y. Now (1) gives 
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Henoe (XVIL 17) we find 

1^ = la + (1 - tt) X + (1 - tt) (1 -«), 

and the equations of the Genend liuie, viz., 

P 1 
Prob.y = 

become, on substitution, and observing that A = Mjr, C= (I - «) 
(1 - x)» and that Kreduces to ;b + (1 - u) (1 - x)f 

f-S-,+ (i-,)(i_,), (3) 

•n, MX * c(\-u) (\ - X) 

from which we readily dedaoe* hj eliminatioii of x and «» 

Prob.y » y + c(l -p). (5) 

In thitf result c represents the unknown jirobability that if the 
event (I -u) (I - x) happen, the event y will happen. Now 
(1 - a) (1 - a;) « (1 -xy) (1 - x) = 1 - a:, on actual multiplication. 
Henoe c is the unknown probability that if it do not thunder, it 
iriUhail. 

The general solution (5) may therefore be interpreted as fol- 
lows : — Tlic probability that it hails is equal to the probability 
that it thunders and hails, together with the probability that it 
does not thunder, I -p, multiplied by the probability c, that ii' it 
does not thunder it will hail And common reasoning verifies 
tUs reenlt. 

If c cannot be numerically determined, we find, on ;is>lLrniiig 
to it the limiting values 0 and 1, the following limits of i'rob. ^» 

Infiarior limit 

Superior limit = ^ + \ - p» 
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d. £<• S« — ^The probability that one or both of two events 
hKppea 10 p, itmt one or both of them &il is What la the 
probability that only one of theee happens? 

Let X and 1/ represent the redpective events, then the data 
are— 

Prob.ay + x (1 -y) + (I - -p, 
Frob.a;(l + (1 -ai)y + (1 - «) (1 -y) - qi 
and we are to find 

Prob. ar (1 - y) + y (1 - aj). 
Here all the events oonoemed bemg compound, assome 

ary + a:(l-y) + (l-a')y = *, 
«(l-y) + (l-a:)y + (l-x)(l-3^).<, 
»(i-y) + (l-af)y 

Then eltmntating x and y, and detemuning to aa a developed 

function of s and we find 

Henoe A^H, F«sl4s(l-0-^0-')'-' + 0-')^ 

Ft'=Sy Ft'^tf and the equations of the General Bule (XVII. 17) 

become 

i-£-,+(i-,)<. (1) 

idienoe we find* en eliminaling # and if 

Prob. w^p + q- U 

Hence p + ^ - 1 is the measure of the probability sought. This 
result may be verified a? follows : — Since p is the probability that 
one or both of the given events occur, I - p will be the prober 
biUty that they both fiul; andsinoef isthe probability that one 
or both ftil, 1 - 9 is the probalulity that they both kappeo. 
Hence 1-p+l-y, ori-p-^i, is the probability that they 
either both happen or both fail. But the only rciiiuioing alter- 
native which is possible is that one alone of the events happens* 
HenoellieprobalMHtyof this eooanenoe i8l-(a-p-9> or 
p + f - l>aa above. 
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4. Ex. 8. — ^The probal^lityiliflt % witness A speaksilie tnilli 

is p, the probability that another witncris B spciiks the truth is </, 
and the probability that they disagree in a statement is r. What 
is the probability that if they agree» their statemeot is trae ? 

Let » leprasent the hypothesis that A speaks tn^h^ y that 
B speaks tnith ; then the hypothens that A and B disagree in 
their statement will be represented byx(l - + the 
hypothesis that they agree in statement by + (1 - (1 - y), 
and the hypothesis that they agree in the truth by sy» Henoe 
we have the foUowing data : 

Fioh^m^Pf Prob.y«9, Prob.»(l -y) -i-y (1 - a;) » 

fimn which we are to determine 

Prob.ay 

Flrob. aiy + (1 - a;) (1 - y)* 

But as Frob. - y) + y (1 - «) - r, it is evident that Frob. 
ay + (l-ff)(l-y) wiUbe 1 -r; wehayeiherefixretoseek 

Prob.ay 

Now the compoimd events concerned being in expression, 
«(1 - y) y (1 - a;) and ay, let us assume 

«(i -y) + y(i-«) 



ay - w J ^ ^ 



Our data then are Fh>b«« » p, Bcob,y « q, Prob. « » r, and we 

are to find Prob. w. 

The system (1) gives, on rediiction, 

(l-') + M^+(l-^r)(l-y)| 

+ ay (1 - tt?) + 117 (1 - ay) • 0 ; 

whence 

^, g(i-y)(i-'>) + y(i"3^)(^-j)+«y^^*(i-g)(i-y)-*'ay 
1 1 

-gay* + ay (l-#)+Oar(l -y)* + ^a:(l -y) (1 - #) 

+ 0(l-x)yi + 5(l-x)(l-y). + i(l-»)y(l.,) 
+ 0(l-x) (l-y)(l-*). 
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In the expression of this development, the coefficient ^ has been 

made to replace every equivalent form (X. 6). Here we have 

ay(l -#) + «(! -y)# + (l-ar)y, + (l- a?) 

whence, passing irom Logic to Algebra, 

ay + ar(l '-y)8 xy{\-s)-^{\ -x)ys 

P ' 9 

r 

- ay(l -#) + «(1 -y)* + (I - «)y. + (!-«) (1 -y) (1 - «). 

p_,t, »y(i-*) , 

ly (1- #) + « ( 1 -y) ♦ + (1 - «) y. + (1 - ») (1 -y) (i -*)' 

from which we readily deduce 

mi 

whence we have 

1-r "2(l-r) ^' 

ftr the Tftbe eought. 

If in the same way we seek the probability that If A and B 
agree in their statement, that statement will be false, we must 
replace the seocmd equation of the system (1) by the foUowiDgt 
viz.: 

the final logical equation will then be 
w~ga^«-t-0;^(l-«) + (te(l -y)* + ^a(l-y) (l-'> 

+ 0 (1 - ») yf + i (1 -«)y (1 -*) + i(l - ») (1 - y). 

+ (l-*)(i-y)(l-.); (4) 

whence, proceeding as before, we finally deduce 



Wherefoire we have 
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1-r " 2(l-r) W 

£k the value here sought. 

These lesolts are matuaUy oonnstent. For ainoe it k certain 
that the joint statement of A and B most be dther tnie or false^ 

the second members of (3) and (5) ought by addition to make 1. 
Kow we have identically, 

2(1 ~r) 2(1 -r) 

Itis probabley from the simpliaty of the results (5) and (6), 

that they might easily be deduced by the application of known 
principles ; but it is to be remarked that they do not fall directly 
within the scope of known methods. The number of the data 
exoeeds that of the simple events which they inyolye* M. Coux^ 
not, in his very able work, <*£zpoation de la Theorie des 
Chances," has proposed, in nuch ca^cs as the above, to select 
from the original premises different sets of data, each set equal in 
number to the simple events which they involve, to assume that 
those simple events are independent, determine separately from 
the lespectiye sets of the data thdr probabilities, and comparing 
the different values thus found for the same elements, judge how 
&r the assumption of independence is justified. This method 
can only approach to correctness when the said simple events 
prove, aoeording to the above criterion^ to be nearly or quite in- 
dependent ; and in the questions of testimony and of judgment, 
in which such an hypothesis is adopted, it seems doubtful whether 
it is justified by actual experience of the ways of men. 

5. Ex. 4. — From observations made during a period of gene- 
ral sickness, there was a probalnlity p that any house taken at 
landom in a particular district was virited by fever, a probabflity 
q that it was visited by cholera, and a probability r that it es- 
caped both diseases, and was not in a defective sanitary condition 
as r^^arded cleanliness and ventilation. What is the probability 
that any house taken at random was in a defective sanitary 
oondition? 

With reference to any houfie, let us appropriate the symbols 
2, y, as follows, viz. : 
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The events wHose probabilitiee are given are then denoted by 

and (1 - x) (1 - (1 - z), the event whose probability id 
sought is z. Assume then. 



The valne of Fdednoed fiom ihe above is 

F-.ay(l-io) + aj(l-y)(l-io) + (l -af)y(l-io) 
+ (l-x)(l-y)tr + (l-«)(l-y)(l-tc)-l-w+w(l-«)(l-y); 

and similarly ledncing F^, Ky, V^^ we get 

F,«a!(l-«7), F,«y(l-tc), F«-ii;(l-x)(l-y); 
fimushing the algebraic equations 



As respects those terms of the development characterized by 
the coefficients I shall, instead of collecting them into a single 
term» pvesent them, for the sake of vaxiety (XVIL 18)i in the 



then onr data are^ 

Prob. xmp^ Prob. y ^q^, . Prob. lo = r, 
and we are to find Prob. Now Smmyea 




a;(l>io) y(l-io) ^ to(Ug)(l-y) 
p ■ ■ r 



l-!i7 + M?(l-a;)(l-y). (2) 



?aj(l-w)+^(i-«)y(i-u;); 

V 

the value of Prob.2 will then be 
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p^, Jl-«)^l-y)(l^e,(i-^).y^l-x)y(U ^ 

1-10 + 10 (l-i) 

XVom (2) and (4) we deduoe 

l-r ^ 1-r 

M the expretaion of the pfobability required. If in thi^ result 
ive mekee-iOy and^^Ot wefindfor an inferior linnt of Ha ▼aloe 

^^"^^ m S — tLi and if we make c ■ 1, ^ • 1. we obtain 
l-r 

for ita superior limit l-r. 

6. It af^pean from inspection of thia aolution» that the pre- 
niiea ehoaao wm eieeedingiy defective. The eonstanta c and 
^ iD&ale thii, and the oonrespondiiig tenna (3) of the final 

logical equation show how the defidenqr ia to be supplied. 
Thua, unce 

ll.jr)i((l-tD)-(l-x)y(l-(l-x)(l-4/Kl-^))-(l-^)y, 

mlamllMiftekthepioliafaili^tliatifaiijhoiiaawaaT^^ by 
ftver Ha aanitBrf eonditioii w defeotrre, and that ia tlie proba- 
bility that if any house was vi^^itod by cholera witiiout^fevery ita 
aanitary condition was defective. 

If the tama of the logioal devekipMOi albeled bj th^ 

cicni g had been oolleoted together aa in the direct atatement of 

the general rulci the iinal solution would have assumed the fol- 
lowing ibnn: 

c here representing the pn)bability that if a house was visited hj 
either or both of the disca»e8 mentioned, ita lanitary condition 
deleetave» Thia nndtiaperfoetljeonaiatant with the former 
and indeed the meuMary equivalenoe of the diflerent fbrma 

uf solution presented in 8uch caiieH may be fonnally established. 

The above t«olutiun niny be verified in particular fnca ThQa» 
takii^ the second fonn» if c« 1 we find Arob*a • 1 - r, aeomoi 
Mnk yog if the p i e w n ee of eithar fcm or Aotota cartewl^ 
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indicAted a defective eanitary conditiioii, the probability that any 

house would be in a defective sanitary state would be simply 
equal to the probability that it was not found in that category 
denoted by z» the probability of which would« by the data, be 1 - r. 
Perhaps tiie geaenX verificatioii of the aboye eoiutioii would be 
difficult. 

The constants and r in the above solution are subject to 
the conditions 

p + r<l9 j + r<l. 

1. Ex. 5. — Given the probabilitaee of the prenuses of a hypo- 
thetical syllogism to find the probability of the conclusion. 
Xict the syllogiam in its naked ibrm be as follows : 

Major premiss : If the proposition Y is true X is true. 
Minor premiss : If the proposition Z is true Y is true. 
Conclusion : If the proposition Z is true X is true. 

Suppose the probability of the major premiss to be j>, that of the 
minor premiss q. 

The data then are as follows, representing the propodtion K 
by &c., and assuming e and e* as arbitrary constants: 

Prob. y « C| Prob. xy^cpi 
Frob. zm^^ Brob. ffz^dqi 

fiom which we are to determinci 

Ph>b. xz Prob. xz 
Prob.z if 

Let us assume, 

ay-ti, yzmv^ xzmw; 

then, proceeding according to the usual method to determine w 
as a developed function of |f» 2^ tf^ and the symbols coitcs-% 
ponding to propositions whose probabilities are given* we find 

wnzoy-^Ou^l-z) (l-«)y+ 0(1 -if)2oy 

+ J(i-«')^O-«)O-y)+0(i-«)(i-^)(i-i;)y 

+ 0 (1 - 1<) (1 - ^) (I - o) (I - y) + terms whose coeffi- 

'• . 1 

^ cients arc ^ ; 
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and parsing from Logic to Algebra, 

uzry + 11 (I - r) (I - r) y itrry + (1 - u)zvi/ + (I - «) r (I - t?)(l -y) 

— - 

uzvi/ + ( I - 1«) rry 

*3 J 

cq 

c 

wherein 

Vm KTry + «(! + (1 -ii) rry + (l -ii) r(l -f)(I -y) 

4 (I - II) (I - 2) (I - y + (1 - M) (I - :) (I - t') (1 - y). 

the solution of this system of equations gives 

Prob. tr = c'pq + ac (I - 7), 

whence 

Prob. jy 

=P!7 + ^(>-7)» 

the value required. In this exprc^ion the arbitrary constant a 
is the probability that if the proposition Z is true and )' false, X 
is true. In other words, it is the probability, that if the minor 
premiss is false, the conclu.«ion is true. 

This investigation might have been greatly simplified by as- 
suming the proposition Zto be true, and then seeking the proba- 
bility of A". The data would have been simply 

Prob. y «= 7, Prob. ly ^ pq\ 

whence we should have found Prob. t = f>y + a (I - 7). It is 
evident that under the circumstances this mode of procedure 
would have been allowable, but I have preferreil to deduce the 
solution by the direct and unconditioned application of the 
method. The result is one which ordinary reasoning verifies, 
and which it docs not indeed require a calculus to obtain. Ge- 
neral methods are apt to apj)ear most cumbrous when applied to 
cases in which their aid is the least rcfjuired. 

Let it be observed, that the above method equally appli- 
cable to the cateirorical syllopsm, and not to the syllogism only. 
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licit to every foim of deductive ndaodnatioD. Oiven the ptobe- 
bifitioB sqMrately attaching to the premisee of any train of ir* 

gument ; it is always possible by the above method to determine 
the consequent probability of the truth of a conclusion legitimately 
diawn item such premiseB. It ia not needful to remind the 
leader, that the truth and theoorrectnesB ofaconohinon are di& 
ferent things. 

8. One remarkable circumstance which present* itself in such 
applications dederres to be specially noticed. It is, that propo- 
rtions which, when true, are equivalent, are not neoeesnOj 
equivalent when regarded only as probable. This principle wiD 
be illustrated in the following example. 

Ex. 6. — Given the probability p of the disjunctive proposition 
Either the proposition Yis true, or both the propositions Xaod 
Face fidse^" required the ptobabilitj of the conditional proper 
aition, If the propontion X is true, Yis true." 

Let X and y be appropriated to , the propositions X and Y 
respectively* Then we have 

Prob.(y + (1 - a;) (l-yJ = />, 

from which it ii required to find the value of 

Assume y + (I - «) (1 - y) - (1) 

£liminating y we get 

(l-») (1-0-0. 
whence + 

and proceeding in the usual way, 

Prob. Of - 1 - p + C5p. (2) 

Wliere c is the probability that if either Y is tnie^ or X and Y 
fidse, X is true. 

Next to find Prob. xy. Assume • 

xy = w. (3) 
Eliminating y from (1) and (3) we get; 
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whence^ proceeding as above* 

Prob. zt:^cp^ 

c haYuig the Bame interpratatioii as befiwe. Henoe 

Prob. xy tp 
, Fjrob.7 ep* 

(or the probability of the truth of the conditional proposition 
given. 

Now in the adence of pore LogiO) which, aa each, ia oonver- 
aant onlj with truth and with ialaehood, the above disjunctive 

and conditional propositions are equivalent. They are true and 
they are false together. It is seen, however, from the above in- 
vestigation, that when the disjunctive proposition has a probi^ 
bilit^ the conditional proportion has a difiSsre&t and partly in- 

definite probability - — ^T^' Nevertheless these expressions 

are such, that when either of them becomes 1 or 0, the olhtr aS" 
iumes the same value. The results are, therefore, perfectly con- 
natent, and the logical tnmsformation serves to verify the ftnrmula 
deduced from the theory of probabilities. 

The reader will easily prove by a similar analysis, that if the 
probability of the conditional proposition were given as that 
of the disjunctive proposition would be 1 - c + qp, where c is the 
•rkntraiy probalnlity of the truth of the propoatiia JT. 

9. Ez.7^Bequiredtodeteniiiiiethepiobalnlit7 of an event 
as, having given dther the first, or the first and seoond, or the 
first, second, and third of the following data, viz. : 

1st. The probability that the event x occurs, or that it alone 
of the three events y, ^ fiuls, is p. 

2nd. The probalulity that the event y oeeors, or that it akme 
of tiie three events y, z, fmls, is q. 

3rd. The probability that the event z occurs, or that it alone 
of the three events x, y, fiuk, is r. 

SOLUTION OF THB FIRST CASK. 

Here we suppose that only the first of the above data is 
given* 
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We have then, 

. . T. . Prob. {* + (1 - «) y«) 
to find Frob. x. 

Let X •¥ {I " as) yz m 

then eliminating aa a single symbol, we get» 

Hence 

0 0 , , 

whence, proceeding accoiding to the rule, we have 

Prob. X ^ cpf (I) 

where c b the probability that if x ooonrs, or alone fiiils, the 
former of the two alternatives is the one that will happen. The 

limits of the solution are evidently 0 and p. 

This solution appearvS to give us no iuibrmatlon beyond what 
unassisted good sense would have conveyed. It is, however, aO 
that^the single datum here assumed really warrants us in infer- 
ring. We shall in the next solulaon see how an addition to our 
data restricts within narrower limits the iiual solution. 

SOLUTION OF THE SBCOND CA8B. 

Here we assume as our data the equations 

Prob. [x-¥ ^^Pf 
Troh. {y-i- (I ^ I/) xz\r.q. 

Let us wnte 

X + (1- x)yz 
y + (l-y)«2»/; 

from the first of which we have, by (VIII. 7), 

{X'^{\-x)yz) (l-#) + #|l-«-(l-«)yz) «0, 

or (jj + xyz) * + *i (1 - yz) « 0 ; 

provided that for simplicity we write i for I - ar, y for 1 - y, «oA 
BO on. Now, writing for I - y^ its value in constituents, we 
have 

(x + iyz) s + sx (yz + yz + yz) = 0, 
an equation consisting solely of positive terms. 
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In like manner we have fix>m the second equation, 
-i ^xz) 7 + ^ («? 4 is + iz) - 0 ; 

and fiom the earn of these two eqnatbna we are to eliminat4> y 
and«. 

If in that sum we make y =» 1, r = 1, we get the result 7 + ^. 
Kin the same sum we make |f - It z - 0» we get the result 

XS + MX + t. 

Kin tfaeoamesamwemakejf-O, is- 1, we get 

And if, lastly, in the flame sum we make y » 0^ 2 » 0, we find 

»9 -¥ $x to iif or jr? + 4i -i- 

These four expressions are to be multiplied together, ^ow 
the fintand third may be multiplied in the following manner: 

(5i+<Sr)by(IX«PlPop.n.) 
I ■ xi 4- «i -f Ixt + 9xL (2) 

Again, the second and fourth give by (IX. Prop, i.) 

(si+fi-l-i) 

= + *x. (3) 

Lastly, (2) and (3) muldpUed together give 

{xl 9x) {xi + 9Xt xi-¥ txi) 

mXS -i- tX (sxt + Xt-i- txs) 
mXl -¥ txL 

Whence the final equation is 

(l-#)« + #(l^/)(l-j?)-0, 
which, solved with reference to x^ gives 

^ ^CL:0._. 

-?#< + *(i-0 + o(i-*)< + 0(1-*) (i-O' 

V 
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and, proceeding with this according to the rule, we have, finally, 

Prob. + cpq. (4) 

where e k the probability that if the event H happen, » will 
happen. Now if we form the developed expression of <l bf mul- 
tiplying the expressions for * and t together, we find — 

c = Prob. that if x and y happen together, or x and z hapiKjn 
together, and y &il, or y and z happen together, and x iail, the 
event m will happen. 

The limits of Prob. m are eindently p(\-q) and p. 
This solution is more definite than the former one, inasmach 
as it contains a term unaiiected by an arbitrary constant. 

SOLUTION OF THB THIRD CA8B. 

Here the data are — 

Prob. (# + (1 - x)yz\ » 

Prob. [y + (1 -y)xz] = q, 
Prob. {j8 + (I - z) 4ry) • r. 

Let us, as before, wiitc x ibr \ - x^ &c., and assume 

y + yxz = #, 

z + zxy = u. 

On reduction by (VIIL 8) we obtain the equation 

(o! + xyz)l + sxiyz + yz-i- yz) 

+ + yxz) i+ ty {zx + XZ + xz) 

•¥ {z + zxy)u +iiz(xy + xy + xy) = 0. (5) 

Now instead of directly eliminating y and z from the above 

equation, let us, in accoriluncc with (IX. Prop, ill.), assume the 
result of that elimination to be 

Ex +1^(1 -a?) = 0, 

then E will be found by making in the given equation « «» 1, 
and eliminating y and z from the resulting equation, and J? will 
be found by making in the given equation .r = 0, and eliminating 
y and z from the result. First, then, making a? « 1, we have 
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and mftkmg in the first member of this equation successively 
y » 1, r • 1, If « 1» 2P • 0, and mnltiplyiiig together the 
resnltBy we have the ezpreaoon 

which is equivalent to 

(i+?+t<)(J + *+tt). 

Mion HarK We ihall xetain it in its preoent 
fimn. It has already been shown by example (Vm. 3), that 

the actual reduction of such expredsions by multiplication, though 
convenient, is not necessary. 

Agiin in (6)9 making « - 0, we have 

firom which, by the same process of elimination, we find for E the 
expression 

(# + ij+ 6) (# + i + «) (« + < + 6) (« + I + «) 

The final result of the elimination of y and z from (5) is there- 
fore 

Whence we have 

(74f-i'«)(«-i't4'«)(#+<+if)(#-i-^+tf)-(;<i>^'i-ti)(74^4ir) * 
or, developng the second member^ 

0 . 1 r 1 ^- ^. 

0 0 0 (0) 

0 

Hence, passing firom Logic to Algebra» 

~r"" J " ^ a) 

• jftf 4 tiii 47111 4 itti4ifii. 
u2 
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, stu + cslu 
Prob.a; «= = — ^ . (g) 

stu + stu + stu + stu + 7iu ^ ' 

s . t , 

To simplify this BjBtem of equationsy change ■=- into s, - into U 

Sic., and ailer the change let X stand for stu + s -^^ t+ I. We then 
have 

Ph)b. » - — — , (9) 

irith the rebtioiia 

« mttU'¥M'¥t'¥U'¥l^A. (10) 

From theee equations we get 

Wti + « » A/?, (11) 
j|ii + «- X- f- ti-l» 

« + <«X(l-i>)-l. 
Similaily, u + « « X (1 - - 1, 

and # + *-X(l-r) -1. 

» 

IVomiriuoh equttims we find 



, A(l+p-y-r)-l ACUy-r-;.)-! 
' 1 , t 1 . 

„_ A(l + r-;,-;)-l (12) 
« 2 

Now, by (10), 

«lit > ^ - «. 

Substitute in this equation the valuee of «, (, and u above deter- 
nuned, and we have 

((l+i>-2-r)A-l)|(l + 9-p-r)X-l||(l + r-/,-j)X-ll 

»4{0» + } + r-l)A+lJ, (13) 

an equation wliich determines X. The values of and m, are 
then given by (12), and their sabfltitution in (9) completes the 
aolutioii of the proUem. 
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10. Now a difficulty, the bringing uf which prominently be- 
fore the reader has been one object of this investigation, here 
ariset. How shall it be deteniiined» which root of the above 
•qnatioD ought to/taken ftr the Tiloe of X. To this diffioiilty 
some refimooewas made in the opening of the pre s e nt chapter, 
and it was tntimated that its fuller consideration was reserved fur 
the next one ; from which the following results arc taken. 

In order that the data of the problem may be derived firom 
a posnble ezperienoei the qoaotities |s and r most be snbjeot 

tothe ftUowinir conditioiis: 

l+y-p-r;o, (14) 

Moreover, the value of X to l)e employed in the general solution 
must satisfy the following conditions : 

X>': » X>- » \>-. . (15) 

Now these two sets of conditions suffice for the limitation of 
thegeoendsolatum. It may be shown, that the central equation 
(18) Ibmishes but one value of A, which does sstisfy these con- 
ditions, and that value of X is the one reqmred. 

Let l-t-i^-^-r be the Icaat uf the three coefficients uf X 

given above, then ^^p^ ^ — p ^ ^ greatest of those v»* 

lues, above which we are to show that there exists but one value 
efX. Let ns write (13) in the Ibm 

|(li/,-y-r)X-l)((U9-p-r)X-l)|(l+r.p.f)X-l| 

-4 l(p494r-l)X + l)-0; (16) 

and repment the first member by K. 

•Assume X • t ^ > then V becomes 

,4(^^^±^.l)--4f , \ 
which is m tj faHv e , 
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Let X « »9 tfam ViB potUioe and infinite. 

Again, 

r 

-= 0+i^-^-r)(l + ^-i?-r) ((l + r-p-^)X-l) 



and X " 00. 

If then we construct a curve whose abscissa shall be measured 
by \y and whose ordinates by that curve will, between tbe 
limits specified, pass fiK>m below to above the abeoiaaa X» its con- 
▼ezitj idwajs bemg downwards. Hence it will but once inteneot 
the absdssaX within those limits ; and the equation (16) will, there- 
fore, have but one root thereto corresjMjnding. 

The solution is, therefore, expressed by (9), X being that 
root of (13) which satisfies the conditions (15), and #, t, and ai 
being ^ven by (12). The interpretation of e hmj be deduced 
in the usual way. 

It appears from the above, that the problem is, in all cades, 
more or 



+ siniilar positive tenna^ 



which expression is positive between the limits X » 
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CHAPTER XIX. 

OF STATISTICAL COHDITIOVS. 

1. the term statistical oonditionsy I mean those conditions 

which must connect the numerical data of a problem in 
order that those data may be consistent with each other, and 
therefore such i\ti statinticul observations might actually have 
furnished. The dcteniunation of 8uch conditions constitutes an 
important problem, the solution of which, to an extent sufficient 
at least for the requirements, of this work, I [nh pose to undertake 
in the present chapter, rcgardinj^^ it partly as an independent ob- 
ject of speculation, but partly also as a necessary supplement to 
the theory oi' probabilities already in some degree exemplified. 
The nature of the connexion between the two subjects may be 
stated as foUows : 

2. There are innumerable instances, and one of the kind 
presented itself in the last chapter, Ex. 7, in which the solution 
of a question in the theory of probabilities is finally dependent 
upon the solution of an algebruc equation of an elevated degree. 
In such cases the selection of the proper root must be detenmned 
by certain conditions, partly relating to the numerical Tslnes as- 
sitined in the data, j>artly to the due limitation ot the clement 
required. The discovery of such conditions may sometimes be 
effiBCted by unaided reasoning. For instance, if there is a proba- 
biUty p of the occurrence of an event and a probalnlity q of 
the concurrence of the siud eyent A, and another erent it is 
evident that we must have 

But for the general determination of such relations, a distinct 
method is required, and this we jnococd to establish. 

As derived from actual experience, the probability of any 
event is the result of a process of approximation. It is the limit 
of the ratio of the number of cases in which the event is observed 
to occur, to the whole number of equally possible cases which 
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observadon reootday-^a limit to which we approach the more 
nearly ae the number of obecrmtaonB ia incroaed. Now let the 
symbol n, prefixed to the ezpreenon of any dass, re p ro B cn t the 

number of individuals contained in that class. Thus, x represent* 
ing men, and ^ white beings, let us assume 

uss nmnber of men* 

nxjf m number of white men. 

nx(l -y)'= number of men who are not white; and so on. 

In aeo(»daiioe with this notation fi(l) will represent the number 

of individuals contained in the universe of discourse, and —7^ 

j»(l) 

will represent the probability that any individual bong, seleoted 
out of that universe of being denoted by n ( 1 ), is a man. If ob- 
servation has not made us acquainted with the total values of 
n{x) and »(!)» then the probability in question is the limit to 

which approaches as the number of Individual observationa 

u increased. 

In like manner if, as will generally be supposed in thb chiqp- 
ter, X represent an event of a partieuhr kind observed, n (x) will 

represent the number of occurrences of that event, n(l) the 
number of observed events (equally probable) of all kinds, and 

^ or its limit, the probability of the occurrence of the 



n(iy 
event x. 

Hence it is dear that any condusiops which may be deduced 
respectbg the ratios of the quantities n («), n (y), n (1)» ^ may 
be converted into conclusions respecting the probabilities of the 
events represented by y, &c. Thus, if we should find such a 
xdation as the foUowing, viz., 

n(«) + n(y) <n(l), 

expressing that the number of times in which the event x occurs 
and the number of times in which the event y occurs, are toge- 
ther less than the number of possible occurrences n(i), wei 
thence Ai<iti«ii thfl 



^ 4. ^ 1 

or Fh>b.« + Fh>b.|r < 1. 
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And generally any such statistical relations as the above will be 
cotwerted into relations connecting the probabilities of the events • 
eimetmtdi by dumgmg n(l) uUo 1, and any other symbol »{x) 
' into Prob. x. 

3. First, then, we shall investigate a method of determining 
the numerical relations of classes or events, and more particularlj' 
the major and minor limits of numerical value. Secondly, we 
ehaU apply the method to the limitsdon of the solutions ofquee- 
tiona in the theory of probalnfities. 

It is evident that the symbol n is distributive in its operation. 
Thus we have 

ii(«y+ (1-ar) {\ -y)] ^ nxy n(\ -x){\ -y) 

and 80 on. The number of things contained in any class re- 
solvable into distinct groups or portions is equal to the sum of 
^e numbers of things found in those separate portions. It la 
evidenty further, that any ezpresdon fivmed of the logical sym- 
bols #9 ^ may be developed or expanded in any way conda- 
tent with the laws of the symbols, and the symbol n applied to 
each term of the result, provided that any constant multiplier 
which may appear, be placed outside the symbol n ; without affect- 
ing the value of the result. The expresdon » (1), should it 
pear, willof oourse represent the number of individuals contained 
in the imiverse. Thus, 

n (l-«)(l-y)-ii(l -«-y-f «y) 

n (1) - « (x) ~ « (y) + n (xy). 

Again, ii|4|y+(l-#)(l-y))-«(l-#-r + %) 

= » (1) - nx - »y + 2nxy). 

In the last member the term Smy indicates Mee the number of 

individuals contained in the class xy, 

4. We proceed now to investigate the numerical limits of 
classes whose logical expression is given. In this inquiry the 
following piindples are of fundamental importanoe : 

1st. If all the members of a given dass possess a certain pro- 
perty the total number of individuab contained in the class x 
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will be atuperiof limit of the number of individiiab oontaiiied in 

the given class. 

2nd. A minor limit of the number of individuals in any cksay 
will be fi>imd by subtmcting a major numerical limit of the con- 
tnoy daasy 1 - y» firam the number of individuaU contained in the 
universe. 

To cxenipliiy these principles, let us apply them to the fol- 
lowing problem : 

PfiOBLBM. — Given, n^l), n(a)f and n(jf)f required the 8U* 
peiior and inferior limits of nxy. 

Here our data are the number of individuals contained in the 
universe of discourse, the number contained in the class «, and 
the number in the class y, and it is required to determine the 
limits of the number contained in the class composed of the indn 
viduals that are found at once in the clasa « and in the class 

By Principle i. this number cannot exceed the number con- 
tiuned in the class nor can it exceed the number contained in 
the class y. Its major limit will then be the least of the two va- 
lues n {jd) and (y). * 

By Principle ii. a minor limit of the class «y will be ^ven by 
the expresnon 

fi(l)-major limit of (a?(l + -«) + (!-«) (I-y)), (1) 

since x{\ - y) + y (\ ~ x) + (\ - x) (I - y)\s the complement of 
the class xy, i. e. what it wants to make up the universe. 

Now x{l -y) + (1 - a;) (1 - = 1 -y« We have there- 
fore for 

« (I) - major limit of ( 1 -y + y (1 - 
- n(l) - A (1 - y) - major linut of y (I - «)• (2) 

The major limit of t/(I - is the lea.st of the two v:ilues «(y^ 
and »(1 - x). Let n {y) be the least, then (2) becomes 

n(l)-ii(l-y) 
-«(l)-n(l) + n(y)-n(y) = 0. 

Secondly, let « (1 - or) be less than n (y), then 

major limit of ny{\ - x) ^ n{\ - x)\ 

therefore (2) becomes 
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n(l)-n(l-2/)-n(l-^) 
- Ji(l) - + «(y) -«(!) + n(«) 
« no; -f iiy - n(l). 

The minor limit ofnxy is therefore either 0 or n («) -h it (y ) - 
aooording ts »(y) is less or greater than or, wluohis an 

equivalent condition, according as n (4;) is greater or less than 

Now as 0 is necessarily a minor limit of the numerical value 
of any class, it is soffioient to take aoconnt of the seoond of the 
above ezpreBsions for the minor finut of » {xt/). We haTe» there^ 

Major limit of n (xy) = least of values n (x) and n (y). 
Minor limit of n («y) •« + 11 (y) - 

Proposition I. 

5* To express the major and minor limits of a class represented 
ly any eomtitueni oflJkt symbols y, ffc^havin^ ytoen the vo- 
hes ofn{x\ n(y\ Ji(z), jr., oiul n (1). 

Consider first the constituent «yz. 

It is evident that the major nnmerical limit will be the least 
of the values n(x), ii(y), 12(2:). 

The minor numerical limit may be deduced as in the previous 
problem, but it may^ also be deduced from the solution of that 
pn^ilem. Thus: 

JVJinor limit of n {xyz) = n {xy) + n (z) - w (1). (I) 

Now this means that n {xffss) is at least as great as the ezpres- 

skm n {xy) + 11(2) - n(l). But n{xy) is at least as great as 

w (u;) + « (^) - « (I). Therefore n (xyz) is at least as great as 

«(«) + «(y) - « (1) + n{z) -«(!), 

er « ( j;) + (y) + « (z) - 2« (1). 



• The aboTC expression for the minor limit of jury is applied by Professor 
!>• MorgMi, by whom ii vgf^sxt toluve beea first giTen* to the AjrUogutio form : 

Most m«i in a oerUia oompaay haTeeoatt. 
Most men in the same conq^j hsTe wautcoats. 
Tbersfore some in the eompaaj have coats and waistcoats. 
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Hence we have 

Minor limit ii£n(xyz) ^n(x) -fiidO '^n(z) - 2n(l). 

By extending this mode of reasoning we shall arrive at the 
following oondunons : 

let. The migor nnmerical limit of the daae represented by 
any eonstitaeAt will be &nnd by prefixing n separately to eadi 

factor of the constituent, and taking the least of the resulting 
Yalues. 

2nd. The minor limit will be found by adding all the values 
aboTe mentioned together, and sobtraoting from the result as 
many, less one, times the value of fi(l). 

Thus we should have 

Mqor limit of nxi^ (1 - r) - least of the Talaeens, a^, and si(l 

Minor limit of way(l -z) n{x) + n(i/) +n{l-z) - 2n{l) 

- nx + - n(z) - ii(l). 

In the use of general symbols it is perhaps better to regard all 
the values n {x), n (y), n (1 - z), as major limits of ?i [xy (1 - z)), 
nnce, in fact, it cannot exceed any of them. I shall in the fol- 
lowvig investigations adopt this mode of expression. 

Proposition II. 

6. To determine the major numerical limit of a class expressed 
hy a series of constituents of the symbols jr, z, ^c., the values 

Evidently one mode of determining such a limit would be to 
form the least possible sum of the major Hmits of the seveial con- 
etitnents. Thus a mi^or limit of the expiession 

nlj;y+(l-40(l-j^)j 

would be found by adding the least of the two values lur, ny^ fur- 
ni^lied by the first constituent, to the least of the two values 
« (I - «), n (1 - y), furnished by the second constituent. If we 
do not know which is in each case the least value, we must fi>nii 
the fi>ur posdble sums, and reject any of these wUch toe equal to 
or exceed n (1). Thus in the above example we should have 
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nx •fii(l-jr) •»(!). 

n{x) + n(l -y) = n{\) + n(x) - n(y). 

«(y) + w(l = 

B^iecting the first and last of the above values, we have 

«(1) + n (x) - « (y), and « (1) + n (y) - « (jr), 

for the expresaioiis required, one of which will (unleas nx m j^) 
be less than ii(l), and the other greater* The least must cf 
coarse be taken. 

When two or more of the constituents possesd a common fac- 
tor, as X, that factor can only, as is obvious from Principle i.y 
furnish a single term n (a) in the final expression of ihe migor 
limit. Thus if fi («) ^ipear as a major limit in two or more con- 
stitoentSy we must, in adding those limits together, replace 
nx + rix by rux, and so on. Take, for example, the expression 
n {xy + x{l - y)z). The major limits of this exprefision, imme- 
diately furnished by addition, would be — 

1. nx. 4. ny + nx. 

2. jw + fi(l - y). 6. ny + «(1 - y). 

3. iKT -I- n (z). 6. ay -f 112. 

Of these the first and sixth only need be retained ; the second, 
third* and fourth being greater than the first ; and the fifth being 
equal to n (1). The limits are therefore 

ft («) and n (y) + fi (r), 

and of these two values the last* supposing it to be less than n (1)» 
must be taken. 

These considerations lead us to the following Rule : 

KuLE. — Take otie factor from each constituenty and prefix to 
U the symbol n, add the several terms or results thus firmed toge^ 
liler. Tweeting aU repetUums ^ the same term ; the smn thus oih 
tamed wiU be a major Umit qfthe expressienf and the least qfedi 
such sums tcill be the major limit to be employed* 

Thus the major limits of the expression 

xyz + x(\^y) (1 - + (1 -x) (l-y) (1 - 
would be 
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it(«) + and n(«)-i-fi(l-2;)» 

or n (a;) + « ( 1) - n (y), and n (x) + w (1) - n (z). 

If we began witb n (y), selected firom the first term, and took 
n (x) fh>m the second, we shoold have to take ii (1 -y) firom the 

third term, and this would give 

But as this result exceeds n (1), which is an obmns mi^or limit 
to Mffiy eksa, it need not be taken into aooonnt. 

Proposition III. 

7. To find the minor numerical limit of any class exj^ressed by 
constituents qf the symbols having given n(y)» n (z) • • 

«0). 

Thi^ object may be effected by the application of the pre- 
cedmg Proposition, combined irith Principle ii., but it is better 
e^cted by the following method : 

Let any two constituents, which differ from one another only 
by a single factor, be added, so as to form a single class term 
9Ax{\-y) + ay form ss^ and this species of aggregation having 
been earned on as fiv as possible, i. e., there having been selected 
out of the given series of constituents as many sums of this kind 
as can be formed, each such sura comprising as many constituents 
as can be collected into a single term, without rcgiu'ding whether 
any of the said constituents enter into the composition of other 
terms, let these ultimate aggregates, together with those ooa- 
stituents which do not admit of being thus added together, be 
written down as distinct terms. Then the several minor limits 
of those terms, deduced by Prop. I., will be the minor limits of 
the e xpres sion given, and one only of those minor limits will at 
the same time be pomtive. 

Thus fifom the expression xy ■¥ (\-x)y + (1 - «) (1 -y) we 
can form the aggregates y and I - ar, by respectively adding the 
first and second terms together, and the second and third. 
Hence n{y) and n(l - x) will be the minor limits of the expres- 
non given. Again, if the expression given were 
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cy« + « (1 - y)z -I- (1 (1 - (1 - y)z 

we should obUiin by addition of the first four terms tlic single 
term r, by addition of the first and fiilh term the single terma^, 
and by addition of the fourth and sixth terms the ungle term 
(1 - a:) (1 - y) ; and there is no other way in whieh constituents 
can be collected into single terms, nor are there are any consti- 
tuents left which have not been thus taken account of. The 
three resulting terms f^Ye^ as the minor limits of the gneai ex- 
pression, the values 

n (x) + n(j/) - w(l), 
and i»(l -a;) + ii(l -y) -ii(l), or fi(L) -»(«) -n(y). 

8. The proof of the above rule consists in the proper appli- 
cation of the following principles : — Ist. The minor limit of any 
ooUeetaon of constituents which admit of bong added into a an- 
gle term, will obviously be the minor limit of that single term. 
This exjilains the first part of the rule. 2nd. The minor limit 
of t he sum of any two terms which either are distinct constituents, 
or consist of distinct constituents, but do not admit of being 
added together, will be the sum of theur respective minor limits, 
if those minor limits are both poative; but if one be positive, and 
the other negative, it will be equal to the pOvsitivc minor limit 
alone. For if the negative one were added, the value of the limit 
would be diminished, i. e. it would he less for the sum of two 
terms than for a single term. Now whenever two constituents 
diflfer in more than one ftctor, so as not to admit of being added 
together, the minor limits of the two cannot be both positive. 
Thus let the terms be xi/z and (I - x) (I - whieh dlHer in 
two &otors, the minor limit of the first is n(9-¥p-^z- 2), that 
ofthe second + 2), or, 

Ist. + I -(i-z)]. 2nd. Ji|l-a;-y-(l-jr)). 

If n(a: + y - 1) is positive, /i ( 1 - Jf - y) is negative, and the se- 
cond must he negative. If w (.t + y - 1) is negative, the first is 
negative; and similarly for cases in which a larger number of 
fiM^rs are involved. It may in this maimer be shown that, ac- 
cordhigtotheinode in which the aggregate terms are formed in 
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the application of the rule, no two minor limits of distinct tenns 
can be added together, for either those terms will involve some 
oommon coostitaent, in which case it is clear that we cannot add 
their minor limitB together, — or the minor limits of the two wiD 

not be both positive, in which case the addition would be useless. 

Pbopositiom IV. 

9« Given the respecUve nma^ers of mdimdmU eompmed « 
any daueMy t , logiealfy defined^ io deduct a tygtem tfwmi' 
rieal Umiit o/anjf. other elaee aUo hgieally defined* 

As this is the most general problem which it is meant to dis- 
cuss in the present chapter, the previous inquiries being merely 
introductory to it, and the succeeding ones occupied with its ap- 
plication, it is desirable to state clearly its nature and design. 

When the dasses t . . tp are said to be logically defined, it 
is meant that they are dasses so defined as to emdile us to write 
down their symbolical expressions, whether the classes in ques- 
tion be simple or compound. By the general method of this 
treatise, the symbol w can then be determined directly as adeve* 
loped Amotion of the symbols #9 U ^ the fimn 

w-^ + 05 + Jc+ (I) 

wherein A^B^C, and D are formed of the constituents of f, ^ 
How irom such an exprcsiJion the numerical limits of w may m 
the most general manner be determined* will be considered here- 
after. At present we merdiy purpose to show how fiyr this object 
can be accomplished on the principles developed in the pievioiis 
propositions; such an inquiry beuig sufficient ibr the purj>oses rf 
this work. For simplicity, I shall found my argument upon the 
particular development, 

». + 01(1-0 + 5 + 6(i-*)0-0» (2) 

in which all the varieties of coefficients present themselves. 

Of the constituent (t -e) (1 - 1), which has for its coeffi- 
cient ^ it is implied that some, none, or all of the class denoted 
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by that oonstitiieiit are found in to. It is evident that n(w) will 
have its highest numerical valne when all the members of the 

class denoted by (1 -*) (1 -0 are found in w. Moreover, as 
none of tlie individiuils contained in the classes denoted by 
$(l^t) and (I - / are found in tr, the superior numerical limits 
of w wUl be identical with those of the chiss #f 4- (1 - «) (1 - <)• 
They are^ therefore^ 

nt + ji (1 - and ii< + n (1 - «). 

In like manner a system of superior mmerical limits of the 

development il + OB + ^C-f^A ^(^y ^ fimijhm tkaee if 
A + ClnfFrop.2. 

Agaluy any minor numerical limit of w will, by Principle ii., 
be given by the expression 

n (1) - major limit of n (1 - to), 

bat the development of lo bang given by (1)» that of 1 - lo will 
obviously be 

1 -io-0^ + -B + ^ C + 

This may be directly proved by the method of Prop. 29 Chap. x. 
Hence 

Ifinor limit of «(uj) = major limit (/> + C) 

m minor limit of (A J))^ 

by Principle 11., since the classes A + J) and B + C arc iiii[)plc- 
mentary. Thus the minor limit of the second member of (2) 
would be n and, genersliang this mode of reasoning, we have 
the fi>l]owing result : 

A eyUem qf mmar limitt of the development 

will be given by the minor limits qfA + JJ* 

This result may also be directly inferred. For of minor nu- 
merical limits we are bound to seek the greatest. Now we ob- 
tun in general a higher minor limit by counecting the class D 

X 
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with A in the eaqtreesion of a comlniialiQii whidi* as shown in 
wKNis examples of the Logic we ace pennitted to inake» than 
we otherwiBe should obtsin. 

Finally, as the concludiog term of the development of ic in- 
dicates the equation i> - 0, it is evident that n « 0. Heooe 
we have 

Iffinor limit of n(i>)<0» 

and this equation, treated by Prop. 3, gives the requisite condi- 
tions among the numerical elements n(«), n{t)y &c., in order that 
the problem may be real, and may embody in its data the le- 
snlts of a possible experience. 

Thus from the term g (1 - t in the second member of (2) 

we should deduce 

»(l-i) + »(0-«(l)<0, 

n(t)<n (s). 

These conclusions may be embodied in the following rule : 

10. KuLB. — Determine the eaBpresnon of Ifte cfatr 10 at a in^ 

loped lo(/ical functwn oj'tlit synibols /, §*c. in the form 

0 0 

Then will 

Maj. Inn. to = Mfg. lim. A-¥C» 
"Mbk. lim. w m Min. lim. A + D, 

The necessary numerical condUums among the data being given by 
the inequaUtg 

Min. lim.2> <n(l)* 

To apply the above method to the limitation of the solutions 
of questions in probabilities, it is only necessary to replace in 
eadi of the formula 11 («) by Prob. n (y) by Prob.y, <&c^ and, 
finally, n (1) by 1 • The application being, howeYer, of great hn- 
portance, it may be desirable to exhibit in the fi»rm of a rule 
the chief results of tmnsformation. 

11. Given the probabilities of any events s, t, &c., whereof 
another event 10 is a developed logical fonction, in the form 
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required the sjatems of snperior and inferior lindtB of Fh>b. to, 
and the conditions among the data. 

Solution. — The superior limits of Prob. (A + C), and the 
inferior limita <tf Frob. (A + D) will form two such systems as are 
aought. Theoonditioiis amimg the oonstantB in thedata will be 
£^ven by the inequality, 

Inf. lim. Prob. 2> < 0. 

In Aeapplicataon of these prindpleg we have always 

Inf. lim. Prob. jCiXi .. a;« = Prob.Xi -f Prob. x, .. + Prob.x» - (« - 1). 

MoreoTer, the inferior limits can only be determined from iingle 
terms, either crivcn or formed l)y a«^grcgation. Superior limits 
are included in the form 2 Prob. x, Prob. x applying only to 
symbols which are difierent, and are taken from diffisrent terms in 
the ezpresmon whose snperior limit is sought. Thos the supe- 
xior limits of Prob. xyz + x{i-y) (\ -z) are 

Prob.«^ Frob.y-i-Prob.(l and Fh>b.4r4-Fh>b.(l -^). 

Let it be observed, that if in the last case we had taken Pirob. z 
from the first term, and Ph>b. (1 - ^) from the second,— a con- 
nexion not forbidden, — we should have liad as their sum 1, wliich 
as a result would be useless because d priori necessary. It is 
obvknis that we may iqect any limits which do not £dl between 
Oaiid 1. 

Let us apply this method to Ex. 7» Case iii. of the last 

chapter. 

The final logical solution is 

0^ 1 - 1 . 

0 0 0 

« 

•I- 0<iac+ Oltu ^ Ostiif 

the data being 

l^rob. s = p, Prob. i = Prob. u = r. 

We shall seek both the numerical limits of ^ and the condi- 
tions connecting p, (j, and r. 

•X 2 



Digitized by 



308 



or STATISTICAL CONDITIONS. 



[CHAP.XIZ. 



The saperior limits of « are, aooordiiig to the rule, given by 
those of stu + siu. They are, therefor^ 

/), y + 1 - r, r + I - 

The inferior limit of « are given by those of 



We may collect the first and third of these constituents in the 

single term st, and the second and third in the single term nU 
The inferior limits of x must then be deduced separately from 
the terms #(1-1), ' (1 - (1 - s) tuy which give 

or p-^i p-'Tf and + r - j» - 1. 

Finally, the conditions among the constants ^, and r, are 
given by the terms 

^ sHh ifif, 

from which, by the rule, we deduce 

orl + ^-p-r>0, l+r-/>-jr50, l^p-q-r^Q. 

These are the limiting conditions employed in the analysis of 
the final solution. The conditions by which in that solution X is 
limited, were determined, however, sunply firom the conditions 
that the quantities #, and u should be positive. Narrower 
limits of that quantity might, in all probability, have been de- 
duced from the above invcsti£ration. 

1 2. The following application is taken from an important pro- 
blem, the solution of which will be given in the next chapter. 
There are ^ven, 

Frob. a;BCi, Prob.y-»Ct, Prob. «aCi|h» Ph)b. < - c^p^, 

together with the logical equation ^ 

z « itxy + $Jxy + stxy + 07^ 
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. and it is required to determine the conditions among the constants 
Ct, Pi, and the major and minor limits of 
fint let us seek the condidons among the constants. Con> 

fining our attention to the terms whose coefficients are we 

readily form, bj the aggregation of coustitueuts, the following 
tennSi viz.: 

#(!-«), #(1-Jf), iq(l'i)f 

nor can we form any other terms whioh are not induded under 
these. Hence the conditions among the constants are, 

ji(i) + a(l-a;)-Ji(l)<0, 
n(0 + n(l-y)-«(l)<0, 
» («) + » (1/) + n (I - 0 - 2/i (1) < 0, 
+ II + nO -«) -2)1(1) < 0. 

Now replace n(«) by c„ fi(y) bye,, n(s) by <?,;?,, n(t)hj 
Ctpti and n (1) by 1, and we haye, after slight reductions* 

CiPi < Ci, CtPt < Ct9 
CxPi < 1 - Ca (1 -pa)» CtPt < 1 - C| (I -pi). 

Such are, then, the requisite conditions among the consUmts. 

Again, the miyor limits of z are identical with those of the 
expression 

stxy i{i - t) X {\ - y) ^ {I - s) t {\ - x) y\ 
wluch) if we bear in mind the conditions 

«(♦)<»(«)» »(0<»(y)* 

above determined, will be ibund to be 

n (.«) + n (/), or, pi + Czp^, 
n(9)'^n{\-x)y or, I- Ci (!-/>,) 

+ w(i - y\ or, 1 - cs (1 

Lastly, to ascertiun the minor limits oSzj we readily fbnn 
fiom the constituents, whose coeflidents are 1 or ^, the single 
terms * and ty nor can any other terms not included under these be 
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fbrmed by selection or aggregation. Henoe» fixr the minoir Kmite 

of z we have the values and r^/?,. 

13. It is to be observed, that tke method developed above 
does not always assign the narroweBt limits which it is possible 
to deteraiitte. But it in all cases, I beUeTC, sufficiently limits the 
solutions of questions in the theory of probabilities. 

The problem of tlie dctcniiinatiun of the mirroicest limits of 
numerical ox tension of a class is, however, always reducible to a 
purely algebraical form.* Thus, resuming the equations 

let the highest inferior numerical limit of 10 be represented by 
the formuk an {$) bn (J) . , dn (1), wherein a, 6, e, • • <f are 
numerical constants to be determined, and ty &.c.y the logical 
symbols of which ^1, By C\ D are constituents. Then 

an {s) + bn(t) . .-^dn (1) s minor linut of A subject 

to the condition Z> « 0. 

Hence if we develop the function 

+ ^ • • + 

reject from the result all constituents which are found in Z), the 
coefficients of those constituents which remain, and are feund 
also in A, ought not individually to exceed unity in value^ and 
the coeffidente of those constituents which r^nain, and whidi 
are not found in A, Bhould individually not exceed 0 in value. 
Hence we shall have a series of inequalities of the ibrm /< U 
and another series of tlic form y < 0, y'and g being linear func- 
tions of a, 6, c, &c. Then those values of a, 6 • . cf, which, while 
satisfying the above conditions, give to the function 

its highest value must be determined, and the highest value in 

* The author regrets the lost of a manuscript, written abont four jears ago, 
in which this method, he believes, was developed at considerable length. IDs 
recollection of the contents is aUnoet entirely oonfioed to the impregsion that the 
principle of the method was the same as above described, and that its sufSc^ 
ency was proved. Tho prior methods of this dispter aro, it it noodhut 
to sajr, easier, Uiougli certainly iett general. 
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qiie«lioa wiObetheliigliflftiiimorliiiitlofip. To the abore we 
mmy add tlie febdona nmOarty Ibmied for the determiiuidoii of 

tlie ix hilion^ among the given oongtaiit'^ n (a), w (/) . .«(!). 

14. The fullowing somewhat coiuplicated i xaiiiplc will show 
how the limitetioii of a eolutioii is efiected* when the problenft 
inirolTes en arbttntfy element^ eonatitating it the repreaeotati?e 
of a ayatem of proUema agreeing in their data, but nnlimited in 
their (^ua'sita. 

PaoBLKM. — Of II eventa «i opt . . the foUowing partioulara 
an known: 

lat The probability thai cither the event will oeoar» or 

aD the events fiiil, is p, . 

2ml. The prubaliility that cither the eveut will occur, or 
aD the events iiiil, p.. And so on fur the others. 

It ia required to find the probability of any aingle event, or 
ooaabination of eventa> repreaented by the general functional fim 
^(r, . . or 

Adopting a previous uotatiou, the data of the problem are 

Prob. (xi + i 1 . . X.) = /i| . . l*rob. (x^ + X| . . x«) = pu • 

m 

And Ph>b. f (X| . . f .) ta required. 

Assume generally 

Xr 4 ii . . jF. - ^r. (1) 
♦ - T. (2) 

We hence obtain the collective logical equation of the pmblem 

2 j(Xr + X| . . X,) + #r " ^ I • • X,)) 4 f 10 4 - 0. (3) 

From tliia equation we mu^t eliinitmto the ^ymbola Xit . . x»t and 
determine ir aa a developed logical function of #i . . ay. 

Let ua n. ])ret4ent the roault of the aforoaaid eliminatinn ia the 
form 

then will ^ be the reault of the eliminataoa of the aame aymbob 

Irom the e<^uation 

Z((av<i'X,..x.)ir4ar('r-'i •.'.)|+ l-#-0. (4) 

Now £ will be the pn>diict of the oocfiicicnts of all the cun- 
atitnenta (eonaidered with reference to the aymbola X| • * x.) 
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which are found in the development of the first member of the 
above equation. McNreoveri ^ and therefore 1 - f » will oonsist 
of a series of saoh constituents, having uni^ for their respec t ive 
coefficients. In determining the forms of the coeffidents in the 
development oi the fir?it member of (4), it will be convenient to 
airange them in the following manner : 

1st. The coefficients of constituents ^Nind in 1 ~ f • 
2nd. The coeffident of ii, is • . i«, if fi>und in 
3rd. The coefficients of constituents found in ^, excluding the 
constituent . . x„. 

The above is manifestly an exhaustive daasification. 
Furst then ; the coefficient of any constituent found in 1 - f» 
wiD, in the development of the first member of (4), be of the fom 

1 + positive tenns deiived fiiom 2. 

Hence, every such coefficient may be replaced by waityf FM>p. i. 
Chap. IX. 

Secondly ; the coefficient of ?i . . if found in ^, in the 
development of the first member of (4) will be 

2ir> or «i + ia . . + 

Thirdly; the coefficient of any other constituent, . .a:,, 
^i^i » •Xn, found in in the development of the first member 
of (4) will be #1 . . + 7i + I + 

Now it is weDf that £ is the product of all the coefficientB 
above determined; but as the coefficients of those constituents 
which are not found in 0 reduce to unity, E may be rcgiirded as 
the product of the coefficients of those constituents which arelbund 
in 0. From the mode in Avhich those coefficients are formed, we 
derive the foUowmg rule for the detennination of JB, viz., in 
each constituent found in ^» except the constituent xi . . , 
for Xi write .vj, fur J, write ^i, and so on, and add the results; 
but for the constituent ii, XfXm if it occur in^» write «i+ «s*-+^» 
the product of all these earas is E. 

To find E' we must in (3) make to « 0, and eliminate Xi^XfXm 
fiK>m the reduced equation. That equation wQl be 

+ i» .. + «!,) 5-+ *r (ir-*l . . X„)) f ^ =0. (5) 
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HeBoei^ will be fbnned fiom the ecmftitaeiite in 1 - t e. 

frr»m the constituents not iound in ^ in the bamc way wi E 18 
formed from the coiiiiUtueiits found ia f. 
ConMder next the e^prtiion 



£ao-i-JS'(l-to)-0. 

Thie gives 



w 



(6) 



Now^aiid^eiefbiielioiisof iheejnibobf|««t« •'a 
eaqMnnoii of the Taloe of w wiU, therefore^ oondet ofaDtheooo- 

sUtucntd which can be turnied out of those symbols, with their 
proper coefficients annexed to them, as detennined by the rule 
of development. 

Moreover, EvaHEm each ftmied by the moltipliflatkm of 
ftetora, and neither of them can vanish nnless some one of the 
Actors of which it is comjxjsed vanishes. Again, iiny flictor, as 
#1 . . + jr. can only vanish when all the temisby the luhlition of 
which it is ibrmed vanish together, since in development we at- 
tribute to these terms the values 0 and 1, only. It is further evi- 
dent, that no two ftctors difiering fiom each other can vanish 

tojretlKT. I lius ihr tlu'tors + x.. . . -f :ui<l v, ■ . , + 7,, ean- 
not simultttucouslv vanish, for the Ibrmer cannot vanish unless 
Si • 0, or «i • 1 ; but the latter cannot vanish unless Si > 0. 

First, let us determine the coefficient of the coostitaent 
7i . . % in the development of the value of w. 

The «»ininll;imM»us a^^iunptiun .%i 1, «= 1 . . J, « I, would 

cause the liictor i| + to vanish if this should occur in 

E or E\ and no other fiictor under the same assumption would 

vanish ; but #i . . •!> does not occur as n fiictor of either 

EarE; ndther of these quantities, therefore, can vanish; and, 

E 0 
thopefiMre, the expression j^tt^* is neither 1, 0, nor ~. 



Wkere/an the eoeffideni • • j^i m lAe txpamdkd vaim 

of ar, may be represented 1>7 ^ • 

Sxondly, let us determine the cocthcicut uf the constituent 
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TheasBnmptions^i = 1, = 1, . . «n = 1> would cause the factor 
•+7«toyaiii8h. Now this is found in ^ and not 
in whenever ^ contiuns both the oonstttnents «i . • s^ and 

xixt.. xn- Here then becomes or I. The &ctor 

7i + % . • -t- % is found in^ and not in J^, if ^ contsuns neitlier 
of the constituents XiX» * . Xm and xix% . • i.. Here thea 

becomes — j--, or 0. Lastly^ the Dsuitor «i + is 



E -E 

contained in both E and Ey ii' one of the constituents XiXt..x^ 
and . . x„ is found in ^, and one is not. Hera then ^ _ ^ 

becomes ~. 

The coefficient qfthe constituent «i «t • • ^<i9 ther^fire 6e 

1, 0, or ^, according as f contams hoth the eansiituenta xiX^.x^ 

and Xix%, * Xuf or neither qfthemf or one qfthem and not the 
other. 

Lastly, to dctennine the coefficient of any other constituent 

as ^1 • • ^I' + i • • • 

The assumptions *i « 1, . . *i « 1, «<*i = 0, = 0, would 
cause the factor . . 4* ii -i- . • + to Tanish. Now thisfiM>> 
tor is found in JEI'» if the constituent Xi* ,Xi ii^i . . in is found in 
^ and iu E\ if the said constituent is not ftund in ^. In the 

former case we have ^ = I; in the latter case we have 

K 0 



0. 



W^E 0-E 

Hence the coefficient of any other constituent *i . . , . . *n , 
is i or 0 acconluuf as the similar cotistUucnt . , Xi Xj^j . . x« 
is or is not/owul in ^. 

We may, therefore, practically detennine the value of lo in 
the following manner. Bejecting from the given ezpresaon of 
tf> the constituents a^i .Ta . . x„ and and XiX2,,x„, should both or 
cither of tlu'ui be cuntuined in it, let the symbols j-,, .r,, . . t„, 
in the result be changed into • . respectively. Let the co- 
efficients of the constituents SiS%..Sn and siH.,Jnbe determined 
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MCOfrding to the special rules for those cases ^Tcn above, and let 

eyciy other constituent huvc for its coefficient 0. The result 
will be the vahie of as a function of 5,, 

As a particular case^ let <ft = a:,. It id required &om the 
^ yen data to detennine the probabilily of the event Xt • 

The symbol expanded in terms of the entire series of sym- 
bols a*,, .T;, . . will generate all the constituents of those 
symboLi which have Xi as a factor. Among those conritituenta 
will !)c found the constituent XiX%, . a;«, but not the constituent 
*i *t • • 

Henoe in the expanded value of «i as a fonetioa of the Bym- 

bols Si . the constituent SiSt,, will have the coefficient 

^ , and the constitaent 1% 7f • "h the coefficient^. 

If from Wi we reject the constituent Miitf .0^9 the result 
will be and changing therdn xi into #19 we 

have fbr the comsponding portion of the expres- 

sion of .ri as a function of .Vj, .v^, . , s„. 

Hence the final expression for Xi is 

0 1.- - 

+ constituents whose coefficients ore 0. 

The sum of all the constituents in the above expansion whose 

coefficients are cither 1, 0, or ^ , will be 1 - Jilj . . 7». 

We shall, therefore, have the following algebrak synUm for 
the determination of Prob. Xj, viz. : 

Prob. Xi = — z:^: , (8) 

with the relations 

Pi ^ P*" ' fim (9) 

« 1 - ii «t . . - X. 

It will be seen, that the relations for the determination of 
'i Si , . s„ are quite independent of the form of ihe function 
and the values of these quantities, detenmned once, will serve 
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finr all possible problems in which the data aro the same, how- 
ever the qtuuUa iji^koBe problems may vary. The nature of 

that event, or combination of events, whose probability is sought, 
will affect only the form of the function in which the determined 
values of SiSt.. are to be substituted. 
We have fixmi (9) 

Whence 

1 - (1 -ihA) (1 -M) • • (1 -M)-X. 

Or, 

l-X-(l-l>iX)(l-M)-0-M)5 (10) 

from which equation the value of X is to be determined. 

Supposing this value determined, the value of Prob. Xj will be 

PiX-(l^e)pipt..pn\* 

or, on reduction by (10)> 

Prob.a?i =pi - (1 - c) pip^ . ./j.X'*"*. (11) 

Let us next seek the conditions which must be fulfilled 
among the constants pi^ pa, • • /'■i and the limits of the value of 
Frob. «|. 

As there is but one term with the coefficient - , there is but 
one condition among the constants, viz.. 

Minor limit, (1 - Si) (1 -«,).. (I - #«) < 0* 

Or, n(l - St) + «(l - #0 . .+Ji(l - *.) - (n-l)fi(l)^ 0. 

Or, » (1) - » («i) -«(«,)..-» («,) < 0. 

Whence J^i 1, 

the condition reqmred. 

The major limit of Prob. is the major limit of the sum of 

those constituents whose coeffidents are 1 or ^ . But that sum is 
Hence, 

Miyor limit, Frob.dri = major limit «i • pi« 
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The minor limit of i^b. «i iliU be ito 
limit of the ezpiesdoii 

•i - . . «• + (1 - «i) (1 . . (1 - «.). 

A little attention will show that the different aggregates, 
tenns wliich can be formed out of the above, each including the 
greatest poasible nmnber of oon8titiieiit8» will be the foUowiog, 
▼iz.: 

From these we deduce the following expreedons for the minor 
limit, viz.: 

The value of Prob. Xi will, therefore, not fall short of anj of 
these values, nor exceed the value of pt . 

Tnatead, however, of employing these conditions, we may 
directly avail onreelTes of the principle stated in the demon- 
stiatioii of the general method in probalnlities. The condition 
that 8iy 9ty . ,8n must each be less than nnity, requires that A 

shonld be less than eadi of the quantities — , And 

the condition that 9n i^, . . iWt most each be greater than 0» re* 
quires that X should also be greater than 0. Now pi p% . . pm 

being proper fiactions satisfying the condition 

Pi+|H.« + F»>l» 

it may be shown that but one positive value of X can be deduced 
£rom the central equation (10) which shall be less than each of 

the quantities ~, That value of X is, therefore, the 

, ^ Pi P» P» 
one required. 

To pfOYO tfaisy let us oonuder the equation 

(l-p,X)(l -/hX) . . (1 -pnX) - 1 X - 0. 

When A = 0 the fir^t member vanishes, and the equation is 
satisfied. Let us examine the variations of the first member 

between the limits X = 0 and X » — i supposing /^j the greatest of 

P^ 

the Taluflsjh Jib • • i^ii- 
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Bepmentbg the first member of the equation by we have 

dV 

— = -|?i(l-/>,X)..(l-p,X). . -/i»(l-/^iA). .(l-/?,.jX) + l, 

which, when X = 0, addumes the form - |?i + 1, and 

is negative in value. 
Agaiiiy we have 

d'V 

consisting of a series of terms which, mider the giren restrictions 

with reference to the value of X, are positive. 

JjBBdjf when X « , we have 

Pi 

which is pontive. 

From all tWis it appears, that if we construct a cmre, the or- 
dinates of which shall represent the value of V corresponding to 
the absdssa X» that curve will pass through the origin, and wiQ 
for email values of X lie beneath the abs c iaea. Its conTezity will, 

between the limits X « 0 and X = - be downwards, and at the 

Pi 

extreme limit — the cmre willbe aboyeihe abscissa, its ordinate 

being positive. It follows from this description, that it will in- 
tersect the absdasa onoe, and only oncei within the linuta ^eci- 

jfied, y\z.f between the values X « 0, and X *» 

The solution of tlic problem is, therefore, expressed by (11), 
the value of X being that root of the equation (10), which lies 

within the limits 0 and — , — , . . ~. 

Pi P» P» 

The constant c is obvionsly the probability, that if the events 
Xi, x.y . , x„, all happen, or all fail, they will all happen. 

This determination of the value of A suihces for all problems 
in which the data arc the same as in the one just conudered. It 
is, as ftom previous discussions we are prepared to expect, a de- 
teraunation independent of the form of the fimelieii f . 



Digitized by Gopgle 



oup. zdl] or sTATurricAL coiiDiTioys. 319 

Lei iia» ifliaodMr enmple^ aqipote 

f - or u? - Xi(l . .(1 - jr.) . . + x, (1 - aji) . . (1 - x,,|). 

Tlus is eqmvilent to requiring the [yrobebility, tlutt of the erente 

X|, jr,, . . jr. one, aod only uuc, will ha^pcu. The value oi'u; will 
obvioualy be 

from which we should have 

Trub. (xj (1 - X,) . . (I - X,) . . + X, (I - Xj) . . (1 - x«.j)) 

i, (1 - ^) . . (1 t,) . . 4- ^ (1 - #,) . . (I - <b.|) 

A 

^ Ih (1-A) ^ />,(1-A) ^ y,(l-A) 
" l-piA 1-jhA ' l-p,A 

This solotion serves well to iUnstrste the remarks oHMle in the 
introdnctory chapter (1. 16) The ewential difficulties of the 

problem arc foundetl in the nature of its data and not in tluit of 
its quaKjita. The central equation by wliicli A is detcniiiiied, imd 
the peculiar dlstHisr^ious connected therewith, are equally perti* 
Mttt to every form which that problem can be made to assume, 
by varying the interpretitioii of the arbhrary dements in its 
eri^ui«il oUiicuicut. 
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CHAPTER XX 



PROBLBMS RELATING TO THE CONNEXION OF CAUSES AND 



!• OO to apprehend in all particular instances the relation of 



^ cause and effect, as to connect the two extremes in thought 
according to the order in which they are connected in nature 
(for the wuHbu operandi is, and most ever bci unknown to ns), 

is the final object of science. This treatise has shown, that there 
18 special reference to such an object in the constitution of the 
intellectual faculties. There is a sphere of thought which com- 
prehends thing? only as coexistent parte of a nniyeree; but 
there is also a sphere of thought (Chap, xi.) in which they are 
apprehended as links of an unbroken, and, to human appear- 
ance, an endless chain — as having theu* place in an order con- 
necting them both -with that which has gone before, and with 
that which shall follow after* In the contemplation of such 
a series, it is imposmble not to fed the yn-e- eminenee which is due, 
above all other relations, to the relation of c ause and clicdL 

Here I propose to consider, in their abstract form, some pro- 
blems in which the above rehition is involved. There exists 
among such problems, as might be anticipated firom the nature 
of the relation with which they are concerned, a wide diversity. 
F rum the probabilities of causes assigned d priori, or given by 
experience, and their respective probabilities of association with 
an effect contemplated, it may be required to determine the pro- 
bability of that effect ; and this either, Ist, absolutely, or Sndly, 
under given conditions. To such an object some of the earlier 
of the following pi oblcms relate. On the other hand, it may be 
required to determine the probability of a particular cause, or of 
some particular connexion among a system of causes^ fiom ob- 
served effects, and the known tendendes of the said causes, singly 
or in connenon, to the production of such eflfects. This class of 
questions will be coudidered in a subsequent portion of the 
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duq^ter, and other fbmw of (he genend inquify will also be 
noticed. I would remark* that although iheae ezamples are de- 
signed chiefly as illustrations of" a method^ no regard has been 
paid to the question of ease or convenience in the application of 
that method. On the contrary, they have been devised, with 
whatever sooceasy as Qrpea of the daas of problems which might 
be expected to arise from the study of the relation of caose and 
effect in the more complex of its actual and visible manifestations. 

2. PuoHLEM I. — The probabilities of two causes Ay, and^, 
are Ci and respectively. The probability that if the cause Ai 
present itaelf» an event E will accompany it (whether as aconae* 
quenoe of the cause Ai or not) is pi, and the probabifity that if 
the caudc Ai prej*ent itself, tliat event E will accompany it, 
whether as a consequence of it or not, is . Moreover, the 
event E cannot appear in the absence of both the causes and 
Af* Kequired the probability of the event E* 

The solution of what this problem becomes in the case in 
which the causes A^At are mutually exclusive, is well known 
to be 

Prob. E « Cipi Ctpt\ 

and it ex pr e ss es a particular case of a fbndamental and very im> 

portent principle in the received theory of probabilities. Here 
it is proposed to solve the problem free irom the restriction above 
stated. 



* The mode in which such d^ta m the above might be Airaiahed by expe- 
rience Ih easily conceiTable. Opposite the window of the room in which I writs 
is a field, liable to be oTerflowed from two eaases, distinct, but eapable of being 
combined, ris., floods from the npper sources of the River Lee, and tides from 
the ocean. Suppose that observations made on separate occasions have 
yielded the foliowinp results : On A occasions the river was swollen by freshets, 
and on P of those occasions it was inundated, whether from this cause or not. 
On B occasions the rivi r was swollen by the tide, and on Qo\' those occasions it 
was ioundated, whether from this cause or not. Supposing, then, that the field 
cannot beinundatcil in the absence of both the causes above mentioned, let it be 
required to determine the total probability of its inundation. 

Here the elements a, 6, p, q of the general problem represent Um ntiot 

A P Q 
W A' iV' B' 

or rather the valaei to iHuch tboM ratioa approaeh, as the YaliMof jViaiadeft. 
nitely increased. 

Y 
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Let 118 repreeent 

The cause Ai by x. 
Thecaiueiisbjy. 
The eflfect £ by z. 

Then we hare the following numerical data : 

Prob. X « C|, Prob. y = Ct, . . 

Prob. «8 e Oi|>i» Prob. pz = c^/ik.* 

Again, it is provided that if the Ciiuses Ai, A2 are both ab- 
sent, the effect £ does not occur ; whence we have the logical 
^mtion 

Or, eliminatipg Vf 

2(l-a:)(l-y) = 0. (2) 

Now assume, 

xzms^ yz^t. (3) 

Then, reducing theee equations (VUL 7)i and connecting the 
result with (2), 

iB2;(l-#)+*(l-««)+y«(l-0+<(l-y«)+«(l-«)(l-y)-0. (4) 

From this equation, z must be determined as a developed 
logical function of a;, and and its probability thence de- 
duced by means of the data, 

Prob.iB«iei, Prob.y^Csy Prob.<f «Ci pi, Prob. / = Ct|?,. (5) 

Now deTeloping(4) with respect to and putUng ifi)r l-Zj 

y lor 1 = ^, and so on, we have 

+ «i 4 Iff + ig^ -t- + (« + f)« • 0, 

1 - . 1 -_ 1 

+ g iitey + ^ ifccy + Itxy + ^ 
+ Ojixy + 07<dpy + 0 + Oitxy. (6) 
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FMm this mult we find (XVIL i7)» 

• -f si. 

Whence, passing from Logic to Algebra, we have the fbllowing 
aystem of equations, u standing for the probability sought: 

<fay -I- ifay + six stxyj-siif 

^ stxy-k-sixy stxy Vitxy 

sixif'¥StMf-^'^xy stxij + s7ory + Itry ■^'st _ ^ 
- - J K, 

from which we must eliminate ^ x, y, and F. 
Now if we have anj aeries equal fractions, as 

a b c ^ 
a' " 6 " c' • " ^* 

we know that 

la + mi + wc 

+ Iter ° ^* 

And thus from the above system of equations we may deduce 

stxy stxy _ ' ^ 

whence we have, on equating the product of the three first mm- 
ben to the cube of the last, 

t^p^M^— v. (8) 

Again, from the system (7) we have 

Itx sty stry 



whence proceeding as before 

s^ti^xxyy 



(I - ci + ciji^i - w) (1 - c, + c,;?: - m) (cjp, + c,/>, - a) 

Y 2 



= F«. (9) 
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Equating the values of in (8) and (9), we have 

{^-CiPx)(n-C2p^){\-u) 
= [I - c,(I (I - -;?,)- tij (r,;?i + Cj;>,-ii), 

which niay be more conveniently written in the form 

(ti-c,p,)(tt-r,pO ^ {\-c,(\-p,)-u] {\-c^(\-p,)-u] 

From this equation the value of u may be found. It remains 
only to determine which of the roots must be taken for this pur- 
pose. 

3. It has been shown (XIX. 12) that the quantity t/, in 
order that it may represent the probability required in the above 
case, must exceed each of the quantities Ci/?,, Cj/^j, and fall 
short of each of the quantities 1 - (1 - />,), 1 - (1 - /Jj), and 
^\P\ + ^'a/'j; the condition among the constants, moreover, being 
that the three last quantities must individually exceed each of 
the two former ones. Now I shall show that these conditions 
being satisfied, the final equation (10) has but one root which 
falls within the limits assigned. That root will therefore be the 
required value of u. 

Let us represent the lower limits r,/?;, Cj/>3, by a, b respec- 
tively, and the upper limits 1 -ri(l - pi), 1 - c, (I -/?,), and 
CiP\ + Ctpi, by a', b\ d respectively. Then the general equation 
may be expressed in the form 

(tt - a) (u-b) (1 - u) - (a'- u) (b' - u) (c - u) = 0, (11) 
or (1 -a-b')u^- [ab-ab' + {\ -a -b')c] u + ab - ab'(f = 0. 

Representing the first member of the above equation by V, we 
have 

2^=20 -a'-*')- (12) 

Now let us suppose a the highest of the lower limits of f/, a' the 
lowest of its higher limits, and trace the progress of the values 
of V between the limits u-a and u = a'. 

When M = a, we see from the form of the first member of ( 1 1) 
tliat V is negative, and when u = a we see that V is positive. 
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Between tliose liiutts V wiee contiiiiioiisly witlioiit befiommg 

iiifiidte» and is slwi^ of the same ogn. 

Hence if u represent the abedsea V the ordinate of a plane 
cnrre, it is eyident that the eorye will pass from a point below 
the axis of « corresponding to u • o, to a point above the axia of 

ft corre;<jK)n(ling to « = n\ the curve remaining continuou-s and 
hairing its coucavity or convexity always turned in the sauie di- 
leetioii. A little attention will ahow that» nnder theae circom- 
•tanoesy it must cut the axia of ti once, and only once* 

Hence between the limits u « a, u « a', there ezi«ta one value 
of II, and only one, which tutL'^fic-* the equailuii (11). It will 
further appear, if in thought the curve be traced, that the other 
value of u will be less than a when the qnantitj 1 - a - ^ ia po* 
aitave and greater than any one of the quantitiea af, 1^ if when 
I - rt* - y i« ne^tive. It hence follows that in the solution of 
(11) the poisilivc fiign of the radical mubi be taken. We thus 
find 

2(1- a- 4) ' ^^^^ 

where Q - (oA - a 6 + (I - a - j ^ - 4 ;i - a - 6) (oA - a be). 

4. Hie reenlts of tlus mvestigation may to some extent be 

verified. ThuF, it is e\uiciii iluit tht- probability of the event A' 
must in general exceed the probability of the ooncurrcDce of the 
event E and the caose Ai or At> Hence we must have^ as the 
sc^tttkm indioateSy 

Again, it is clear that the probability of the etleot £ must in 
genenl be less than it would be if the causes Au A% were ni^ 
tosUy exduave* Hence 

n < c,|h + c,|v 

L4w*tly, pinco the probability of the failure of the cfftrt A* con- 
curring with the presence of the cau^e -li nuij«t, in gem ral, be 
less than the abaolute probability of the fiulureof we have 

Ti (1 -/>»)< 1 - y, 
.•.nil -r»(l 
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Similarly, 

And thus the oondidona by which the general eolation ins 
Bnuted are ooofirmed. 

Again, let = 1, » 1* This is to suppose that when eaih&t 
of the causes Ai, A2 is present, the event ^ will occur. We have 
then a-Cit ^ ° a » 1, 6' 1, » Ci 4 Ct» and substitutiiig in 
(13) we get 

« Ci + Cf - CjC, on reduction 
-l-(l-cO (l-Cb). 

Now this is the known expression for the probahility that one 
canse at least will be present, which, nnder the oinnimstanoss^ ii 

evidently the probability of the erent E. 

Finally, let it be supposed that l\ and Cj arc very small, so 
tliat their product may be neglected ; then the expression for u 
reduces tocipi-^ e»pt* Now the smaller the probability of each 
cause, the smsUer, in a much higher degree, is the probalnlityof 
a oonjundion of causes. Ultimately, therefore, such reduction 
continuing, the probability of the event jE" becomes the same as 
if tlie aiuses were mutually exclusive. 

I have dwelt at greater length upon this sdntion, because it 
serves in some respect as a model for those which follow, some of 
which, being of a more complex character, might, without such 
preparation, appear difficult. 

6» Problem II. — In place of the supposition adopted in the 
previous problem, that the event E cannot happen when boUi the 
causes Au At are absent, let it be assumed that the causes Ai^ At 
cannot both be absent, and let the other dreumstances remaia ss 
before. Required, then, the probability of the event E, 

Here, in place of the equation (2) of the previous solution, we 
have the equation 

(l-.r)(l-y) = 0. 
The developed logical expression of is found to be 
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1 . 1 _ 1 -- 

I - - . 1 _ 1 

1 _ I » - _ - 1 



0 ' 0^ ~ 0 

4- 

0 



1-^- 

+ 0* Ticy + 0 * txy + 0«fx^+-« Txy ; 



and the final solution ia 

Frob.£-»; 

the quandty u being determined by the solution of the equation 

(K-a)(ii^6) (a--u)(y-«) 

The conditions of limitation are the follo^ving : — That value 
of vmittt be chosen which exceeds each of the three quantities 

a, 6, and a' + 6' - 1, 

and whiehftt the same time ftlls short of each of the three qnaii- 
titiee 

a\ and a + & 

ExacUj as in the solntioii of the pmrioos pfoblem, it may he 
shown that the quadratio equation (1) will hare one root, and 

only one root, satisfying these conditions. The conditions thcm- 
selves were deduced by the same rule as before, excepting that 
the nunor limit a' + ^ - 1 was found by seeking the major limit 
of 1-jr. 

It may be added that the constants in the data, bende salas- 
lying the conditions implied above, viz., that the quant ltic8 a\ b\ 
and a + 6, must individually exceed a, 6, and d b - 1» must 
also satisfy the condition Ci -i- > l. This also appears from the 
application of the rule* 

6. Problbm — The probabilities of two events A and B 
are a and h respectively, the probability that if the event .4 take 
place an event E will accompa ny it is and the probability that 
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if the event B take place, the same event E will accompany it 
is 9* Kequired the probability that iftheevoit J. take i^floe the 
event B will take place, or vke vend, the probability that if ^ 

take place, A will take place. 

Let us represent the event A hy the event B by and the 
event £ by z. Then the data aie^ 

Prob. a « a, Prob. y = 
Ptob. xz m ap^ Prob. yz - bq. 

Whence it is required to find 

Vtoh^xy Ph>b.xy 
Ftob.^E Prob.y' 

Let y?"^ «y«i0* 

Kiiniinftting we have» on reduction^ 

#i + Ify + #y7+ xt8'¥xyw + (1 - to » 0, 



to = 



1 _ ^ . , 1 1 

+ + g xyst + Oxy'it + ^^y*^ 

+ «y7T+ 0a;y77+ 0xyJ7+ 0i^7T. (I) 
Henoe, pasdog from Logic to A]gebn» 



y, and < being determined by the system of equations 

sysi -f xysl-^ gy77-f gyTj xyst + xylt + xysl-i- xfjil 
a b 

- + a;^<7 + xyst + a;y< it + a;^«^ + ^^77 -^xyst"^ V, 
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To reduce the above tyttem to amofie iXMiTeiiieiit form, let ercrj 
■mnber be divided by ?#77, tad in the resnlt let 



X$ yt , J y 

Z9 yl X i 



We tliiui iind 



m + iw' + fi mm ^ ?«' 4 ww' 4 «' 



a 6 

mm' -I- m iit/ii 4 m 



op bq 

m mm' + m + m' -f yin -i- 11 -f n -i- 1. 

^ mm + m + m+ «ii+ii-t-i4i-l 
Theee eqaadons may be reduced to tbe ftnn 

mm' m mm' m' nn 4 n nn 4 n 



op bq o{\-p) ^(l-y) 

-(m-i^l)(fli -^ 1)4 (n+lXn'-i^l)- I. 

^ ° (m + l; (m + I) + + 1) (a + 1 ) -^r 



Now 

(.•4l)(a.+ l).j-^. (ii4l)(a + l)._^. (2) 

Toea smoe aim + m - — ^ ^ ■ 7 rr-; rt , 

m + I (m + 1) (v + ^ - 1) 

and un lur tlic other numerators of the pyntein, we find, on 

subatitutLng and multiplying each member of the ayaiem by 

» |i - It the foUowing reaulta : 

ntfA Tji^ «v aV 

(iiTf l)^ " (mTljA^ " (•+ l)«(r^) " 17^(1-^) * 

Fhib.;iy - {mm ^ mm) {¥ ^ fA - I). (3) 

Fruffl the above fi^bieut wc huve 

whence m - ■ ^ » 



m + 1 ^ M ~ ^ 
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Snukrly 

Hence , /i , 

Substitute these valuea in (2) reduced to the fonn 



(»i+l)(m + I) («+ I) (v + 1)' 
and we have 

Substitute abo ftr m, m', Ao. thor values in (3) , and we have 

Prob. 3Cjf 

^ , ab(l^p)(l-q) 1 . . ^ 

Now the fiist equation of the system (4) gives 

opbo 

v + ztt-lB^-op-^-l- (5) 

Similarly, 

'^0-/-)0-^) ,^-l,a(l-f».^(l-g). 

Adding these equations together, and observing that the fint 
member of the result becomes i dentical with the expression just 
found for Frob. aiy, we have 

Frob.sy nv-f/ki + a-i-6*S. 

Let us represent Prob.a;^ by and let a + ^ > 2 » then 

ix + V a a - (6) 
Again, from (6) we have 

liv = - (o/j + ^ - I) /u. (7) 
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Smihilj firam the lint Mid tiurd mmlm of (4) equated we 
luiTo 

Let UB represent ap + b(j - \ by A, oiiil a ( I - + 6 (I - - 1 by 
A'. We find on equating the above values of fiVf 

m ab{p q - 1). 

Let ab(jp -¥ q ~ 1) ° /, then 

Am - AV - /. (8) 
Kow firom (6) and (8) we get 

A'(li-m) + / h(u-m)- I 

fg m y m £ . 

m m 
Sobetttate tfaete Taliiesiii (T) rednoed to the Ibim 

and we oaye 

(An- 0 {A (« - at) + - aipqm\ (9) 

a quadratic equation, the solution of which detenninea at» the vi^ 
laa of Frobw ay aoui^t. 

The Mdotion inaj leadilj be pot in the form 

Ih' 4 h{h'm - /) + - A (^'m -/)}' + A hh'abpqn^] 
h — jjjp 

Bot ii* we further obtenre that 

11'- A (hm - 0 = /(A + A) - in - (/ - AA ) m, 

•boe hmep + hq^lf k'm a(\ p) -¥ b(l ^q) ^l^ 

whence A-fA-a4A-2«ai» 
wa find 

P«,b..,- *:t*(/'''!L-0 t "^f-**")- ^ (10) 

It remaina to detenmne which aiga nniat be given to the rndi* 
eal. We might aaoertam this bj the general method eaempGlied 
in the lust pnihlcm, but it is fcr cjitirr, ami it fully miftices in the 
praent ia8tanoe> to determine the Mgu by a compariMin of the 
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aboye fomvla inth the result proper to some known cue. For 
mstanoe, if it were oertun that the eyent A is always, and the 

event B never, associated with the event E, then it is certain that 
the events A and B are never conjomed. Hence if « 1, ^ = 0, 
we ought to have « - 0. Now the aBsnmptions p > 1» ^ « 0, 
g^ye 

Substituting in (10) we have 

Prob Jir-^ ^"^>^~^) (a^ ^-2)t(a^ft- 2) (a - 1) (& - 1) 

and this expression vanishes when the lower sign is takes. 
Hence the final solution of the general problem will be expressed 
in the form 

Ptob.ay Ih'^h {h'm - Q ■ m V (( / - hhy + m'abpg] 
Froh.x " 2aAA' ' 

wherein A-op + fty-l, A'- a(l -ji) + *(l - - I, 

/«a^(p + ^-l)i m«a + 6-2. 

As the tenns in the final logical solution aflfected by the c(h 
1 

efficient ^ are the same as in the first problem of this cb^ter, 
the conditions among the constants will be the samCy yis«, 

7. Itisa confinnatton of the correctness of the above solntioa 
that the expresaon obtained is symmetrical with respect to the 

two seta of quantities p, q, and 1 1 - 7, i. e. that on changing 
p into 1 - and q into l-q% the expression is unaltered This 
is apparent fix>m the equation 

employed in deducing the final result. Now if there exist pro- 
babilities /), q of the event E, as cuni?equont upon a knowledge 
of the occurrences of ^ and B, there exist probabilities l-p, 1 - 9 
of the contrary event, that is, of the non-oocurrenoe of £ under 
the same dreumstances. As then the data are nndnnged is 
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£wm, whether we take acooimt in them of the ooouxrence or of 
the non-oocorrenee ofEf h is erident that the solittioii ought to 
be, M itia, a Bymmetrieal function of q and 1 -p, 1 - 

Let us examine the particular case in which p » 1» ^ «* 1, 
We find 

and flubetituting 

Prob. XI/ -oA-t-fg-h^-l) {2-a -h- ah) -{a + b-2)(ab-a-b + \) 
Vrob.x * -2a(a + 6^- l) 

'2ab(a + b- 1) 
"-2a (a + 6-1)^ 

It would appear, then, that in thb case the events A and B ere 

virtually indrpcndent of each other. The supposition of their 
invariable association with some other event E, of the frequency 
of whose occurrence, except as it may be interred &om this par- 
ticokr connexion, absolutely nothing is known, does not establish 
any dependence between the events A and B themselves. I ap- 
prehend that this conclusion is agreeable to reason, though par- 
ticular exami)les may appear ;it first sigiit to indicate a different 
result. For instance, ii'the probabilities of the existing up, Ist, 
of a particular species of weed, 2ndly, of a certain description of 
zoophytes upon the sea-shore» had been separately determinedy 
and if it had also been ascertained that neither of these events 
could happen except during the agitation of the waves caused by 
a tempesty it would, I think, justly be concluded that the events 
in question were not independent. The picking up of a piece of 
seaweed of the kind supposed would, it is presumed, render more 
prebable the discovery <^ the zoophytes than ft would otherwise 
have been. But I apprehend that this fact is due to our know- 
ledge of another circumstance not implied in the actual conditions 
of the problem, viz., that the occurrence of a tempest is but an 
oeauianal phsmomenon. Let the range of observation be con- 
fined to a sea alwayt vexed with storm. It would then, I sup- 
pose, be seen that the casting up of the weeds and of the 
xoophytes ought to be regarded as inde])endeat events. Now, 
to spc«k more generally, there are conditions common to all phi»- 
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nomena,— -oondituimi which, it is felt, do not affect their mutnil 
independenoe. I appteheod therefore that the eolation indkalesy 
that when a particular condition has prerailed through the whole 

of our recorded experience^ it assumes the above character with 
reference to the daaa of phtenomena over which that experience 
has extended. 

8. Froblbm IV« — ^To illustrate in some degree the above 
observations, let there be given, in addition to the data of the 

hist problem, the absohite probability of the event jL', the com- 
pleted system of data being 

Prob. X » a, Prob. y Prob* z 
Prob. xz m Prob. yjr • bq, 

and let it be required to find Prob. xy. 

Assuming^ as before, xz»St ffz^t, the final k{gttid 

equation is 

w m gytig ^ myllz ^ 0 {mpsJz <f Jty5tz •¥ xyzsJ xyiil 

+ xyzlT-^ xyztJ)* 

-f terms whose coeflkients are ^. (1) 

The algebraic system having been formed, the subsequent elimi- 
nations may be simplified by the transformations adopted in the 
previous problem* The final result is 

Frob.:y«6{f ^ ^^-fj^~^> }. (2) 

The conditions among tlie constants are 

e>ap^ c>6y, €<l-a(l-/>), e<l-&(l-f). 

Now if p - 1} 9 - l» we find 

Ph>b 

c not adnutling of any value lees than a or A. It foOows hence 

that ir I he event E is known to be an occasional one, its inva- 
riable attendimce on the events x and y increases the probabihty 
of their ooi\junctk>n in the inverse ratio of its ovm fiwquenoy. 
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The formula (2) any be yerified in a large nninber of cases. 
As a particular instaaoey let 9 we find 

Prob. xymab, (3) 

Now the assumption q-c involvcsi, by Definition (Chap. XVI.) 
the independence of the events B and E, If then B and E are 
independent, no relation which may exist between A and E can 
establish a relation between A and B ; wherefore A and B are 
also independent, as the above e( juation (3) implies. 

It may readily be shown from (2) that the value of Prob, 
which renders Prob.a;y a minimum, is 

l£p s ^ thb gives 

Pkob. z^p\ 

a result, the correctness of which may be shown by the same con- 
siderations which have been ap|died to (3)* 

Problkm V. — Given the probaHlities of any three events, 

and the probability of their conjunction; required the proba- 
bility of the conjunction of any two of them. 
Suppose the data to be 

Prob. x=py Prob. y ^ q, Prob. « - r, Prob. xyz m 

and the qossitam to be Ph>b.4y. 

Amuimmg b Xjf wc find as the final logical equa- 
tion, 

i » x^z* xi^zi-^Oixys-i^ 0 ^ other constituents) ; 

whence, finally, 

wherein ^ « I -/>, &c. -BT- ^ ^ + + j)^- 

This admits of verification when p » 1, when ^ = 1 , when r ■ 0, 
and therefore m = 0, &c. 

Had the condition, Prob. r = r, been omitted, the solution 
would still have been definite. We should have had 
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^ 1 - m 

and it may be added, as a £ual confiniiatioti of their correctness, 
that the above results become identical when m =pqr, 

9. The following problem is a generalization of Problem 1^ 
and its solution, though necessarily more complex, is obUdned by 
a similar analybis. 

Problbm VI. — Jf an event can only happen as a oonae- 

qucnce of one or more of certain causes ^„ . . and if 
generally Ci represent the probability of the cause A ,, and pi the 
probability that if the cause Ai exist, the event £ will occur, 
then the series of values t^ci and pi bdng ^ven, required the 
probability of the event E* 

Let the causes ^i, A^ . • ila be represented by 
and the event E by z. 

Then we have generally, 

Prob. xt e Ct, Prob. XiZ - Ctpi. 

Further, the condition that J? can only happen in connexion with 
some one or more of the causes A^ ^ai • • -^s establishes the logi^ 
cal condition, 

z(l-z0(l-a:a)..(l-a:.).O. (1) 



* It maj bs .proper to rtmsrlt, tbat fho abore proUoni was propoMd to tbo 
noliM of mathematioiana bj the anthor in tho Cambridge and Dublia Matheaa 
tieal Jovmal, Nov. 1851, aeoompaoied bj tlie eiabjoined oboervatioii* : 

** The moti?es which luiYe led me, after maeh oontideratioB, to adopt, wHh 
refisreiice to this question, a course tmusual in the preeent day, and not npoa 
sUght grounds to be revlYed, aro the following : — Firf^t, I propose the qnestloa 
as a test of the suflleienej of reoelTed methods. Secondly, I anticipate tliat its 
disonssion will in some measnre add to our knowledge of an important branch 
of pure analysis. However, it Is npon the former of these grounds alone thai I 
desire to rest my apology. 

*• While hoping that some may bo found who, without doparfing from the line 
of their previous studies, may deem this question worthy of their attention, I 
wholly disclaim the notion of its being offered as a trial of personal skill or 
knowledge, but desire that it may be viewed solely with reference to those pub- 
lic and scientific ends for the sake of which alone it is proposed." 

The author thinks it right to add, that the publication of the above problem 
led to some interesting private correspondence, but did not elicit a solution. 
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^Now let 118 aasume genenUy 

XiZ s» tif 

wbioh is reducible to tlie form 

XiZ (I - ti) + - Xjiz) - 0, 

finmiiig the type of a syBtem of » eqvatioitf whichy togetherwith 
(1), express the logical conditioiiB of the problem. Adding all 

these equations together, as after the previous reduction we are 
permitted to do» we have 

S \xiZ {\-ti)-^ti{\-Xiz)]^z{\- X,) (1 - a;,) • • (1 = 0, (2) 

(the rammation implied by 2 extending fiom t» 1 to t » 11)9 and 
this single and sufficient logical eqiiati0n» together with the 2ii 
data> nprosented by the general equalions 

Frob.«k-cty Yroh^Um api^ (3) 

constitute the elements from which we are to determine Prob. z. 
Let (2) be developed with respect to z. We have 

whence 

, . . 

''s/<-s|«i(i-<0+<«(i-«i»-(i-*»)(^"-*0--(i-«-) ' 

Now any oonstitttent in the expansion of the second member of 
the above eqnataon wiUconsut of 2ii fiustoiq, of which 11 are taken 
cot of the set «i, . • I - «i» 1 • • 1 - «v and n out of 

the set /i, . . 1 - 1 - ^j, . . 1 — no snch combination as 

X, (1 -X,), (1 - fj), being udmist^ible. Let us consider first 
those constituents of which (I - ^,), (1 - ^a) • • (1 - ^n) forma the 
i-fiictor, that is the &ctor derived from the set . . 1 - /i. 

The coefficient of any snch constitnent will be found by * 
changing f„ #1, . . ^ respectively into 0 in the second member of 
(4), and then af^signing to Xi, x^y . . their values a^ dependent 
upon the nature of the a^factor of the constituent. Now simply 
substituting for ^i, . • the value 0, the second member be- 
comes 

^0 

-S«j-(l-x,) {l-ab),.(l-.«,y 

z 
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and this vanishes whatever values, 0, 1» we aubsequently assign 
to Xu Xf, , , For if those values are not all equal to 0, the 
term 2xi does not iranish, and if the^ are all equal to 0, the term 
-(1 - Xi) . .(1 - x„)heoome9- 1, so that in either case the denomi- 
nator does not vaiii.sh, and therefore the fraction does. Hence 
the coefficients of all constituents of which ( 1 - ^i) • . (1 - t.) is a 
£ictor will he 0, and as the sum of all possible oMxmstituents is 
unity, there will be an aggregate term 0 (1 - l|) . . (1 * inthe 
development of 

Consider, in the next place, any constituent of which the 
^factor is ti , . tr ( \ - /r*i) • . (1 - /«), r being equal to or greater 
than unity. Making in the aeoond member of (4), - 1» • • (r" U 
0, . . I« - 0, we get the expression 

r 

4ri..+av-«rrt.. -aG«-(l-»i) (I - *i) (1 -aw)' 

Now the only admissible values of the symbols bdng 0 and 1, 
it is evident that the above expresnon will be equal to 1 when 

.Ti = 1 . . = 1, Xr.x = 0, . . = 0, and that for all other combi- 
nations of value that expression will assume a value greater than 
unity. Hence the coefficient I will be applied to all constituents 
of ihe final development which are of the form 

Xi..Xr(l -av^i) . . (1 <i . . <r (1 - 'f*i) . - (1 - 

the a?-factor being similar to the ^•iactor, while other consti- 
tuents included under the present case will have the virtual co- 
efficient ~. Also, it is manifest that this reasoning is independent 

of the particular arrangement and succession of the individual 
symbols. 

Hence the complete expansion of z will be of the form 
z - S (XT) + 0(1 - 1,) (I -#,).. (1 - t,) 

+ conslatnents whose coefficients are ^, (6) 

where 7' represents any ^-constituent except (1 -/,).. (I - 
and X the corresponding or similar constituent of . . x^, ' 
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For instance, if n = 2, we shall have 
Jj, Xj, &c. standing for I -Xu 1 - ^^a* &C' ; whence. 

Z ^ X1X2 ti + Xi 

+ 0 (xx X2 T\ It + ^\ 1\ T2 + ^1 ^ 7» 7, + X, 7| C6^ 

+ constituents whose coefficients are ^. 

This result agrees, difference of notation being allowed for, with 
the developed form of 2: in Problem I. of this chapter, as it evi- 
dently ought to do. 

10. To avoid complexity, I purpose to deduce from the above 
equation (6) the necessary conditions for the determination of 
Prob. z for the particular case in which n = 2, in such a form as 
may enable us, by pursuing in thought the same line of investi- 
gation, to assign the corresponding conditions for the more gene- 
ral case in which n possesses any integral value whatever. 

Supposing then « = 2, we have 

V X\ Xj tt + Xx Xj txt% + Xi X% t\ + X\ X2 txli + X| Xa?! ti 

4" Xi X2 t\T% + X\ Xj "?! tf 

t XiXq ti ti + X, X3 tx I2 + X, Xj 7,fj 

Prob. z « y , 

the conditions for the determination of x,, ^i, &c., being 
X, Xj ix ti + X, X, /,7a + X| Xi 7,7, + X, x, 7, 7, 

Xx Xi t^ti + X| Xa7, ti + X, Xj7, li + X, Xj tx 7j 
X, Xj tx ti + X, X3 <,7j _ X, Xi tx ti + X, X,7i U _ y 

Divide the members of this system of equations by xiXj^iTa, 
and the numerator and denominator of Prob. z by the same quan- 
tity, and in the results assume 

Xi ^1 Xiti « _ „ . 

X, /i Xa ti Xi Xj 

z 2 
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we find 

Prob* z m — -= 

miiRt 4- nil -f fRs + niMt + fit + Hs -f 1 

. rnifflf + + Ttifts + Hi fllifllt + till + lt|ltt + It} 

and ■» 

tniTrii + 7/?, m.TW., + , ,a\ 

o = : = mim^ + mi + WiWs + «i + % + I, (8) 

whence^ if we assume, 

(m, + 1) (in, + 1) « Jfcf, (Hi (9) 
we have, after a slight redaction. 



ni(nt+\) yh(ni+ 1) ^ fW|(m,4 1) , (*»» ^^ 0 _ ^ ^i-i' 
or, 

fHiJ&f mjd UiN 



(mi + 1) Ctpi (m,+ (Hi + I) Ci (1 -pi) 

(»• + i)c,(i-/>,) 

Now let a similar series of transformations and reductions be 
perfonned in thought upon the final logical equation (6). We 
shall obtain fiur the determination of Prob. z the following ex- 
pression : 

wherein 

M = (jTii + I) (ma + 1) . . (in» + 1), 
(iii+l) («.+ !).. («.+ !), 

Wit • • fh* • being given by the system of equati 

wiiM mjd n^M 

(wii + 1) Cipi " (m, + 1) c^pk («• + 1) c^ib 

?L^^^ '^^^^ If + 2^- I. 



(«i+i)Ci(l-/>4) ■ • («,+ l)c,(l-/?,) 

Still further to simplify the results, assume 
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M+N-l 1 + 1 



M fi' N 



M 



9 %r " " 9 



V 



Wefind 



(wii + 1) Ci/>i (jw, + 1) Ca/>, ' (in, + 1) Cup, ^' 
«! f k n» 1 

(»,+ 1 ) e, ( 1 + 1 ) C ( I - "(11,+ 1 ) Ci, ( 1 -^.) " V • 
whence 

wf I • _ } . . iRii • - ; 

and finally, 

mi + 1 - — £ — ,..»»•+ 1 = ~ — • 



% + 1 = Tz r, . 1 



Substitute these values with those of M and in (9), and 
we have 

ft, 



whidi may be reduced to the symmetrical fonn 

(v-c, (l~pO) ■ . (v-c,(l -p,)) (12) 

Jin 

Finally, 

Let OS ihen assmne 1 - y «• «, we haye then 

_ { 1 ■ c> (I - - fi I . . ( 1 - c, ( 1 - y,) - 1<) 
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If we make fbr dmpliqjitj 
the above equatioiis may be written as follows : 

^ -V - ^ - - (u) 

wherein 

— (iTip ^^^J 

This value of /u substituted in (14) will give an eqaation in* 
volving only u, ike solution of whieh will determine Prob. 
since by ( 1 3) Prob. z^u. It remainB to asdgn the limits of a. 

1 1 . Now the very same analysis by which the limits were deteiv 
mined in the particular case in which n *> 2, (XIX. 12) con- 
ducts us in the present case to the following result. The qoaii* 
tity If, in order that it may represent the valne of F!rob.;s^ most 
must have for its inferior limits the quantities Ci , aj, . . a., and 
for its superior limits the quantities 61, . Oi + • • + 
We may hence infer^ d prioriy that there will always exist one 
rooty and only oneroot» of the equation (14) satisfying these 
conditions^ I deem it sufficient^ for practical verification, to show 
that there will exist one, and only one, root of the equation (U), 
between the limits fti, a^, . . a„, and 61, fto* • • ^n* 

First, let us consider the nature of the changes to which fi 10 
subject in (16), as ti varies from which we will suppose the 
greatest of its minor limits, to 6|, whroh we will suppose the least 
of its major limits. When « « Oi, it is evident that fi is positive 
and o;reatcr than . When u-bi, we have /u = , which is also 
positive. Between the limits U'^aif u^bn it may be shown 
that ft increases with ti. Thus we have 

dfi ^ (bt-u).. {bn - u) (bt-'u) (&,-«). >(^-ii) 
du" (1 - «y-» . 

, ,^ (b,-u)(b,-u).,^b,-u) (16) 
■•'^"""^^ (l-u)» 

Now let 
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Eyidentlj «it ^9 • will be proper fr«etioii0» and we have 

« I *- (1 - Xi^ X%* • Xf^'' Xi (1 — X2) , , Xf^ , * 

Now the negative terms in the second member are (if we may 
borrow the lann^iiac^e of the logical developments) constUuenU 
fonned from the fractional quantities . . Their sum 

cannot therefore exceed unity; whence ~ is po6itive» and ^in^ 

creases with u between the limits specified. 
Now let (14) be written in the form 

0.-a.y.-..) _(^_,).^ („) 
and assume »• The first member becomes 

o.-..)| »-°o^,:(M-^) .i|, (18) 

and this expression is negative in value. For, making the same 
assumption in (15), we find 

^ - tti 8 Jyt.i ■ * positive quantity. 

At the same time we have 

and since the factors of the second member are positive fractions, 
that member is less than unity, whence (18) is negative. \\Ticre- 
fore the iiuung^n « « ai make* the JirU member 0/ (17) ae- 
^atwf. 

Secondly, let if «6| » then by (15) /i - « • and tkejinimem^ 

ber o/'(\7) becomes positive. 

Lastly, between the limits u = a^ and u-b^^ the first member 
of (17) continuously increases. For the first term of that ex- 
p t c sB i on written under the fonn 

(/u-ai)£- 
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increases, since fi increases, and, with it, every factor contained. 
Again, the negative term fi - u diminibhes with the increase of 
Mf aa appears from its value deduced from ¥i£.» 

Hence then^ between the limits tf > ai, ti » 61, the first member 
of (17) continuouslj increasesy changing in so doing from a nega- 
tive to a podtave value. Wherefore, between the linuts assigned^ 
there exists one value of Uj and only one, by which the said 
equation is satisfied. 

12. Collecting these results together, we arrive at the follow- 
ing solution of the general problem. 

The probalnlity of the event*^ will be that value of « de- 
duced firom the equation 

wherein 

^. (l-c,(l-;>0~fi)..(l-C(l--;),)-ii) 

— (T^y^^ • 

which (value) lies between the two sets of quantities, 

Ca/)a, . . c«p, and l-Ci(l-|>i), l-^(l-/>a) . . 1 -«•(!-/>•)> 

the former set bttng its inforior, the latter its superior, limits. 

And it may further be inferred in the general case, as it has 
been ])r()ved in the particular case of w «= 2, that the value of a, 
determined as above, will not exceed the quantity 

13. Particular verifications are subjoined. 

Ist. Let " 1, = I, . . p» » I. This is to suppose it oe^ 
tain, that if any one of the events Ai^ . • Am» biq^pen, the 
event E will happen. In this case, then, the probability of the 

occurrence of E will nmply be the probability that the events or 
causes .1 1 , A . A„ do not all fail of occurring, and its expression 
will therefore be 1 - (I - c,) (1 - c^) . . (1 -c»). 
Now the general solution (19) gives 
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^. «• _^ , 

wllQfttD 

(1 - «)• , 

" " " ■ 

l-«-(l-cO..(l-c.), 

.•. 11 - I - (I - . . (I - 

equivalent to the d priori detenulnadon above 
9ttd. |^-a»|iw-0, tlm (19) gifw 

M - •* - Mt 

aa it evidently ought to l>c. 

3rd. Let . . p. be small quantities, so that their aquaree 
Mid pvodoets may be neglected. Then developing the aeoond 
womhm of the equation (19), 

■ M - (^»P> + <^?iP» • • + ^•Pm)* 

Now thia ia what the solution wouki be woe the oaoaea 
Aif At.. An mntoally ezdoaiTe. But the amaller the prob»> 
bilitiea of thoee causes, the more do they npproaeh the condition 

of t^nng mutually exclu^iivc, f*inco the .'^iiialk r is the pmbahility of 
aojr ooncurreuce among tbcm. lieucc the result above obtained 
will nndoubtedly be the limiting form of the ezpresaion for the 
probability of J?. 

4th. In the particular ease of n • 9, we may readily elim^ 
Bate fA from tlie gcuciai i^ulutioD. The rettult ia 

(m^c.p,) (u - c,p,) ^ ( l-g,(l-|h)" u\ 1 1 -Ci(l -jH)'m\ 
cipi + c^Pi - u 1 - y * 

irindi agreea with the particnlar solution befoiB obtained for thia 
eaae. Problem t. 

Thcmgh by the Hvsteui ^^^^ H<»lutiiui i.-* in gcmrul huuIl- 

to depend upon the solution oi'an equation of a high order, its 
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praotlcal diffioulty will not be great For the conditions xelatiiig 
to the limits enable us to seleet at once a near ybIuc of and 

the forms of the system (19) ai e suitable for the processes of suo- 
ceesive approximation. 

14. Problem 7. — The data being the same as in the last pixK 
blemy required the probability) that if any definite and given 
combination of the causes ili, At, > •Am present itself^ the event 
will b(! realized. 

The cases Ai^ At^ • • being represented as before by 
«i9 ^9 • • «n respectivelyy let the definite combination of them, 
referred to in the statement of the problem, be represented by 
the ^ (xiy . . iPff) so that the actual occurrence of that combi- 
nation will be expressed by the lo^cal e(|uation, 

The data are 



Prob. 4?! - Ci» • . Prob. AW • 6»9 

Prob. aiz ^ Cipiy Prob. a;,2? « 

and the object of investigation is 

Prob. <ft (xiy Xt • *Xn) z 



(1) 



(2) 



Prob. ^ (tfi)47a • • dB« ) 

We shall first seek the value of the numerator. 
Let us assume, 

mxz^tx. .m^z^Uy (3) 
^(j:i,j:»..««)z = W7. (4) 

Or, if for simplicity, we represent ^{xx^Xt* , Xn) by ^, the hut 

equation will be 

^2 = w, (5) 

to which must be added the equation 

xxXt . • xtiX ^ 0, (6) 

Now any equation XfZ - tr of the system (3) may be reduced 
to the form 

XfZ rr + (1 - i^rZ) ■» 0. 

Sinularly reducing (5), and adding the diffinent lesolts together, 

we obtain the logical equation 
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£rom which z climinatedy to must be determined m ft de* 
▼ekped logicftlfunetMNiof «i« ««, Itt 

Now makiiig snooeteiTely 2 • 1, ^^O in the abofO eqnatioDt 

and multiplying the results together, we have 

Dereloping this equation with reference to to, end replacing 
in the recruit Xtr + 1 by I, in accordance with Prop. i. Chap, ix., 
we have 

iTir + f:' (I - M7) - 0 ; 

wherein 
And hence 




The second member of this equation we must now develop 
with respect to the double series oi'symbobxi, x,, . ,Xm, tiy tu . 
In effecting this object* it will be most oonvenient to arrange 
the constituents of the resulting development in three distinct 
cksses, tmd to determine the coeflki e nta pru|>er to those dessee 

separatily. • 

Firf*t, let m consider those cont^titucnts of which 7} . . Tii is a 
fiictor. Making <i - 0 . . I» - 0, we find 

IT « 0, JE^ a -I- it . . ia •!> f • 

It U evident, that whatever values (0, 1) arc given to the x-sym- 
bols, Edoes not vani^ih. ilenoe the coefficients of all constituents 
iftTolnag 7i • • F« are 

Consider secondly, those constituents which do not inTotve the 
factor 7, . . F„, and whicli are symmetrical witli ret'oreiicc to the two 
set* of symbols .r, . .x, and /j . . By symmetricjd ctmstituents 
is here meant those which would remain unchanged if 4ri were 
eomrerted into f|» «i into ^tc^ mmI vmv fwrstf. The eoMtitii> 
ents #1 • • ^Tfl /| * • f«, Xt . . x« 7| • . 7ay ACf are m this sense ejm* 
mctriicaL 
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For all symmetrical oonstitueats it is evident that 

wushes. For those which do not inyolve 7| . . ?«, it is fiirther 
evident that xi, ,Xn ako vanlsheB, whence 

For those oonstitaents of which the m4usbor is fonnd in f the 
second memher of the above equation becomes 1; to those d 

which the d;-factor is found in ^ it becomes 0. Hence the coeffi- 
cients of symmetrical constituents not involving T| . . Tn, of which 
the a-f actor is found in (p ivillbe 1; qf those qf which the x^/aciar 
U not found m^U will be 0* 

Consider histlyy those constituents which are unsymnietrical 
vnth reference to the two sets of symbols, and which at the same 
time do not involve Ii . . T„. 

Here it is evident, that neither JS nor E' can vanish, whence 
the numerator of the fractional value of to in (8) must exceed 
the denominator. That value cannot therefinre be represented 

by 1, 0, or ^. Itmusttheut in the logical development»be le* 
1 

presented by Such then will be the coefficient of thb cUss 

of constituents. 

15. Hence the final lo^cal equation by wMch w is expressed 

as a developed logical function of Xj, . . x«y tiy , . t^^ will be of 
tiieform 

w - Si {XT) + 0 {:S^{XT) + ?,•.?,)+ i (sum of other con- . . 

" stituents), V^) 

wherdn S| {XT) represents the sum of all symmetrical consti- 
tuents of which the ftctor X is found in 0, and (XT)^ the 
sum of {ill symmetrical constituents of which the factor X is not 
found in 0, — the constituent xi . . ?i . • should it appear^ 
being in either case rejected* 

Pasdng from Logic to Algebra, it may be observed, that 
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here and in all aimilar inatonoeis the Ainetion bj the aid of 
which the algebtaio system of equations for the determination of 
the Tslues of . . a:„, ^, , . . ^„ is formed, is independent of the 
nature of any function <p involved, not in the expression of tlie 
data^ but in that o£ikeqiUBsitum of the problem proposed* Thus 
we have in the present example^ 

ix^k Si (XT) 
wherein 2, {XT) + S^C^r) + f, . . 7, 

»s(jscr) + i,..i,. (10) 

Here S(A' 7') represents thc suia ol .symmetrical constituents 
of the X and t symbols, except the constituent it . . x., Ti . . ^. 
This value of is the same as that virtually empbyed in the so- 
Intum of the preceding problem, and hence we may avail our- 
selves of the results there obtained . 

If then, OS in the solution referred to, we assume 

we shall obtain a lesolt which may be thus written : 

Mx being formed by rejecting from the function ^ the constituent 
Xi . .Xa, if it is there ibuud, dividing the result by the same con- 

stituent xi . . and then changing into i7<), =^ into and 

soon. The values of JIf and ^ are the same as in the preceding 

problem. Reverting to these and to the corresponding values of 
niiy <&c.y we iind 

Fh>b.tO"ilfi(/t-i- V- 1)» 
the general values of J9ir» »r being 

C^pr ^ Cr(l-/V)_ 

and /s and v bdng ^ven by the solution of the system of equ»- 
tionSf 
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1 , (M-g|J^)"(M-gnP») , (v-Ci(l-Jh)U>{»'fii(l-p»)> 

The above value of Prob. iv will be the numerator of the fraction 
(2). It now remains to determine its denominator. 
For this purpoee assumfe 

or ^"v; 
whence fv-^vf m o. 

Substituting the first member of this equation in (7) in place of 
the corresponding ibrm fzt^ to (1 - ^) we obtain as the piimary 
logical equation} 

whence eliminating z, and redncmg by Prop. ii. Chap. IX., 
Hence 

^ 2#ri « 

and developing as before, 
t»-Si(Zr) + 7i..7.Si(Z) + 0(2,(Z!r) + 7i..liS.(X)} 

+ - (sum of otiier constituents). (12) 

Here 2i (X) indicates the sum of all oonstituente fomd in (p, 

the sum of all constituents not found in ^. The expres- 
sions are indeed used in place of ^ and 1 - ^ to preserve sym- 
metry* 

It follows hence that 2, (X)+ 2a (X)»l, aodthat^ asb^ 

fore, 2, (XT) + 2. (X 7')=. S (XT). Hence F will hftT6 the 

same value as before, and we shall have 



Or transfixrming, as in the previous case, 

3f, -f AT 
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wherein is fonned by dividing'^ by xi • • i«» and changing in 

the result =^ into rii* ^ into fh* &c. 

Now the final solution of the problem proposed will be given 
by assigning their determined values to the terms oi the fraction 

Prob. ^(xi ,.,Xn)z Prob. w 
l\oh, <^{xif x»y Prob. v ' 

Heiioe» therefore, by (11) and (13) we have 

Prob. Bought = TF— Tr • 

A very slight attention to the mode of forraation of the func- 
tions Ml and will show that the process may be greatly sim- 
plified. We may» indeed, exhibit the aolution of the general 
problem in the form of a rule, as follows : 

Bejectjrom the Junction ^ (xi, Xf.x^) the constUuaUxi . . x« if 
U ii therein coniamed, nqjpreu in all ^ renuumnff eanUOuente 
thejhctars xi, x,, ^-c, and change generally ut th9 result 96r into 

-i^^. Can this ren^ Ml. 

Agam^ replace in the Junction f (x^, Xt • . x„) the anutitueni 
?i . . x« tf tie u therein founds by unOy ; MUfpreae m aU the renudninff 
eemMtUumU ^Jbctors t„ xu j'c*> ond change general^ imthere^ 

Then the solution required will be expreseed Inf the formula 

ftondv being determined by the solution qf the system qf equations 

(v-c,(l-pO|..|v-C(l-p,)) 
— (10) 

It may be added, that the limits of /i and y are the same as in 
tiie pffeTioae probkm. This might be inferred from the general 
principle of oontinuity; but oonditions of limitation, which are 
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probably sufficient, may also be establisbed by other 
ratioiui. 

Thus from the demonstration of the general method in pnh 

babilitieti, Chap. XVII. Prop, iv., it appears that the (juantities 
Xif *'Xn9 ti9"tn, in the primary system of algebraic equations, 
must be poMve proper /Tactions. Now 



Henoe generally rir most be a podtive quantity, and theiefoie 

we must have • 

V>Cr(l -pr). 

In like manner since we have 

Xrtr CrPr 



we must have generally 

16. It is probable that the two classes of conditions thus re- 
presented are together sufficient to determine generally which of 
the roots of the equations determining ^ and v are to be taken. 
Let us take in particular the case in which n « 2. Here wehate 

fi + v-l^^-^ ^ ^ = /I - (ct;?> + Ca/H) + ' , 

•% V - I - CiPfCtpn — 1 - Cipi - ^ ^ « 

Whence, since /x > Ci/>x we have generally 

If < 1 - C||>p 

In Hke manner we have 

v<i-e»pt, /ti< l-Ci(l-|»i), fi<l "Ctil -pn). 

Now it has already been shown that there will exist but one 
value of satisfying the whole of the above conditions relative 
to that quantity, viz. 

whenoe ^e solution for thb case, at least, is determinate. And I 
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apprehend that the same method la generally applicable and suf- 
ficient. But this is a qoestioa upon which a further degrM of 
U^^it it 4wi Bbte» 

To Teiify the above reenlta, suppose f (r„ 1, which it 

virtually the ca.«^c coiipidtred in the previous problem. Now the 
development of 1 gives all possible conjititucnts of the symbols 
ftoceeding then accordipg to the Bale, we find 

Jf,- — — - I - — ^i-.^ - 1 by (15). 

2f . ^ I . » _ 1^ 

Sobditoting in (14) we find 

which agrees with the previous solution. 

Again, let ^ (x„ . . x.) - x,, which, ailer development and sup- 
ptettifin of the fectort ii> • • i«» g^m «i (jiPi -i- 1 )..(«• -i- 1)» whence 
ipeind 

If,. 7 '^^^ . by (15). 

*" lv-C| (I -/>»)) .• [v-Cn{\-pn)) (A ^ V i' 

Sidwtiliiting, we hsve 

IVobebili^ that if the erent A i oooor» £ will ooonr • |h» 

And this result Is venfiod by the data. Similar verificatiooa 
might easily be added. 



Let at eaaune the oeae 
Hera we find 

I • • • ▼ — f 

we have the Allowing letolt— 

9a 
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Probability that if some one ^ ^ Crpr 

pment itself the event j s i S ^(^^P^) 

Let it be obeerved that this case is quite diflfereat from die 
well-known one in which the mutually exclusive character of 

the causes yli, . . is one of the elements of the data, expressing 
a condition under which the yeiy observations by which the pro- 
babilities of At$ are snppoBed to bave been detennined^ 
were made. 

Consider, lastly, the case in which ^ (xi, . . a;.) » a;i oEt . . s^. 
Here 

Ci( l - p Q- 'Cn(l- Pn) fi(l -pi) ..Cn(\ -pm) 

lv-ir,(i-/;r)j.. (i'-c„(l-/^„)l " ^''(fi + v-i) ' 
Henoe the following result — 

ProbabiUty that if aU the ^ 
causes Ai^ • . An con- 
spire^ the event E will 
follow. 



Pi . . + (1 -Pl) . . (I -fJ.) f^' 



This expression assumes, as it ought to do» the value 1 when say 

one of the quantities pu • . is equal to 1. 

17. Fboblbm VUL — Certain causes At^Af A^ being so 
restricted that they cannot all fiult but still can only occur in cer- 
tain definite combinations denoted by the equation 

♦ {Alt A% . • ilii) • I9 

and there bdng given the separate probabilities • • of the 
sud causes, and the conesponding probabilities px^pm that an 
event E will follow if those respective causes are reslized* re- 
quired the probability of the event E. 

This problem differs from the one last considered in several 
particulars, but chiefly in this, that the restriction denoted by the 
eqiuition^(ili,..il«)"l, forms one of the data, and is sup pose d 
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to be foniahed by or to be aooovdaot with the rerj e ipe ri iee 
fiwB which the knowledge of the trameml elements of the 

problem is derived. 

Beprcsenting the events Aif,,AmhjXif..j^ respectivel^t 
end the event ^ by we have— 

Fh>b.4V ■ Cry Prob.Xr^ - Crpr. (1) 

Let OS iMomey gwendfy, 

then eombining the ■fitem of eqoatioBi thnemdioited with the 



furnithed in the data, we ultimately find, aa the dereloped ez- 

preMion of a, 

2 = :itA'2') + 0l»^..l;2(X), (2) 

where X lepietenta in roeeoMioo eaeh eonatitiMnt fimnd in ^ 
and T a omihur series of eonstitoents of the symbols #i, . . f. ; 

2(.Y7^ incliidinp^ only symmetrical coostituentd witii rderence 
to tlie two 6et6 of Ayinbolfl. 

Hie method of rednetion to be employed in tlie praent ease 
li so dmihr to the one afaea^ eiempKfled in fcnner problsmst 
^t I shall merely exhibit the resolts to wfaidi It leads. We 

iind 

with the xelatioos 

. . - at _- — m M ^ M» lei 



Wherein M is fonned by puppreastnj^ in ^ (xi, . . ar«) aU the 
tors xi, . . 7nf and clianging in the rej<ult x, into r/ii, into 
while N is fonned by i>ub6tiUiting in My ini for «i, <lc. ; iiior»* 
over Ml eoosieU of that portion of M of which mi is a fiMlor, 
M efthat portion of ^ of which «] isaftetor; andsooa. 

Let U3 take, in Uliif>tnition, the porticuUur case in which the 
causes . . arc mutually excluiiive. Here we ha?e 

S a2 
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Whence 

M « + ma . . + m,, 
N Bill -f % • . + May 

Sobetitutiiigy we have 



Hence we find 



or * M 



Henoe» by (3), 



M-¥N. 

Frob 



% known molt. 

There arc other particular cases in which the system (4) ad- 
mits of ready solution. It is, however, obvious that in most 
instances it would lead to results of great complexity. Nor does 
it seem probable that the existenoe of a functional rektbn among 
causes, snch as is assumed in ihe data of the general problem, will 
often be presented in actual experience ; if we except only the 
particular cases above discussed. 

Had the general problem been modified by the restriction 
that the eyent E cannot ooonr, all the causes .^i ..A^ being ab- 
sent, instead of the restriction that the said causes cannot all ftil, 
the remaining condition denoted by the equation ^(^i, . . = 1 
being retained} we should have found for the final logical equation 

ar-Si (Xr) + 02(X), 

2(J!C) being, as before, equal to ^ (3^^ . . x^, but S| (X T) formed 
by rejecdng from ^ the partioalar constituent i| • • ^ if therein 
contained, and then multiplying each constituent of the result 

by the corresponding /-constituent. It is obvious that in the [)cir- 
ticular case in which the causes are mutually exclusiye the value 
of Prob. z hence deduced will be the same as before. 

18* Problem IX. — Assuming the data of any of the pre- 
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vious proUeoMy let it be required to deteranne tiie probability 
tbat if the event E present itf^elf, it will l>c associutcil with the 
IMUiicular cause Ari in other words, to determine the d jwsteriori 

pfobabilitj of tbe ommc A, when tbe eTent E hat been observed 
to oocor. 

In tUs €Me we mast seek the Tslue of the firactbn 

As in the pfevions probleiiis» the vslae of Frob. g has been a»> 
signed vpon diffisrent hypotheses rektiTe to the oonnexkm or 
want of connexion of the causes, it is evident that in all those 
Cii^'* the present pro])l('ni i-* -ii^ctptible of a detenuinute solution 
by idmply substituting in (I) the value of that element thus d^ 
tenmned. 

If the a probabilities of the causes are equal, we have 

Ci • c, . . - Cr. Hence for the different causes the value (1) will 
vary dirertly as the quantity />r. \N herefure ulnttt vtr thr nature 
iff the comuxion among the causeSf the ci posteriori probability of 
each cause will be proportional to the probability of the obsenred 
event E when that cause is known to exist. The particular case 
of this theorem, which presents itself when the causes arc mu- 
tually exclusive, is well known. \Ve have ihcu 

i'rub. z 2cr|V Pi + Pft 

the values of ^i, . . r, bcin^ e<)ual. 

Although, for the dcmon-^t ration of tlu -e an<l similar theo- 
rems in the particular case in which the cautK^s are umtuully ex- 
clusive» it is not necessary to introduce the functional symbol f% 
which is, indeed, to chnm fot ourselves the choice of all possible 
and conceivable hypotheses of the connexion of the eausex, yet, 
under every fi»rm, the solution by the mcthcHl of this wurk of 
problems, in wliich the number of the data is indefinitely ^Temt, 
nnist always partake of a somewhat complex character. Wh^ 
ther the systematic evolution which it presents, first, of the kgi- 
cal, secondly, of the numerical rdations of a pitiblem, fhrmslies 
any cum^KOiaaiiou for the length and occasional tediuusue&s oi its 
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I do not prwame to ioqiiire. Its chief yalneinidoalyU 
cdly oondsti inHs power,-— in tbe mastery wliibb it gives ns over 

questions which would apparently baffle the unaaeisted strength 
of human reason. For this cause it has not been deemed super- 
fluous to exhibit in this chapter its application to problems, some 
of which may poistbly be regarded asrepulsive^ fiom thtear diffi- 
culty, without bong recommended by any prospect of immediate 
utility. Of the ulterior value of such speculations it is, I con- 
ceive, impodsible for U8» at present, to form any decided judg- 
ment. 

19. The following problem is of a much easier descfiptkm 
than the preyions ones. 

Problem X.— The pnbabUity of the occurrence of a certam 
naiural phMommon wider ^rwen dramuUnicee is p. ObeerwUum 
has also recorded a probabUHy a of the existence of a pemument 

cause of that phcenomenon^ i.e. of a cause which would always pro- 
duce the event under the circumstances supposed. What is the 
probabiUty that if the phammenon is observed to occur n times in 
succession under the (fioen drcumstaneeSf U wiQ occur then+l^ 
time f What also is iheprebabUityy a fter such obsemationy of the 
existence of the permanent cause r^erred to f 

First Casbw— Let t reprosent the existence of a psnnanenl 

cause, and «i, Xt ,.x^i the succesaiTe occurrences of the natural 

phaenomenon. 

If the permanent cause esust, the events xi^Xf are ne- 
oessaiy consequences. Hence 

and eliminating the indefinite symbols, 

<(l-#0-0, <(l-s^)-0, <(l-Jw.)-0. 

Now we arc to ecck the probability that if the combination 
• • x^ hap|>en, the event d;«a'.wiU happen, L e. we aze to seek 
the value of the finction 

Prob. a?| « . 4P«»| 
Pn>b.«i«b..«b' 

We will first seek the value of Prob. XiX^,, x,. 
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Beprasent the oombiuitioii by tfafln we have the 



Reducing the last to the form 

{Xi Xf Xm) (1 - U?) + t£7 (1 - Xi Xf .Xn) " Of 

and adding it to the fenner oneti we have 

^(l - Xi) Xl .Xn (I - to) + tp(l «b..4f») « 0, (1) 

wherein 2 extends to all values of i from 1 to n, for the one logi- 
cal equation of the data. With this we must connect the nume- 
neal coiiditionBy 

Prob. Xi = Prob. x^, Prob. x^ - Pf Prob. t^a; 

and our object is to find Fiob. v. 

From (1) we have 

^Sit (1 — 3-1/ •Tj iCj . . vTn 
W " ^ 5 

on developing with respect to t. This result must further be 
developed with respect to Ji, «b • 

Nowifwemakeci-il, 1, the coefficienta both 

off and of 1 -# become 1. If we give to the same symbols any 

other set of values formed by the interchange of 0 and 1 , it is 
evident that the coefficient of t will become negative, while that 
of 1-1 will becomeO* Hence the full development (2) will be 

to - XiXf.X^i + XiXg..X^(l - + 0 (1- XiXa- (1 -0 

+ consUtuenta whoae coeiBoifliita aie or eqimlent to ~. 
Here we hare 

ymXiXf9^t'¥Mimg..X»ii-i) 4- ii'XiXfX^) (1 - 1) 

whence} passing fiom Logk to Algebra* 

Digitized by 



360 PBOBLBM8 OJH CAUSBS. [CUAP. XX* 

sa '- ■ ■ • • • 

P P 

XiX^.,X^t-V Xn{\ -t) XiXt,,X^t # 

P a 
Prob.io« ^^^^V"^! 

i^rom the iomoB of the above equations it is evident tliat we 
haye«i Beplace then each of these qnantitiee by 9, 
and the system beoomes 

^ B — + ^ 

a 

Prob. w - 



1-1* 

£:om which we readily deduce 

1 — a/ 

If in this result we change n into » 1, we get 

Hence we find — 

^b. XiXf.Xmi _ ^ ^ ^ " ^Hl-g. 

as the ezprefloon of the probabiHty that if the phnnomenoii be a 

times repeated, it will also present itself the n + 1^ time. By the 
method of Chapter XIX. it is found that a cannot exceed p in 
value. 

The foUowing verifications are obvkras 

1st. If a ■ 0, the ezpresmon reduces to as it ooght to do. 

For when it is certain thiit uo permanent cause exists, the suc- 
cessive occurrences of the phsenomenon are independent. 

2nd. If a the expression beoomes 1» as it ought to do. 

3rd. If jp a, the expresaion becomes 1^ unless a « 0. If tbs 
probability of a phaenomenon is equal to the probability that there 
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exists a cause which under given circumstances would always 
produce it, then the fact that that pha^numenon has ever been no- 
ticed under those circumstances^ renders certain its re-appeaiance 
under the same.* 

4tli. As ft increases, the expression approaches in Talne to 
unity. This indicates that the probability of the recurrence of 
the event increases with the frequency of its successive appear- 
ances, — a result agreeable to the natural laws of expectation. 

Second Case. — We are now to seek the probability d pos^ 
teriori of the existence of a permanent cause of the phaBnomenon. 
This requires that we ascertain the mdue of the £nction 

Prob./.T, x.'. . Xn 
Prob. XiXt,. 

the denominator of which has already been determined. 

To determine the numerator assume 

then proceeding as before, we obtain for the logical deyelop^ 
menty 

to B tei«t . .«a + 0 (1 - 

Whence, passing from Logic to Algebra, we have at once 

Prob. w B a, 

a reenlt which might have been anticipated. Substitatang then 
Ibr the numerator and denominator <^ the aboye firaotion their 
Tftlnes, we have for the d, posteriori probability of a permanent 
cause, the expression 



* Ai w« Mtt ndtlier r»-«nter nor reeall the state of infucj* we are iinsble to 
eay how ikr eooh reiiiltt m the aboTo serve toezphun the oouttdenee with which 
joong elilldreii eooiieet events whose association they have oooe peresived. 
Bni we may oo^jeetore, generallj, that the strength of their expectations is 
4ne to the necessity of inferring (as a part of thdr rational natnre), and the 
narrow Init imprsesive ezperienoe npon wliich tlie Ihcvlty is exeroised. Hence 
the reference of every hind of sequence to that of canse and eflbet. A little 
friend of the anther's, on \mg pvt to bed, was heard to ask Us brother the 
pertinent (|pestion,_*< Why does going to sleep at night m&ke it light in the 
■oming?" The brothert wlio was a year older, was able to reply, that it 
wonld be light in the morning eren if Uule boys did not go to sleep ^||||r''-<^ 
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a 

'• + 0'-«)(K)"" 

It is obidons that the yalne of this eKpreaaism increases with die 
value of n. 

I am indebted to a learned correspondent,* whose original 
oontributions to the theory of probabilities have already been 
ftned to^ f<nr the following verification of the first of the above 
results (3). 

The whole d priori probability of the event (under the cir- 
cumstanoea) being and the probability of some cause C which 
would neoesasrily produce it» a, let x be the probability that it 
will hi^ppen if no smdi cause as C exist. Then we have the 
equation 

whence p-a 



Now the phenomenon observed is the occurrence of the event a 
times. The d priori probatnlity of this would be — 

1 supposing C to exist, 

of supposing C not to exist; 

whence the d posteriori probability that C exists is 

g 

a -I- (I - a)^ 

that C does not exist is 

a + (l 

Copseqiiently the probability of another occonence is 

a - (1 - a) a* 

or a + (1 - a)af** 

a + (I - a) «• ' 



* Professor Donkin. 



Digitized by Cjt.A./v 



CHAP. XX.] 



PROBLEMS ON CAU6B8. 



968 



which, on leplaoiDgXhy ito yaloe y^^' ^ ^ found to agree 

with (3)." 

Similar yeiifications might, it is probable, also be found for 
the foUowmg retiilti» obtained hj the diceet application of the 
geneial method. 

The probability, under the same circmnstanceB, that if, ont of 

n occasions, the event happen r times, and fail n - r times, it will 
hi^pen on the » -f time is 

The probability of a permanent canae (r being leas than n) 

id 0. This is easily verified. 

J£p be the probability of an event, and c the probability tliat 
if it oocnr it will be due to a permanent cause ; the probability 
after n soooeanTe obaervedooconenoea that it will reeor on the 
n + 1*^ dmihur oocanon ia 

p(\-c) 



wherain 



1- cp ' 



20. It is remarkable that the solutions of the previous pro- 
blems are void of any arbitrary element. We should scaroeiy» 
from the appeaxanoe of the date, have anticipated auoh a eircom- 
atanoe. It is, however, to be obaenred, that in allthoae pioUema 
the probabilities of the emaes inTolyed are supposed to be known 
a priori. In the absence of this assumed element ol* knowledge, 
it seems probable that arbitrary constants would necesiorily ap- 
pear in the final solution* Some confirmation of thia remark ia 
alRnded by a ciaaa of parobkma to which eonaideimble attention 
has been directed, and which, in oondusion, I shall briefly 
consider. 
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It has been obeeiTed that there exists in the heayens a large 

number of double stars of extreme closeness. Either these ap- 
parent instances of connexion have some physical f^ound or they 
have not. If they have not, we may regard the phaenomenon of a 
double star as the accidental result of a " random distribution'* of 
stars oyer the celestial vault, i. e. of a distribution which would 
render it just as probable that either member of the binary sys- 
tem should appear in one spot as in another. If this hypothesis be 
assumed, and if the number of stars of a requisite brightness be 
known, we can determine what is the probability that two of 
them should be found within such limits of mutual distance as 
to constitute the observed phaenomenon. Thus Mitchell,* esti- 
mating that there are 230 stars in the heavens equal in brightness 
to /3 Capricomi, determines that it is 80 to 1 against such a 
combination being presented were those stars distributed at ran- 
dom. The probability, when such a combination has been ob» 
served, that there exists between its members a physical ground 
of connexion, is then required. 

Ag*'"y the sum of the inclinations of the orbits of the ten 
known planets to the plane of the ecliptic in the year 1801 was 
91^ 4187, acoordmg to the French measures. Were all inclini^ 
tiond equally probable, Laplacef determines, that there would be 
only the excessively snmll probability .00000011235 that the 
mean of the inclinations should fall within the limit thus as- 
signed. And he hence concludes, that there is a very high 
probability in fiiyour of a disponng cause, by which the Indina- 
• tions of the planetary orbits have been coidiued within such narrow 
bounds. Professor De Morgan,^ taking the sum of the inclina- 
tions at 92% gives to the above probability the value .0(M>00012, 
and infers that **it is 1: .00000012, that there was a necessary 
cause in the formation of the solar system for the indinations 
being what they are." An equally detenninate conclusion has 
been drawn &om observed coincidences between the direction oi 



• PhlL Transactions, An. 1767. 

t Theorie Analytiquc des Probabilit^s, p. 276. 

% EnojrdopiBdia MetropoUtana. Art. Probabilitka. 
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obonlar polaxiaiftioii in rook-dyttal* and that of oeriain oblique 
ftoee in its oryBtalline etnictnre.* 

These problems arc all of a similar chai-acter. A certain hypo- 
thesis is framed, oi' the various possible consequences of which 
we are able to assign the probabilities with perfect ligoor. Now 
some actual result of observation bdng fi>und among those eon- 
sequences, and its AypofA^fibalprobabiHty being therdore known, 
it is required thence to determine the probability of the hypo- 
thesis assumed, or its contrary. In Mitchell's problem, the hy- 
pothesis is that of a " random distribution of the stars," — the 
possible and observed ooosequence, the appearance of a dose 
double star. The very small probability of such a result is held 
to imply that the probability of the hypothesis is equally small, 
or, at least, of the same order of smallness. And hence the high 
and, and as some think, determinaU probability of a disposbg 
canse in the stellar arrangements is infored. Similar remarks 
apply to the other examples adduced. 

21. The general problem, in whatsoever form it may be pre- 
sented, adiults only of an incL^finiU solution. Let x represent the 
proposed hypothesis, y a ph«iiomenon which mi^t occur as one 
of its posnble consequences, and whose calculated probability, on 
the assumption of the truth of the hypothesis, is p, and let it be re- 
quired to determine the probability that if the phainomenon y is 
observed, the hypothesiB x is true. The vei*y data of this pro- 
blem cannot be expressed without the introduction of an arbi- 
trary element. We can only write 

Frob. jtaa, Prob. ay-i9»; (1) 

a being perfectly arbitrary, except that it must fall within the 
limits 0 and 1 inclusive. If then P represent the conditional pro- 
babilily sought, we have 

Pn)l). ay ^ ap . 
It remains then to determine Prob.y. 



• Edinbiirgh Re?iew, No. 185, p. 32. This articU, thongli oot entMj frM 
tnm wtvt, U well worthj of atteotkm. 
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Let « #9 thai 

if.|-te+J^(i.x)+o(i-o^+So-oa-«)- (3) 

Hence observing that Prob. x a, Prob. t «= op, and passing from 
Logic to Algebra, we have 

with the relations 

a €^ 

Hence we readily £nd 

Proh, y - <g> + (1 - a). (4) 

Now recurring to (3), we find that c k the probability, that if 
die mnt (1 - 0 - ocoiir» tiie erai y will oocuw But 

(1-0 (l-aj)-(l-«ry)(l-«)-l-a?. 

Hence e is die pfobalnlitf that if the event x do mei eecetf 

the event y ivill occur. 

Subetituting the value of Prob*y in (2), we have the follow* 
ing theorem: 

eakuhUed probability of any pkatumienm 191011 an a«- 
ewned physical hypotheiii x, being the d poiteriori probability P 

of the physical hi/pot hesii, when the phenomenon ha& been observed^ 
is caressed the equation 

^ v» iP) 

where a and c are arbitrary constants, the former representing the 
d priori probabaUy qf the hypotheeie^ the laUer ike probabik^ thai 
if the hypothesis werefidse^ the event y woM preeeni ite^ 

The principal conclusion dedudUe fiom the above theorem 
is that, other things being the sanie, the value of P increases and 
diminishes simultaneously with that of/?. Hence the greater or 
leas the probability of the phmomenoii when the hypothesis is 
aseumedj the greater or less is the probability of the hypotheas 
when the phcenomenon has been observed. When p is very small, 
then generally P also is small, unless either a is large or c small. 
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pothesis is very small when the phsenomenon is observed} unless 
dtbflr the d priori probability a of the hypothesis is kige, or the 
probability of the phenomenon upon any other hypotheds small. 

The formula (5) admits of exact verification in yaiious cases, 
as when r = 0, or « ^ 1, or a = 0. But it is evident that it does 
not, unless there be means for determining the values of a and 
yield a definite value of P. Any solutions which profess to ac- 
complish this object^ either are erroneous in prindplci or involve 
m tadt assumption respectmg the above arbitrary elements. Mr. 
De Morgan's solution of Laplace's problem concerning the ex- 
istence of a determining cause of the narrow limits within which 
the indinalaons of the planetary orbits to the plane of the ecliptic 
are confined, appears to me to be of the latter description. Having 
found a probability p ■ .00000012, that the sum of the incli- 
nations would be less than 92° were all degrees of inclination 
equally probable in each orbit, this able writer remarks: If 
there be s reason foot the inclinations being as deeoribedy the 
probability of the event is 1. Conseq[uentiy, it is 1 : .00000012 
^. e. 1 : p), that there was a necessary cause in the formation of 
the solar system for the inclinations being what they are." Now 
this result is what the eq[uation (5) would really give, if» assigning 

to p the above value^ we should assume c » 1, a » ^. For we 
should thus find. 



But P representing the probability, d potterwriy that all 
inclinations are equally probable, 1 - P is the probability, d pot- 
imarif that such is not the case* or, adopting Mr. De Morgan's 
altemative, that a determining cause exists. The equation (6), 
therefore, agrees with Mr. De Morgan's result 

22. Are we, however, justified in assigning to a and c parti- 
cular values? I am strongly disposed to think that we are not. 



1 




(6) 



Digitized by 



368 



FR0BLBH8 ON CAU8BS. 



[chap. xz. 



The qnestion is of less importance in the special instance than 
in its ulterior bearings. In the reomyed applications of the theoiy 

of probabilities, arbitrary constants do not explicitly apjxjar ; 
but in the above, and in many other instances sanctioned by the 
highest authorities, some virtual detemunation of them has been 
attempted. And this drcmnstanoe has given to the results of 
the theory, especially in reference to questions of causation, a 
character of definite prccij*ion, which, while on the one hand it 
has seemed to exalt the dominion and extend the province of 
nomberS) even beyond the measure of their ancient daim to rule 
the worid ;* on the other hand has called forth vigorous protests 
against their intrusion into realms in which conjecture is the only 
basis of inference. The very fact of the appearance of arbitrary 
constants in the solutions of problems like the above, treated 
by the method of this worir, seems to imply, that definite solution 
is xmpossibley and to mark the point where inquiry ought to stopb 
We possess indeed the means of interpreting those constants, but 
the experience which is thus indicated is as much beyond our 
reach as the experience which would preclude the necessity of 
any attempt at solution whatever. 

Another difficulty attendant upon these questions, and inh^ 
rent, perhaps, in the very constitution of our faculties, is that rf 
precisely defining what is mciint by Order. The manifestations 
of that j)rinciple, except in very complex instances, we have no 
difficulty in detecting, nor do we hesitate to impute to it an air 
most necessary foundation in causes operating und«r Law. But 
to assign to it a standard of numerical value would be a vwn, 
not to say a presumptuoii.>*, endcavonr. Yet must the attempt l>e 
made, before w e can aspire to weigh with accuracy the probabi- 
bilities of diffisrent constitutions of the universe, so as to deter- 
mine the elements upon which alone a definite solution of the 
problems in question can be established. 

23. The most usual mode of endeavouring to evade the n/*- 
eesmry arbitrariness of the solution of problems in the theory of 



• Mundum regunt numeri. 

f 8*66 an interesting papor by Prof. Forbes ID the Pbilofophieal Magaidiie, 
Dec ISdOi also Mill's Logic, chap, xviii. 
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probabilitieB which net upon insoffideat data^ is to aadga to some 
element whose real probability is imknown all possible degrees 

of probability ; to suppose that these degrees of probability are 
thuinselv es equally probable; and, regarding them as so many dis- 
tlnct causes of the plusnomenon obserTed, to apply the theorems 
which represent the case of an efl^t due to some one of a number 
of equally probable bat mntnally exdasiTe causes (Problem 9). 
For instance, the rising of tlie sun after a certain interval of 
darkness having been observed m times in succession, the proba- 
bility of its again rising under the same circumstances is deter- 
minedy on received principles^ in the following manner. Let p 
be any unknown probability between 0 and I, and « (infinitesimal 
and constant) the probability, that the probability of the sun's 
rising afler an interval of darkness lies between the limits p and 
P'¥dp. Then the probability that the sun will rise m times in 
•uoceesioii is 

c\ jp^dpi ' 

and the probability that he will do this, and inll rise again, or, 
wluch b the same thing, that he will rise m^l lames in succes- 
sion, is 

Henoetheprobalnfity thatifberiieaiUmMin sueooesion, he will 

rise the m ^ 1*^ time, is 

the known and generally reomved solution. 

The aboye solution is usually founded upon a supposed analogy 
of the problem with that of the drawing of balls from an urn con- 
taining a mixture of black and white balls, between which all 
possible numerical ratios are assumed to be equally probable. 
And it is remarkable, that there are two or three distinct hypo- 
theses which lead to the same final result. For instance, if the 
balls are finite in number, and those which are drawn are not 

2b 
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leplaceil, or if they are infinite in number, whether those dimwn 
we replaced or not, then, supposing that m successive drawings 
have yielded only white balls, the probability of the issue of a 
white ball at the m 1^ drawing is 

III + 1 ^ 
mT2* 

It has been said, that the principle involved in the above 
and in similar applications i.^ that of the equal distribution of 
our knowledge, or rather of our ignonuice<—- the »^g"'"g to 
different states of things of which we know nothing, and upon 
the very ground that we know nothing, equal degrees of proba- 
bility. I apprehend, however, that this is au arbitnir}' method of 
procedure. Instances may occur, and one such has been adduced, 
in which different hypotheses lead to the same final condusion. 
But those instances are exceptional. With reference to the par> 
tieular problem in question, it is shown in the memoir (dted, that 
there is one hypothesis, viz., when the balls are finite in number 
and not replaced, which leads to a different conclusion, and it is 
easy to see that there aie other hypotheses, as strictly involving 
the prindple of the equal distribution of knowledge or igno- 
lance," which would also conduct to conflicting results. 

24. For instance, let the case of sunrise be represented by 
the drawing of a white ball from a bag containing an infinite 
number of balls, which are all either bkck or white, and let the 
assumed prindple be, that allpouUde eomtUuHmu of the tyHem 
of balls are equally probable. By a constitution of the system, I 
mcun ;ui ;uT;iiiL:;('nicnt which assigns to every ball in the system 
a dctcrnriiuLte colour, either black or white. Let us thence seek 
the probability, that if m white balls are drawn in m dmwing^y 
a white ball will be drawn in the m + 1** drawing. 

First, suppose the number of the balls to be /tc, and let the 
symbols a;,, j?,, . . .r^^ be appropriated to them in the following 
manner. Let Ti denote that event which consists in the i'* ball 
of the 8yst< ni being white, the proposition deckiatory of such a 
state of things being xi « 1. In like manner the oomponnd 
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symbol l- Xt inH rqpresenitheoixciiiiistaiioe of the t*^ ball being 
blaok. It 18 evident that the several constitaeiits fimaed of the 
entire set of s^rmbols Xi, i\, . . will represent in like manner 

the several possible constitutions of the system of balls with 
respect to blackness and whiteness, and the number of such con- 
stttutioiis being 2% the probability of each will, in aooofdanee 

with the hjpotheaisj be ^« This is the value which we should 

find if we substituted in the expression of any constituent for 

each of the sjrmbols a^i , • • the value ^. Hence, then, the 

ptobability of any event whiofa can be expressed as a series of 

constitoents of the above description, will be ^Mmd by snbsti* 

tnting in such ezpiession the vahie ~ for each of the above 

symbols. 

Now the larger n is, the less probable it is that any ball 
which has been drawn and replaced will be drawn again. As ft 

approaches to infinity, this probability approaches to 0. And 

this being the case, the state of the balls actually drawn can bo 
expressed as a logical function of m of the symbols 

} * * X^ • • X^m 

and therefore, by development, as a series of constituents of the 
asid m symbolB* Hence, therefore^ its probability will be foond 
by snbstitnting for each of the symbols, whether in the unde- 

▼eloped or the developed fomif the value ^ . But this is the very 

substitution which it would be necessary, and which it would 
suffice, to make, if the probability of a white ball at each drawing 

were known, d priori^ to be ^ . 

It follows, therclorc, that if the number of Wis be infinite, 
and all constitutions of the system equally probable, the probi^ 

bility of drawing m white balls in succession will be and the 

probability of drawing m + 1 white balls in succession 

whence the probability that ailer m white balls have been drawn, 

the next drawing will furnish a white one, will be ^. In other 

2b 2 
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words, past ezperienoe does oot in this omo aflfeot fatore ex* 
pectation. 

25. It may be eatufiMSlory to Terify tbii result by ofdiiuuy 

methods. To accoinplisli this, we shall seek — 

First : The probability of drawing r white balls, and p-r 
Uaok balls, inp trials, out of a bag contiuning fg balls, every ball 
bdng replaced after drawing, and all constitutions of the ajBtana 
bong equally probable, d priori* 

Secondly : The value which this probability assumes when 
fi becomes infinite. 

Thirdly : The probability henoe derived, that if m white 
balls are drawn in socoession, the at + 1*^ ball drawn will be 
white also. 

The probability that r white balls and p- r black ones will bo 
drawn in p trials out of an urn containing fi balls, each ball 
h&Dg replaced afler trial, and all constitutions of the system as 
above defined bdng equally probable, is equal to the sum of the 
probabilities of the same result upon the separate hypotheses of 
there being no white balls, 1 white ball, — lastly ^ white balls in 
the urn. Therefore, it is the sum of the probabilities of this re- 
sult on the hypothesis of there being n white balls, it yaiying 
firom 0 to ^. 

Now supposing that there are n white balls, the probability 

of dnmng a white ball in a single drawing is and the probi^ 

bility of drawing r white baUs and p-^r black ones in a parti- 
cular order in p drawings, is 

But there being as many such orders as there are combinations 
of r things in p things, the total probability of drawing r white 
balls in p drawings out of the system of p, balls of which n are 
white, is 

Again, the number of constitutions of the system of p balls, which 

admit of exactly n balls bang white, is 
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1 .2 * 

and the number of fKMdbleooostitiitioiui of the system is 2^*. 
Henoe the psobability^ tha;! eiaetlj n balls sie white is 

Multiplying (1) by this expression, and taking the sum of the 
psroduots from ii»Otoii-/ti»we have 

1.2..r •-0 1.2..n2^ W \ t^J 

for the expression of the total probability, that out of a system 
of /Lt balls of which all constitutions are equally probable, r white 
bails will issue in p drawings. Now 

. 1.2..n2^ WV M/ 

■i(?J('-7)'"^* 

4(?)'(' -?)'■•(-'■• 

D standing for the symbol so that ^ {D) fn6^^ («) . But 
by ft known theorem^ 

<--i+Aa-«+^<(<-i) + f^*(*-»)(*-a)- 

.% i>«(l + i#>'-Jl + AO"i> + Y-^ />(Xf-l) + &o.)(l 
In the second member let then 
/)• (1 + - (1 + A 0- * ^ 4 1^ aJ» ^ + Ac.) ( 1 4 »>, 



'^ ^(/!i-l)..fa-m.l) ^ 
1.2..II 



smce 



D (2> - 1).. (/>-••+ 1) -«'(^)'. 
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In the second member of the above equation, perfonmng thedi^ 
ferentiations and making x » 1 (since Q = 0), we get 

i>» (1 + M (AO-) a^-» + ^^-y^ (A*0») 2^'» + Ac 

The last tenn of the seoond meniber of this eqmtaon will be 

since A" 0" = 1 . 2 . . m. \VTien ^ is a large quantity this term 
exceeds all the others in Talue9 and as ft approaches to infinity 
tends to beocmie infinitely great in oomperiaon with them. And 
as moreoyer itassnmes the fiinn/[i"2^~"» weha^onpaini^to 

the limity 

D" (1 + - « 

Henee if ^ (^) represent any fhnction of Ihe symbol 1>, whiGh 

is capable of being expanded in a berics ui ascending powers of A 
we have 

*(i))(l + t'>-*(^)2-. (4) 

if 0 s 0 and fi-co. Strictly speaking, this implies that the ratio of 
the two members of the above equation approachee a state of 
equality, as fi increases towards infinity, $ bsing eqnal to 0. 
By means of this theorem, the last member of (3) redooes to 

the form 

Henoe (2) gives 

p(p-l)..(p-r-hl /ly 
1.2..r * 

as the expresoon for the probability that from an urn contuning 
an infinite number of black and white balls, all oonstttntimis of 
the sjTStem bdng equally probable, r white balls will issue in p 

drawings. 

Hence, making p^m^r-my the probability that in m drawiiigB 

ail the ballb will be white is ( 9 and the probability that iliii 
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will be the case^ and that moreover the m + drawing will 

/l\m*l 

yield a white ball is ^-^ 9 whence the probability, that if the 

first m drawings yield white balk only, the m + 1^ drawing will 
also yield a white ball, is 

1 

" 2' 

and generally, any propoaed result wOl have ihe same probability 
as if' it were an even chance whether each particular drawing 

yielded a white or a black ball. This agrees with the conclusion 
before obtained. 

26. These lesidtsoiilyiUustnito the fiust» that when the defect 
of data is supplied by hypotheds, ihe solutioiis will, in general, 
vary with the nature of the hypotheses assumed ; so that ihe 
question still remains, only more definite in form, whether the 
principles of the theory of probabilities serve to guide us in the 
eleotkm of such hypotheses. I have already eacpressed my oonvio* 
tion tliat they do not— a oonTictieii strengihened by oilier reasons 
than those above stated. Thus, a definite solution of a problem 
having been found by the method of this work, an equally de- 
finite solution is sometimes attainable by the same method when 
one of the data, suppose Prob* » -jh is omitted. But I have not 
been able to disoover any mode of deducing ihe second solution 
from the first by integration^ with respect to p supposed variable 
within limits detenained by Chap. xix. This deductiim would, 
however, I conceive, be possible, were the principle adverted to 
in Art. 23 valid. Still it is with diffidence that I express mj 
dissent on ihese points fiom maihematieians generally^ and more 
especially firom one who, of English writers, has most fully en- 
tered into the spirit and the methods f>f La|)lace ; and I venture 
to hope, that a question, second to none other in the "theory of 
Probabilities in impcHrtenoe^ will reoeiTe the caraM attention 
wbioh it deserves. 
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CHAPTER XXL 

PARTICULAR APPLICATION OF THE PREVIOUS GENERAL METHOD 
TO THE QUESTION OP THE PROBABILITY OP JUDGMENTS. 

1. tlic presumption that the general method of this treatise 

for the solution of questions in the theory of probabilities, 
has been sufficiently elucidated in the previous chapters^ it is pro- 
posed here to enter upon one of its prsctical applioationB selecled 
oot of the wide field of soeial ststistacsy yiz., the estimation of the 
probability of judgments. Perhaps this application, if weighed 
by its immediate results, is not the bc?^t that could have been 
chosen. One of the iir^t conclusions to which it leads is that of 
the mceuary insnfficienoy of any data that experience alone can 
furnish, for the aooompluhment of the most important o1]jec( of 
the inquiry. But in setting clearly before us the necessity of 
hypotheses as supplementary to the data of experience, and in 
enabling us to deduce with rigour the consequences of any hy- 
pothesis which may be assumed, the method aooompliahea all 
that properly lies within its scope. And it may be remarked, 
that in questions which relate to the conduct of our o\yn species, 
hypotheses are more justifiable than in questions such as those re- 
ferred to in the concluding sections of the previous chapter. Our 
general experience of human nature oomes in aid of the scantinesB 
and imperfection of statistical records. 

2. The elements involved in problems rdating to cnminal 
assize are the following : — 

1st. The probability that a particular member of the jury 
will form a correct opinion upon the case. 

2nd. The probabOity that the accused party is guilty. 

3rd. The probability that he will be condemned, or that he 
will be acquitted. 

4th. The probability that his condemnation or acquittal will 
be just. 

5th. The oonstitution of the jury. 
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6th. The data fbrnlshed by experience, sach as the relative 
nTunbers of cases in wliich unanimous decisions have been arrived 
at, or particular majorities obtained ; the number of cases in 
which dedsions have been reversed by superior eonrtSy &c« 

Again, the class of questiona under conrideration may be 
r^parded as either direct or inTerse. The direct questions of pro- 
bability are tho:;e in which the probability of connect deci.-lon 
for each member of the tribunal, or of guilt ibr the accused 
party, are supposed to be known d priori^ and in which the proba- 
bility of a decision of a pardcuhur kind, or with a definite migority, 
is sought. Inverse problems are those in which, from the data fur- 
nished by experience, it is required to determine some element 
which, though it stand to those data in the relation of cause to 
effect, cannot direoUy be made the sulject of observation ; aa 
when from the records of the decioons of courts it is required to 
detenmne the probability that a member of a court will judge ^ 
correctly. To this species of problems, the most difficult and 
the most important of the whole seriesy attention will chiefly be 
Erected here. 

3. There is no difficulty in solving the direct problems rfr» 
lerred to in the above enumeration. Suppose there is but one 

juryman. Let k be the probability that the accu^cd person is 
guilty; X the probability that the juryman will form a correct 
opinion ; X the probability that the accused person will be con- 
demned: then — 

kx ssprol^ability that the accused party is guilty, and that the 
juryman judges him to be guilty. 

(1 - A) (1 -ap) » probalulity that the accused person is inno- 
oent, and that the juryman pronounces him guilty. 

Now these being the only cases in which a verdict of con- 
demnation can be ^ven, and bdng moreover mutually exdumve, 
we have 

X-ibj + (l-l)(l-x). (1) 

In like manner, if there be ii jurymen whose separate prob^ 
bilities of correct judgment are «i, . . x., the probalnlity of an 

unanimous verdict of condemnation will be 

iC - AaPi 0^ • . x« (1 - A) (1 - xi) (1 - jTt) . . (1 - *•). 
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WlMDoeyifiheaeTenlprolMbifitiesa^^ »t are equal, and no 
each represented bj x, we have 

The probability in the ktter case, that the aocuaed pecaon is goihyy 
viUbe 

All these lesults asaimiey that the events whose ptobabalitifls 
are denoted hy k^shf sh* ^bn^ are independent, an aasnmption 
which, however, so ftr as we are oonceraed, is inrolved in the 

fact that those events are the only ones of which the probabilities 
are given. 

The probalnlity of condemnation by m given anmber of voioet 
maj be fonnd on the same prindples. If a jvrj is composed of 
llnee persons, whose several probalnli^es of correct decnrion are 

0?, a?', of, the probability X. that the accused person will be de- 
clared guilty by two of them will be 

k {xaf (I- x'^ + xsiT {I - of) + arar(l -«)} 

+ (l-ii){(l-a)(l-aJ')« +(l-a;)(l-.aO« + (l-aO(l-^)«)t 

which ifx^a! = of reduces to 

3Jb»(l- «) + 8(1- A) « (1 - a:)». 

And by the same mode of reasoning, it will appear that if 
Xi represent the probability that the aooiised person will be de- 
clared guilty by i voices out of a jury consisting of n persons, 
whose separate probabilities of correct judgment are equal, and 
represented by Xf then 

^^^ n(n - 1) . . (n t> 1) ^ ^^^^ ^^^^ it):r-'(l > g)' ) . (3) 

If the probability of condenmation by a determinate majority a 
is required, we have simply 

t - a B ft - 1^ 

whence 

n + a 
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which must be substituted in the above formula. Of course a 
admits onlj of such values as make i an integer. If n is even* 
those values are 0, 2» 4» do. ; if odd, 1, 3» 5» do, as is otherwise 
obvious. 

The probability of acondjemnalioii by a majority of at least » 
given number of voices m, will be found by adding together the 
foliowiog several probabilities determined as above, viz. : 

1st The probalnlity of a ooudemiiatiioii by an eiaet uub^ 

jority m ; 

2nd. The probability of oondemnatioii by the next greater 
majority m + 2; 

and so on; the last element of the series being the probability of 
unanimous oondemnation. Thus the probability of oondemnation 
by a migority of 4 at least out of 12 jurors, would be 

the values of the above terms being given by (3) afler Tnalnng 
therein n = i2» 

4. When, instead of a jury, we are considering the ease of « 
ample deliberative assembly eonsisting of ft persons, whose sep»* 
nie probabilities of correct judgment are denoted by x, the above 

fomudas are replaced by others, made somewhat more simple by 
the omission of the quantity A. 

The probability of unanimous deoidon is 

X « a" + (1 - x)\ 

The probability of an agreement oft yoioes out of the whole 

number is 

^ n (n - 1) . ^ (n - 1 + 1) _ ^y.^ ^ (I , xyi . (4) 

Of this class of invc^iti^ations it is unnecessary to give any 
further account. They have been pursued to a considerable ex- 
tent by Condcnoet, Lapkoe, Poisson, and other writers, who 
have investigated in particular the modes of calculation and re- 
duction wiiich arc necessary to be employed when n and t are 
large numbers. It is apparent that the whole inquiry is of a very 
speculative character. The values of « and k cannot be deter- 
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mined by direet obsenradoQ. We can only presume that tliej 

must both in general exceed the value ^; that the £>nner, or, moat 

increase with the progress of public intelligence ; while the latter, 
A, must depend much upon those preliminary steps in the ad- 
ministration of the law by which persona suspected of crime 
brought before the tribunal of their country. It has been 
marked by Poiason, that in periods of revolution, as during the 
Reign of Terror in France, the value of k may fall, if account be 

tdceaofpoUtk«lofieBoe8.ftrbetowtl«,Bmiti^ Thehktoryof 

Europe in days nearer to our own would probably confirm this 
observation^ and would show that it is not iiom the wild licenae 
of democracy alone* that the accusation of innocence is to be 
appf^ended* 

Lapkce makes the assumption* that all values of m from 

1 

x«-, to Jf- 1, 

are equally probable. He thus excludes the supposition that a 
juryman is more likely to be deceived than not, but assumes that 
within the limits to which the probabilities of individual cor- 
rectness of judgment are confined* we have no reason to give 
preference to one value of » over another. This bypotbeds is 
entirely arbitrary, and it would be unavailing here to examine 
into its consequences. 

Poisson seems first to have endeavoured to deduce the values 
of « and inferentially* fiK>m experience. In the six yean from 
1825 to 1830 includvely, the number of individuals accused of 
crimes against the person before the tribunals of France was 
11016) and the number of persons condemned was 5286. The 
juries consisted each of 12 persons* and the decision was pro- 
nounced by a sunple majority. Assuming the above numbera 
to be suffiaently large ibr the estimation of probabiHties* there 

5286 

would therefore be a probability measured by the firaction j-j^yg* 

or .4782 that an accused person would be condemned by a simple 
majori:^. We should have the equation 

+ JC, . , + - .4782, (5) 
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the general expreadon iar Xi bdng given by (3) after malmig 
tiierdn n - 12. In the year 1831 the law, having received alte- 
ration, required a majority of at least four persons lor condemna- 
tion, and the number of persons tried f(^r crimes against the 
person duzing that year being 2(K6, and the number condemned 
7439 the probability of the condemnation of an individnal by the 

743 

above miyority was or .3631. Hence we should have 

+ X, . . . J^u - .3631. (6) 

Assuming that the values oik and x were the same for the 
year 1831 as for the previous six years, the two equations (5) and 
(6) enable us to detemune approadmatdy ihor vidues. Poiaaoii 
thns found, 

h^M6A, i«.6786. 

For crimes against property during the same perioda, he 
fbund by a similar analysis, 

A -.6744, jr-.7771. 

The solution of the system (5) (6) conducts in each case to 
two values of and to two values of the one value in each 

ptur being greater, and the other less, than \. It was assumed, 

that in each case the larger value should be preferred, it being 
conceived more probable that a party accused ;ahould be guilty 
than innocent, and more probable that a juryman should fimn 
a oonreot than an erroneous opinion upon the evidence* 

5» The data employed by Poisson, especially those which were ^ 
furnished by the year 1831, are evidently too imperfect to permit 
us to attach much confidence to the above determinations of x and 
ki and it is chiefly for the sake of the method that they are here 
introduced.- It would have been possible to record during the 
six years, 1825-30, or during any rimilar period, the number of 
condemnations pronounced with each possible majority of voices. 
The values of the several elements X,, X,, . . Xx%y were there 
no reasons of policy to forbid, might have been accurately ascei^ 
lained. Here then the conception of the general problem, of 
which Poissou's is a particukr case, arises. How shaU we, from 
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this vpj^ueady soperanmeniy flystem of data, determme the 
Tallies of « and k? If the hypodierisy adopted by Poisaon and 
all other writers on the subject, of the absolute independenoe of 

the events whose probabilities are denoted by x and k be retained, 
we should be led to form a system of five equations of the type (3), 
and either seleet finm these that partieidar pair of equation 
might appesr to be most sdvantageousy or combine together the 
equations of the system by the method of lesst squares. There 
might exist a doubt as to whether tjie latter method would be 
stnctly applicable in such cases, especially if the values o£x audi 
afforded by different selected pairs of the given equations wereTeiy 
different from each other. M.Coamot has oonridered a somewhat 
nmilar problem, in whieh, fiom the records of individual votes in 
a court consistini^ of four judges, it is proposed to investigate the 
separate probabilities of a correct verdict from each judge. For 
the detennination of the elements »\ s^*^ x"y he obtains ei^t 
equationsy which he divides into two sets of four equatioBSi and 
he remarks, that should any oonndeiable discrepancy exist be- 
tween the values of rr, x\ r", x"\ detennincd from those set^, it 
might be regarded as an indication that the hypothesis of the in- 
dependence of the (^inicAs of the judges was, in the particnbyr 
case, untenable* The principle of this mode of investigalion has 
been adverted to in (XVIII. 4). 

6. I proceed to apply to the class of problems above indicated, 
the method of this treatise, and shall inquire, first, whether the 
records of courts and deliberative assemldies» mlom^ can firaiish 
any informatioa respecting the probabilities of correct judgment 
for their individual members, and, it appearing that they cannot, 
secondly, what kind and amount of necessary hypothesis will best 
comport with the actual data. 

Proposition I. 

Brom the aim records of the dedsione of a cemi or deHbermiiee 

assembly^ it is -not possible to deduce any definite conclusion re- 
specting the correctness of the individual judgments of its members. 

Though this Fft>position may appear to express hut the om- 
viction of unassisted good sense, it will not be without interest to 

show that it admits of rigorous dcmoustration. 
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Let U8 suppose the case of a deUberative aaaembly oonmiting 
of n membeiBi no bypothesiB whsterer bebg made rapectiiig 
the dependence or independenee of ^tmr judgments* Let the 

logical symbols Xi, x^, , . x„ be employed according to the fol- 
lowing definition* viz. : Let the generic symbol x< denote that 
event which consists in the uttering of a correct opinion by the 
#k member, of ike eonrt. We ehull consider ihe vnlnes of 
IVob. , Prob. «i, . • Fh)b. x, , as the qwBtUm of » problem, the 
expression of whose possible dutu we must in the next place 
investigate. 

Now those data are the probabilities of events capable of 
being expressed by definite logical fonotions of the symbob «i, 
xty,,Xn. Let Xi y X29 • • represent the fimctionsMii ^nestioDt 

and let the actual system of data be 

Prob. Xi » 01 , Prob* Xt at I^b. X^^ » a^. 

Then firom the very natore of ilie case it may be shown Hiat 

Xij X„ . . X„, are functions which remain unchanged if 
Xiy Xi, . . Xn are therein changed into l-a:i,l-ar2,..l-a:, 
respectively. Thus, if it were recorded that in a certain pro- 
portion of instances the votes ^ven were nnanimons, the event 
whose probability, supposing the instances snffidently nnmeronsi 
is thence determined, is expressed by the logicul function 

«i . . «b 4 (1 - (1 - a^) . . (1 - 

a fbnction which satisfies the above condition. Again, let it be 
leoofded, that in aeertun proportion of instances, the vote of an 
individnal, suppose A^, diifers from that of all the other mem- 
bers of the court. The event, whose probability is thus given, 
will be expressed by the function 

also salisfymg the above condilions. Thus, as agreement in 

opinion may be an agreement in either truth or eiTor ; and as, 
when opinions are divided, either party may be right or wrong ; 
It is manifest that the ezpresoon of any particular state, whether 
of f^^resment or diflerence of sentiment in the assonUy, will 
depend upon a logical fbnction of the symbola X|, o^, • . Xuf 
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whioh Bunilarly involveB the piivatiTe ejmbolt 1 - 1 - 
. . 1 ' 0^. Bttt in the reoords of assembliiesy it is not presumed 

to declare which set of opinions is right or wrong. Hence the 
functions Xn X^^, , X^ must be solely of the kind above de- 
scribed. 

7. Now in proceeding, according to the general method, to 
determine the value of Fh>b. ari, we ahonld first equate the func- 
tions Xi, . . Xm to a new set of symbols /i, . . ^m- From the 
equations 

Xi =s ^1, X% = • • Xfn tuf 

thus formed, we should eliminate the symbols jc,, a^, . . and 

then determine a*! as a developed logical ftinction of the symboU 
iu hy ' • ^Hi) expressive of events whose probabilities are given. 
Let the result of the above elimination be 

jEr» + JE;'(l-a;i) = Oj (1) 

£and being function of ^1,^, Then 

Now the j^ctions Xi, Xs, . . X^ are synunetrical with re- 
ference to the symbols xi, • . and 1 - a^i, • • 1 -x.. It is evi- 
dent, therefore, that in the equation f'muBt be identical with £1 
Hence (2) gives 

E 

and it is evident, that the only coeffidents which can appear in the 
devdopmeat of the second member of the above equation are 

^ and ^. The former will present itself whenever the values 

asdgneil to li, • • ^ in determining the coefficient of aconstitQent, 
are such as to make 0, the latter, or an equivalent result, in 
every other case. Hence we may represent the development 
under the form 

'-5^*5^' (3) 

C and D being constituents, or aggregates of constituents, of the 
symbols ti, . . 
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Paatiag then fiom Logic to Algebim» we haTe 

rroD* jTi Cf 

the fanetkm F of the genend Bole (XVII. 17) ledudng in the 
praent eve to C. The value of Prob. Xi is therefore wholly er- 
bitnurr, if we exc<^pt the condition that it niunt not transcend 
the liuitA 0 aad 1. The individual vakiea of Prob. 4^, . . Prob.x«, 
•re in like manner arbitnury. It does not hence follow, that 
these avfaitiaiy values are not connected with each other by ne- 
cssssry conditions dependent upon the data. The mvestigation 
of such conditions would, however, properly fidi under the me- 
thods of Chap. XIX. 

1^ leverting to the final logical equation, we seek the inter> 
pietatkm of we obtain but a restatement of the original pro- 
blem. For since C and U together include all possible constip 
tueot^ of • • f», we have 

C + D-1; 

and since Disaffected by the coeflficient^, it is evident that on 

substituting therein for t^, . . ^, their expressions in terms of 
't* Stf • • ^ t we should have - 0. Hence the same substitution 
woukl give C- 1. Now by the rule, c is the probability that if 

the event denoted by C take place, the event Xi will take place. 
Hence C being ecjuiil to 1, and, therefore, embracing all ims.-^ible 
contingencies^ c must be interpreted as the absolute probability of 
the occurrence of the event X|. 

It may be mteresting to determine in a pardoukr case the 

•etoalfonn of the final h.^'Iiul equation. Suppoi^c, then, that the 
elements troni which the <lata are derived arc the reconls of 
events distinct and mutually exclusive. For instance, let the 
uneneal data Ai, 0,, • • a«« be the respective probabilities of 
dietiBei and definite mij<>n<>«^ '^^^ ^ logical fuactaoiie 
X,, Xt, . . X» bemg mutually exclusive» must satisfy the coi»- 
ditions 

A, A, - 0, . . A . A. - 0, A, A. - 0, &c 
Wheoee we have, 

2c 
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Under these circumstances it may easily be shown, that the 
developed logical value ofxi will be 

+ coB8titute»U whoae ooefficieate J. 

In the above equation stands for 1 - ^i, Occ. 

Tlicse investigations are equally applicable to the case in 
which the probabilities of the verdicts of a jury, so far as agree- 
ment and disagreement of opinion are oonoemed, form the data 
of a problem. Let the logical symbol w denote that event or 
state of things which consists in the guilt of the accused person. 
Then the functions A^i, Xj . . X„ of the present problem are 
such, that no change would therein ensue firom simultaneously 
converting if\ . , Xn into Xi, • . x« respectively. 

Hence tlie final logical value of m?, as well as those of jti, Xj, . . Xn 
will be exhibited under the same form (3), and a like general 
conclusion thence deduced. 

It is therefore established, that from mere statistical docii-> 
ments nothing can be inferred respecting either the individual 
correctness of opinion of a judge or counsellor, the guilt of an 
individual, or the merits of a disputed question. If the deter- 
mination of such elements as the above can be reduced within 
the province of science at all, it must be by virtue either of 
some assumed criterion of truth furnishing us with new data, or 
of some hypoihecns relative to the connexion or the independence 
of individual judgments, which may warrant a new form of the 
investigation. In the examination of the results of ditiercnt 
hypotheses, the following general Proposition will be of im- 
portance. 

P&OFOSITIOM IL 

8. Given the probabUUiea of the n simple events a-i, ar^, . . x., 
viz,: — 

Prob. a?i - Ci, Prob. af* » Cj, . • Prob. (1) 

also the probabilities of the m - 1 compound events Xi , A',, . . Xm-n 
viz, : — 

Vroh. Xi > at, Prob. X, - a,, . . Prob. « Om^i ; (2) 
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ike latter eoente Xi . • JC».i bemff diUuict and imUmUjf exdueiee ; 
required the probability of any oiker compound event X, 

In tlus proposition it is supposed, that X%f • • Xm^ts M 
weU as X, are functions of the symbols Xif x^^ • • alone* 
Mofeover* the events Xtf Xtf • • Xm-u being mutiufllj ezdunvey 
we have 

Xi X^ = 0, . . Xi Xm.i « 0, X, X, - 0, &c. ; (3) 

the prodaet of any two memben of the system Tanishing. Now 

assumo 

Xi o tif A'».i = ^.,.1, X ^ t. (4) 
Then I must be detennined as a logical function o£ Xtt • • 

Now by (3), 

#1^-0, titn.i'0, <,«.-0,Ac.; (6) 

all binary products o£ ti^ • . tm-i* vanishing. The developed ex- 
piession for t can» thereibre» only involTe in the list of constitu- 
ents which have U Of or ^ for their coefficients* such as contain 
some one of the following factors, viz. : — 

It standing for 1 - &c It remuns to assign that portion of 
each constituent which involves the symbds together 
with the oonespon^Ung coeflBdents. 

Since Xi = ti (i being any integer between I and m - I inclu- 
sive)y it is evident that 

from the very constitution of the functions. Any constituent 
included in the first member of the above equation wonld* there* 

fore, have ~ for its coefficient. 

Kow let 

Xm =*1 - Ai . . - Xm-i t . (7) 

and it is evident that such constituents as involve Ji . • ra,.!, as 
a ftctor, and yet have coefficients of the form 1, 0, or - , must be 

2c 2 
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included in the expression 

Now may be resolved into two portionsy vis^ XXm iod 
(1 - X) Xmy the former bdng the sam of those constitnents of 

Xm which are found in A'^, the latter of those which are not found 
in X, It is evident that in the developed expression of ^, which 
is equivalent to X, the coefficients of the constituents in the 
former portion XX^ will be 1, while those of the latter portioa 
(1 - X) Xn will be 0. Henoe the elements we have now con- 
sidered will contribute to the development of t the terms 

XXnTt ..?.-, + 0(1 - X) X»7i . . Vi • 

Again, since Xi » while X, ^ ttti^ 0, <&c.y it is evident 
that the only constituents involving tit»»» lm.\ as a ftctor which 

have coeffidents of the form 1» 0, or ^» will be included in the ex- 
pression 

and reasoning as before, we see that this will contribute to the de- 
velopment of i the terms 

XXi % . . 7.I., + 0 Cl - X) X, l| % • . 7..1 . 

Proceeding thus with the remaining; terms of (6), we dedoee 
for the foial expresnon of ty 

+ 0 (1 - X) Xnli . . 7«.i + 0 (1 - X) X» /i r, . . 7«.i + Ac (8) 
4 tenns whose coefficients are ^. 

In this expression it is to be noted that XXm denotes the sum 
of those constituents which are common to X and Xm that sum 
being actually ^ven by multiplyingX and X» together, according 
to the rules of the calculus of Logic 

In passing from Logic to Algebra, we shall represent by 
(^XXm) wliat the above product becomes, when, after eflecting 
the multiplication, or selecting the common constituents, we 
give to th^ symbols . . a quantitative meaning. 
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With this understanding we shall have, hy the general Rule 
(XVII. 17), 

Prob.^ 

(XX«)^ . .7„. ,4(XX,)/,7>..7„.,..4(XX,.i)7, ..?,.»/^i 

" y • > KV 

F - X« 7i . . 7«., + X, ^, 7, . . 7,.i . . + X.., 7, . . 7.., (10) 

whence the relations determining Z|, . • x,, Z^, . . f,., will be of 
the following type (i varying from 1 to n), 

(xj X,)7t ♦ . 7,., 4 (xt X,;/|7a . . 7,.i .. ^ (j^ A",.,) 7, . . 7,.,/,.| 

^ x^i /| 7j . . ^ Xm- 1 7| . . Tm.j t^.i n n 

From the above system we shall next eliminate the 83rmboL» 
We have 

£j . . l^.i - — T?- , 'i • • 7.1.1 ^Bi. I - -t; • (12) 

Ai Ab-1 

Substituting these values in (10), we find 

r - X« 7| . . 7«., + K . . <f«.i F. 

Hence, 

(1 -fli . « - fl».i ) ^ 

«i • • ••-I ■ ^ Y • 

Now let 

a,, - 1 - a, - a«., , (13) 

then we have 

..^..1-^. (M) 

Now reducing, by means of (12) and (14), the equation (9), 
and the equation formed by equating the first line of (1 1) to the 
symbol V\ writing also Prob. A' for Prob. /, we have 



. „ a.(XXO «:(AA.) /I. (XX.) 

At A J Aa 



X,) " ^TiX,) <i-(.r,A'«) 




(15) 
(16) 



vrn liy(7)iin<l(13). 
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These equations inyolve the direct aolutioii of the problem 
under consideration. In (16) we have the type of » eiimlioDa 

(formed by giving to t the values 1, 2, . . n suooeesiTely), from 
which the values of .r,, j-j, . . will be found, and those values 
substituted in (15) give the value of Prob. ^ as a function of 
the constants ai, Ci, do. 

One condaaon deserving of notice, which ia dedndble firom 
the above solution, is, that if the probabilities of the compound 
events A*^!, . . are the same as they would be were the 

events «!, . • Xn entirely indepcnHent, and with given probabi- 
lities Cif . . Cnf then the probabili^ of the event X will be the 
same as if calculated upon the same hypotl^eas of the absolute 
independence of the events xi, . . Xn> For upon the hy pothesis 
supposed, the assumption = c„, in the quantitative 

system would give Xi^ Ou Xm • u«9 whence (15) and (16) 
would give 

Prob. X - (XX,) + (XXi) . . + (XX„), (17) 

{Mi JC.) + (4?| X.) . • + (#1 X,) - C|. (18) 

But since A'', + A'j . .+ X^ = 1, it is evident that the second 
member of (1 7) will be formed by taking all the constituents that 
are contained in Xf and giving them an algebraic significance* 
And a similar remark applies to (18). Whence those equations 

respectively give 

Prob. X (logical) - X (algebraic), 

Wherelbre, if X » ^ (j^i, . . «»), we have 
Frob. X ■ 0 (ci, . . c«), 

which is the result in question. 

Hence too it would follow, that if the quantities Ci» . . c* 
were indeterminate, and no hypothesis were made as to the 
possession of a mean common value, the system (15) (16) would 
be satisfied by giving to those quantities any such values, 

x„ . . d?!!, as would satisfy the equations 

* Xi « tti • • Xn.i * 4lM.i9 X * a, 

supposing the value of the elcmcut «, like the values of . 
to be given by experience. 
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9. Before apply infT the general solution (15) (I^)), to the 
question of the probability of judguicntH, it will be conveuicDt to 
make the following transformation. Let the data bo 

JTj " <?l .... Xn " Cnj 

namely, 

Prob. A'l - a, .... Prob. A'bi.i - a^-t ; 

and let it be required to detemune Prob. A'^.,, the unknown 
value of which we will represent by i . Then in ( 15) and ( 1 (i) 
we must cluuigo 

X into A"..!, Prob. A' into a„.j, 

A'.., into A,.,» into a..,. 

A'^at into A'^.i 4 X«, Qm into a^.i ^ a.; 

with the«e transformations, and observing that (A'«., A'r) ° 0, 
except when r • m - 1, and that it is then e<pial to A'^.,, the 
equations (15) (16) give 

_ ^a-) X... 

fi,(j,Xj) a,.a(j, A',.,) (fl,-i 4 « ,) ( JTj A, . , ^.r, A',) 
Now from (19) we find 

Am.] a a A'm . I 4- A HI 

e, . » , 

by virtue of which the lost term of (*20) may be reduced to the 
form 

"•. ^( r.jV^ ,) o^( r, A',) 
V ^ V 

With thc!H' reductions the fvstcni ( IT ) and ( Ih) uiay U* rc)iliu*ed 
by the fuUowing !«yinnK tricnl «hh', \ '\t. : 

V v 

CM) 

A.) //.(.I, AJ /i..(i. .V.) 

. . _ f i •>•» \ 

Y V V 

ThcM c<|uatiunp, in coupi^ 'ilh <T) wid (IH). < n.ihlc us 
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determiDe as % function of Ci . . ai . . a«i.t» tlie nnmeiioal 
datii 8u])po8ed to be furniabed by experience. We now proceed 

to tlieir application. 

Proposition III. 

10. Gwoi OK^ intern ^ probabiUtiei drawm from reeorded 
uutmieeg of unanimity ^ or of asii^ned mmenoal fnqforify m Ae 
deeUUms of a deVherath^ tuieiMjf; required, upon a eertaim deters 

minate hypothesis^ the mean probability of correct judgment for a 
member of the assemb^. 

In what way the probabilities of tmanimous decision and of 
specific numerical majorities may be determined from experience, 
has been intimated in a former part of this chapter. Adopting 
the notation of Ph>p. i. we shall repfesent the events whose prtH 
babUhies are given by the functions Xi^ X^, • • X^.i. It has 
appeared from the very nature of the case that these events are 
mutually exclusive, and that the functions by which they are re- 
presented are symmetrical with reierence to the symbols a^i, X|, . 
Those symbols wecontinue to use mthe same sense as inFjrop. i., 
viz., by xt we understand that event which connsts in the fiv- 
mation of a correct opinion by the member of the assembly. 

Now the immediate data of experience are — 

Xi ■ Ph)b. Xt • Off • • Prob. X».t = a«i.t> (1) 
Prob. Xm.i « (2) 

Xi . . being functions of the logical symbols a^, . • ar« to the 

probabilities of the events denoted by which, we shall as&ign the 
indeterminate value c. Thus we shall have 

Prob.«i ■ Pit)b. 4?t • • ■ Prob. a?„ - e. (3) 

Now it has been seen. Prop, i., that the immediate data(l) 
(2), unassisted by any hypothesis, merely conduct us to a 

statement of the problem. On the other hand, it is manifest that 
if, adopting the methods of Lupkice and Poisson, we employ the 
system (3) alone as the data for the application of the method of 
this work, finally comparing the results obtained with the expe- 
rimental system (1) (2), we are relying wholly upon adouhdul 
hypothesiS| — the independence of individual judgments. But 
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though we ought not wholly to rely upon this hy])othc«i8, we 
cannot wholly dispense with it, or with some equivalent substi- 
tute. Let us then examine the consequences of a limited inde- 
pendence of the individual judgments ; the conditions of limitation 
being furnished by the apparently superfluous data. From the 
system (1) (3) let us, by the method of this work, determine 
Prob. .Ym.i, and, comparing the result with (2), determine c. 
Even here an arbitrary power of selection is claimed. But it is 
manifest from Prop. i. that something of this kind is unavoidable, 
if we would obtain a definite solution at all. As to the principle 
of selection, I apprehend that the equation (2) reserved for final 
com{»anson should be that which, from the magnitude of its nu- 
merical element a^.i, la esteemed the most important of the pri- 
mary series furnished by experience. 

Now, from the mutually exclusive character of the events 
denoted by the functions Xi, A%, . . A'ai-i, the concluding equa- 
tions of the previous proposition become applicable. On account 
of the symmetry of the same functions, and the reduction of the 
system of values denoted by r, to a single value r, the equations 
represented by (22) become identical, the values of x,, x,, . .x» 
become equal, and may be replaced by a single value x, and we 
have simply, 

— — , (4) 
a,(xX,) a^(xXj) . g, (x A',) 

I ^ 1 m 

The following is the nature of the solution thus indicated : 

The functions A„ . . A'..,, and the values a,. . fl..i, being 
given in the data, wc have first, 

A„" 1 ~ Ai..~* A^.), 

From each of the functions A'l, A',, . . A', thus given or do- 
terminetl, we must select thoim ccmstituonts which contain a par- 
ticular symbol, as x,, for a factor. This will determine the func- 
tions (xA'i), (xA'i), <&c., and then in all the functions we must 
change x,, x,, . . x, imi>vidually to x. Or we may regard 
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algetaoc fandaon Xi jb the syeUm (4) (5) as ezpremng the 
probability of the ey^t denoted by the logical function A".-, on 
the euppoi^ition that tlie logiail symbols denote in- 

dependent events whose common probability is x. On the same 
euppodtion would denote the probability of the eoiieiv- 
renoe of any particiikr event of the aeries «i, . . o^w with X|. 
The forms of A"», (a: A,), &c. being determined, the equation (4) 
gives the value of and this, substituted in (5), detenuinc:? the 
value of the element c required. Of the two values which its so- 
lution will oflSor, one being greater, and the other less, than ^9 the 
greater one must be ehosen, whensoeyer, upon general oonmde- 
rations, it is thought more probable that a nu inber of the asijeuibly 
will judge correctly, than that he will judge incorrectly. 

Here then, upon the assumed principle that the laigest of 
the values 0^-1- shall be reserved for final oomparison in the 
equation (2% we possess a definite solution of the problem pio- 
posed. And the same form of solution remains applicable shoidd 
any other e({uatl(>n of the sy^^tcm, upon any other ground, as that 
of superior accuracy^ be similarly reserved in the place of (2). 

11. Let us examine to what extent tlie above reseryatMm h» 
influenced the final solution. It is evident that the equatbn (5) 
is quite independent of the choice in question. So is likewise 
the f<ccond member of* (4). Had we reserved the function Xi, 
instead of ^m-u the equation for the determination of 2 would 
have been 

A» A« 

— = — ; (6) 

but the value of x thence determined would still have to be sub- 
stituted in the same iinal equation (5). We know that were 
the events 0%, . • really independent, the equations (4)^ 
(6), and all others of which they are types, would prove equi* 
valent, and that the value of x furnished by any one of them 
would be the true value of r. This aftbrds a means of \ erifvin<r 
(5). For it' that equation be correct, it ought, under the above 
circumstances, to be satisfied by the assumption c « x. In oUier 
words, the equation 

— 5f — + — Y — ''^ — y — C') 

^1 
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ouglit» on solution, to give the aame value of as the equation 
(4) or (6). Now this will be the ease. For once, by bypotheaia, 

at Of a^* 

we have, bj a known theorem, 

Xi X% X^ Xi "¥ X% • • + 1 

Hence (7) beoomea on anbatituting Oi fctr Xi, 

(xjr,) + («xo..+ (x-aw-* 

B mere identity. 

Wbencvcr, therefore, the events a^y . . x„ are really inde- 
pendent, the system (4) (5) is a correet one, and is independent 
of the arbitrariness of the first step of the process by which it 
was obtained. When tiie aaid eventa are not independent, the 
final system of equationa will possess, leaving in abeyance the 
principle of selection above Btated, an arbitrary clement. But 
from the persistent form of the equation (5) it may be inferred 
that the solution is arbitrary in a less degree than tbe solutiona 
to which the hypotheaia of the abaolute independence of tiie in- 
dividual judgmenta would conduct na. The diacnaaion of the 
limits of the value of c, as dependent upon the limits of the value 
of X, would determine such points. 

Theee coneiderationa auggest to us the question whether the 
equation (7X which is aymmetrioal with referemoe to the funo- 
tions Xi9 Xti .. X^, free fWnn any artntraiy elementa, and rigo- 
rously exact when the events x„ x^, . . x„ arc really indcj)cndcnt, 
might not be accepted as a mean general solution of the proljlem. 
The proper mode of determining this point would, I conceive, be 
toaacertain whether the value of « which it would afford would, 
in general, fall within the limits of the value of c, aa detenmned' 
by the systems of c(iiuitions of which the system (4), (5), presents 
the type. It seems probable that under ordinary circumstances 
tiiia would be the caae. Independently of such considcmtions, 
however, we may regard (7) as itself the ex^eaaion of a certain 
principle of solution, viz., that regarding X 1, JLfi • • Am aa ex« 
elusive causes ol' the event whose probability is x, we accept the 
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probdtttlitifle of those erases Ai, « .o. fiom ezperienoe, but faan. 
the conditional probabilities of the eyent as dependent upon socii 

causes, 

^\ &». (xvn. Ptop. I.) 

on the hypothesis of the independence of individual judgments, 
and 80 deduce the equation (7). I conceive this, however, to be 
a less rigoronSy though po68ibiy» in practice a more convenient 
mode of procedure than that adopted in the general solution. 

12. It now only remains to assign ihe particular forms wluoll 
the algebraic functions A'i, (jcXi), Ac. in the above equations as- 
sume when the logical function Xi represents that event which 
consists in r members of the assembly votmg one way» and n^r 
members the other way. It is evident that in this case the alge- 
braic function Xi expresses what the probalnlity of the supposed 
event would be were the events Xi, Tj, . . Xn independent, and 
their common probability measured by x. Hence we should 
have» by Art. 3» 

Under tiie same cirenmstances (xXi) would represent the pciH 

bability of the compound event, which consists in a particular 
member of the assembly forming a correct judgment} conjointly 
with the general state of voting recorded above. It would, 
iherefine^ be the pcobabilitf that a partioalar member votee cor- 
rectly, while of tiie remaining n - 1 members, r - 4 vote cor- 
rectly ; or that the same member votes correctly, while of the 
remaining n - 1 members r vote incorrectiy. Hence 

. y V («-!)(«- 2)..{n-r*l) («-l) («-.2)..(n-r) 
(gJLt) - J . 2 . . r - 1 ' * I .2..r 

Proposition IV. 

13. Given any system qf probabilities drawn fiom recorded in- 
skmeei qfwumimi^t or qfanuyned tmmerical majorOy in tkede^ 
eisunu qf a erimmal court qfjiuiiee^ required' vpom kypotkeses 
similar to those qfthe last proposUwn^ the mean probability c of 
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earrtet judgmmd for a member qf the ctmrtf and the general pro^ 
babUUp h of gmU m an aeaued person. 

The solution of this problem difiers in but a slight degree 
firom that of the hist, and may be referred to the same general 
formnlsi, (4) and (5), or (7). It is to be observed, lhat as there 

are two elements, c and A, to be determined, it is necessary to 
reserve two of the functions Xi, ^^2, . . X^.i, let us suppose Xi 
and Xm^i, for final comparison, employing either the remaming 
m - 3 functions in the ezpresnon of the data, or the two respeo- 
tive sets X,, Xn • • X^.^^ and X^ Xt9 • • • A'^.,. In dther case 
it is supposed that there must be at least two original indepen- 
dent data. Kthe equation (7) be alone employed, it would in 
the present instance furnish two equations, which may thus be 
written: 

ar(xX^) a,(xX,) a^xXJ) 

^ T Y * * V " *» \*/ 

ai(hXi) . a,ikXt) . fl„(AX,) ^ 

~xr ~xr ' • XT' 

These eqnationa are to be employed in the following manner:— 
Let jPi, art, • • represent those erents whidi consist in the fot^ 
maUon of a correct opinion by the members of the court respec- 
tively. Let also w represent that event which consists in the 
guilt of the accused member. By the aid of these symbols we 
can logically express the functions Xi, X^t . • X^i^ whose proba- 
bilities are given, as also the function X^, Then firom the funo- 
tion Xt sdect those constituents which contain, as a factor, any 
particular symbol of the set x,, Xj, . . j„, and also those consti- 
tuents which contain as a factor to. In both results change 
'i, «t» • - ^ severally into *f and w into h. The above results 
will give {»Xi) and (jkXt). Efl^lang the same tnmafonnatioiis 
throughout, the system (1), (2) will, upon the pardcular hypo- 
thesis involved, determine x and A. 

14. We may collect from the above investigations the fol- 
lowing &ctA and conclusions : 

Ist. That fiom the mere reoords of agreement and disagree- 
ment in the ofmiions of any body of men, no definite numerical 
conclusions can be drawn respecting either the probability of cor- 
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rect judgment in an individual member of the body, or the merit 
of the questions submitted to its oonsidemdon. 

2nd. That such conclusions may be drawn upon wious dis- 
tinct hypotheses, as — Ist, Upon the usual hypothesis of the abso- 
lute independence of individual judgments ; 2ndly, upon certain 
definite modifications of that hypothesis warranted by the actual 
data; Srdlyi upon a distmct principle of solution suggested by 
the appearance of a common form in the solutions obtained by 
the modifications abore adverted to. 

Lastly. That whiitcver of doubt may attach to the final re- 
sults, rests not upon the imperfection of the method, which 
adapts itself equally to all hypothesesy but upon the uncertainty 
of the hypotheses themselyes. 

It seems, however, probable that with even the widest limits 
of hypothesis, consistent with the taking into account of ^/// the 
data of experience, the deviaUon of the results obtained would be 
but slight, and that their mean values might be determined with 
great confidence by the methods of Prop, iii* Of those methods 
I should be disposed to give the preference to the first. Such a 
principle of mean solution having been agreed upon, other consi- 
derations seem to indicate that the values of c and k ibr tribunals 
and assemblies possessing a definite constitution, and goyemed 
in their deliberations by fixed rules, would remain nearly coa- 
stant, subject, however, to a small secular variation, dependent 
upon the progress of knowledge and of justice among mankind. 
There exist at present few, if any, data proper for their determi- 
nation. 
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CHA^TES XXIL 

ON THE NATURE OF 8CIBNGB, AND THK CONflTITUTION OF THK 

INTBLLBCT. 

1. TTTHAT I mwi. by ooortitatbn a eyrtem b the 

" ^ aggregate of those causes and tendencies which pro- 
duce its observed character, when ofyerating, witliout interference, 
under those conditions to which the system is conceived to be 
adapted. Our judgment of mkctk adaptation must be founded 
upon a study of the cbcumstanoes in which the system attuns its 
freest action, priKluces its most harmoniuus results, or fulfils in 
some other way the apparent de.-i<;n of its construction. There 
are cases in jrhich we know distinctly the causes u])<>n which the 
operation of a System depends^ as well as its conditions and its 
end. This is the most perfect kind of knowledge i^i^vely to 
the subject under consideration. There are also cases in which 
we know only imperfectly or partially the causes which are at 
work, but are able, nevertheless, to determine to some extent 
the km of their actioBy and, beyond this, to discover general 
tendencies, and to infer ulterior purpose. It has thus, I think 
rightly, been concluded that there is a moral faculty in uur na- 
ture, not because we can understand the specuil instruments by 
which it works, as we connect the organ with the faculty of sight, 
norupon the ground that men agree in the adoption of univenol 
mles of conduct; but because while, in some foim or other, the 
sentiment of moral approbation or disapprobation manifc-t^ it.<clf 
in all, it tends, wherever human progress is observable, wherever 
eocicty is not either stationary or hastening to decay, to attach 
itself to certain dasses of actions, consentaneously, and after a 
manner indicative both of permanency and of law. Always and 
everywhere the manifestation of Order affords a presumpti«)n, not 
measurable iiulccd, but real (XX. 22), of the fuliilmcul oi an end 
or purpose, and the existence of a ground of orderly causat 
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2. The particular question of the constitution of the intellect 
haSf it is almoet needleBS to say, attracted the efforts of speculative 
ingenuity in every age. For it not only addieeses itself to that 
deeire of knowledge which the greatest masters of andent thought 
believed to be innate in our species, but it adds to the ordinary 
strength of this motive the inducement of a human and personal 
interest. A genuine devotion to truth is, indeed, seldom partial 
in its aims, but while it prompts to expatiate over the fiur fields of 
outward observadon, forbids to neglect the study of our own 
culties. Even in ages the most devoted to material interests, 
some portion of the current of thought has been reflected in- 
wards, and the desire to comprehend that by which all else ia 
comprehended has only been baffled in order to be renewed. 

It is probable that this perHnacity of efibrt would not have 
been maintained among sincere in([ulrer3 after truth, had the 
conviction been general that such speculations are hopelessly 
barren* We may concave that it has been felt that if something 
of error and uncertainty, always inddental to a state of partial 
in^nrnation, must ever be attached to the results of such in- 
(juirii's, a residue of positive knowledge may yet remain ; that 
the contradictions which are met with are more oflen verbal than 
real ; above all, that even probable conclusions derive here an in-' 
terest and a value firom thdr subject, which render them not 
unworthy to claim regard bende the more definite and more 
splendid results of physical science. Such considerations seem 
to be pedbctly legitimate. Insoluble as many of the problems 
connected with the inquiry into the nature and constitution of 
the mind must be presumed to be, there are not wanting othera 
upon which a limited but not doubtful knowledge, others upon 
which the conclusions of a highly probable analogy, are attain- 
able. As the realms of day and night are not strictly contermi- 
nous, but are separated by a crepuscular aone, through which the 
li^t of the one fiides gradually off into the darimess of the other, 
so it may be said that every region of positive knowledge lies sur^ 
rounded by a debateable and speculative territory, over which it 
in some degree extends its influence and its light. Thus there 
may be questions relating to the constitution of the intelleot 
wldch, though they do not admit, in the present state of know- 
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ledge* of an absolate decinony may receive so much of reflected 
mformatiofi as to render their probable solution not difficult ; and 
there may alyo be (question? relating to the nature of science, and 
even to particular truths and doctrines of science, upon which 
they who accept the general principles of this work cannot but be 
led to entertm positive opinions, differing, it may be, from those 
which are usually received in the present day.* In what fol- 
lows I shall recapitulate some of the more definite conclu.sions 
established in the former parts of this treatise, and shall then 
indicate one or two trains of thought, connected with the gene- 
ral objects above adverted to, which they seem to me calculated 
to suggest. 

3. Among those conclusions, relating to the intellectual con- 
stitution, which may be considered as belonging to the realm of 
podtive knowledge, we may reckon the scientific laws of thought 
and reasoning, which have fimned the bans of the general me- 
tbods of this treatise, together with the principles, Chap, v., by 
which their application has been dctorniined. The resolution of 
the domain of thought into two spheres, distinct but coexistent 
(IV. XL) ; the subjection of the intellectual operations within 
those spheres to a common system of laws (XI.); the general 
mathematical character of those laws, and their actual expression 
(II. III.); the extent oftlieir affinity with the laws of thought in 
the domain of number, and the point of their divergence there- 
fiom ; the dominant character of the two limiting conceptions of 
universe and eternity among all the subjects of thought with 
which Logic is concerned ; the relation of those conceptions to 
the fuiulaniental conception of unity in the science of number, — 
these, with many similar resuiu, are not to be ranked as merely 



• The fiiOowiiif Uloatratioii my rafiM 

It it niiataiiied by tome of the Ughttt nodtni antkoridtt in gnmmar that 
eonjunotiMt oonnact propotitioot ooly. Now, without inqviring diroeUy wbo- 
thor thit opinion it tovncl or not, it it ohvioot tlint it onnnoi oontbtonily be held ^ 
by uy who admit the identiBo prindplet of thit trentite ; for to such it wonld 
teem to in volte a denial, either, Itt, of the pottibillty of ptrfbrwUmg^ or 2ndly, of 
the poetiUlity ofejprtuiMg, a mental operation, the laws of wUch, viewed in 
both thete relationt, have been invettig ated and applied in the pretent worlu— 
(Latham on the BngUah Langnage; Sir John Stoddart*t Univertal Oram- 
mar, fte.) 
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probable or aoalogksal conoluakms, but are entitled to be lo- 
garded as truthe of Bcienoe. Whether they be termed meta- 
physical or not, is a matter of indifference. The nature of the 
e\ idence upon which they rest, though in kind didtiuct, is not 
inferior in value to any which can be adduoed in eupport of the 
general truths of physical science. 

Again, it is agreed that there is a certain order obeenr- 
able in the progress of all the exacter forms of knowledge. 
The study of every department of physical science begins with 
observationy it advances by the collation of facts to a presump- 
tive acquaintance with their connecting lawy the validly of 
such presumption it tests by new experiments so devised as^ 
anient, if the presumption be well founded, its probability in- 
detiuitely ; and finally, the law of the phaenomenou having been 
with sufficient confidence determined, the investigation of causes, 
conducted by the due mixture of hypothems and deduotioiiy 
crowns the inquiry. In this advancing order of knowledge, the 
particular faculties and laws whose nature has been considered 
in this work bear their part. It is evident, therefore, that if we 
would impartially investigate either the nature of sdence^ or 
the intellectual constitution in its reh^tbn to scienoe» no part of 
the two series above presented ought to be regarded as isolated. 
More especially ought those truths which stand in any kind of 
supplemental relation to each other to be considered in their mu- 
tual bearing and connexion. 

4. Thus the necessity of an experimental basis for all positive 
knowledge, viewed in connexion with the existence and the 
peculiar character of that system of mental laws, and princii)les, 
and operations, to which attention has been directed, tends to 
throw light upon some important questions by which the world 
of speculative thought is still in a great measure divided. How, 
from the particular ftcts which experience presents, do we arrive 
at the genend propositions of science ? What is the nature of 
these proi>ositions? Are they solely the collections of experi- 
ence, or does the mind supply some connecting principle of its 
own? In a word, what is the nature of soientifio truth, and 
what are the grounds of tiiat confidence with which it chdms to 
be received? 
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That to each questions as the aboye, no single and general 

answer can be given, must be evident. There are cases in which 
thej do not even need discussion. Inistances are familiar, in 
which general propositions merely express per enumerationem 
sia^dieewtf a fiust established by aetnal obserTatkyn in all the 
cases to whieh the proposition ap])Ue8. The astronomer as- 
serts upon thLs j]^uund, that all the known planets move from 
west to east round the sun. But there are also cases in which 
general propositions are assumed from observation of their truth 
in particubr instances, and eztendon of that tmth to instances 
unobserred. No principle of merely deductiye leasonmg can 
warrant such a procedure. When from a large number of ob- 
servations on the planet ^lars, Kepler inferred that it revolved 
in an ellipse, the conclusion was larger than his premises, or in- - 
deed than any premises which mere observation could give* 
What other dement, then, is necessary to give even a prospective 
validity to such generalizations as this ? It is the ability in- 
herent in our nature to appreciate Order, and the concurrent pre- 
sumption, however founded, that the pha^nomcna of Nature are 
oonnected by a principle of Order. Without these, the general 
truths of physical science could never have been ascertained. 
Grant that the procedure thus established can only conduct us 
to probable or to approximate results ; it only follows, that the 
larger number of the generalizations of physical science possess 
bat a probable or approximate truth. The security of the tenure 
of knowledge ccnrists in tins, that wheresoever such conclusions 
do truly represent the constitution of Nature, our contidcnce in 
their truth receives indetiuite confirmation, and soon becomes 
undistingnishable from certainty. The existence of that prin* 
cqde above represented as the basis of inductive reasoning 
enables us to solve the mudi disputed question as to the nece^ 
sity of general propositions in reasoning. The logician affirms, 
that it is impossible to deduce any conclusion from jnu-ticular 
premises. Modem writers of high repute have contended, that 
all leasooing is from particulsr to particular tmihs. They in- 
atanoe, that in concluding from the possession of a property by 
certain members of' a class, its possession by some other member, 
it is not necessary to establish the intermediate general conclu- 
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Bion wbieh affirms its possesnon by aU the members of the diss 

in common. Now whether it is so or not, that principle of 
order or analogy upon wliich the reasoning is conducted must 
either be stated or apprehended as a general truths to give vali- 
dity to the final conclusion. In this form, at least, the neoeasttj 
of general propositions as the basis of inference is confirmed,— a 
necessity which, however, I conceive to be involved in the very 
existence, and still more in the peculiar nature, of those faculties 
whose laws have been investigated in this work. For if the pro- 
I cess of reasoning be carefully analysed, it will appear that ab- 
I straction is made of all peculiarities of the individual to whidi 
itlic conclusion refers, and the attention confined to those pro- 
\perties by which its memt)ership of the class is defined. 

5. But besides the general propositions which are derived by 
induction from the collated ftots of experience, there exist others 
belonging to the domain of what is termed necessary truth. Sach 
are the general propositions of Arithmetic, as well as the propo- 
sitions expressing the laws of thought upon which the general 
methods of this treatise are founded ; and these propositions 
are not only capable of being rigorously verified in particular 
instances, but are made manifest in all their generality from the 
study of particular instances. Again, there exist general pro- 
positions expressive of necessary truths, but incapable, from the 
imperfection of the senses, of being exactly verified. Some, if 
not all, of the propositions of Geometry are of this nature ; but 
it is not in the region of Geometry alone that such propositions 
are found. The question concerning their nature and origin 
is a very ancient one, and as it is more intimately connected 
with the inquiry into the constitution of the intellect than any 
other to which allusion has been made, it will not be irrelevant 
to consider it here. Amonn^ the o[unions which have most 
wiilcly prevailed upon the subject are the following. It has 
been maintained, that })ropos?itions of the class referred to exist 
in the mind independently of experience, and that those concep- 
tions which are the subjects of them are the imprints of eternal 
archetypes. With such archet3rpcs, conceived, however, to pos- 
sess a reality of which all the objects of sense are but a lliint 
sliaduw or dim suggestion, Plato furnished his ideal world. It 
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iiasy on the other hand, been Tariously contended, that the 
subjects of such propositions are copies of individoal objects of 
experience ; that they are mere names ; that they are individual 
objects of experience themselves ; and that the proi)Ositions which 
relate to them are, on account of the imperfection of those objects, 
^ bnt partially true; lastly, that they are intellectual products 
formed by abstraction from the sennble perceptions of individual 
things, but so formed as to become, what the individual things 
never can be, subjects of science, i. e. subjects concerning which 
exact and general propositions may be affirmed . And there ex- 
ist» perhaps, yet other views, in some of which the sensibles in 
others the inteUecfcoal or ideal, element predominates. 

Now if the last of the views above adverted to be taken (for 
it is not proposed to consider either the purely ideal or the 
purely nominalbt view) and ii' it be inquired what, in the 
sense above stated, are the proper objects of science, objects in 
rehUion to which its propositions are true without any mixture 
of error, it is conceived that but one answer can be given. It 
is, that neither do individual objects of ex})erience, nor with all 
probability do the mental images which they suggest, possess ' 
any strict claim to this title. It seems to be certain, that neither 
in nature nor in art do we meet with anything absolutely agreeing 
with the geometricfd definition of a straight line, or of a triangle, 
or of a circle, thoug!i the deviation therefrom may be inappre- 
ciable by sense ; and it may be conceived as at least doubtful, 
whether we can form a perfect mental image, or conception, with 
which the agreement shall be more exact. But it is not doubtful 
that such conceptions, however imperfect, do point to something 
beyond themselves, in the gradual approach towards which idl 
imperfection tends to disappear. Although the perfect triangle, 
or square, or drcle, exists not in nature, eludes all our powers of 
r0pre»eniaiw€ conception, and is presented to us in thought ' 
only, as the limit of an mdefinite process of abstracdon, yet, by 
a wonderful lliculty of the understanding, it may be made the 
subject of propositions which are absolutely true. The domain of 
reason is thus revealed to us as laiger than that of imagination.* 
Should any, indeed, think that we are able to picture to ourselves, 
with ri^^ accuzaeji the soentific elements of &rm, direction, mag- 
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nitude, these things^ as actually conceivedy will, in the view 
of such persons, be the proper objects of science. But if, as 
seems to me the more jnst opimon, an incmable iBiperieetkm 
attaches to all our attempts to realize with precirion these de» 
mentfi, then we can only affirm, that the more external objects 
do approach in reality, or the conceptions of fancy by abstraction, 
to certain ttmitisiff states, never, it may be, actually attained, the 
more do the general propositions of sdenoe concerning those 
things or conceptions approach to absolute truth, the actus! devi- 
ation therefrom tending to disappear. To some extent, the same 
observations are applicable also to the physical sciences. What 
have been termed the ^^fimdamental ideas" of those sciences m 
force, polarity, crystallimtion, Ac.,* are neither, as I concave^ 
intdleotual products independent of experience, not mere coplea 
of external things ; but while, on the one hand, they have a ne- 
cessary antecedent in experience, on the other hand they require 
for their formation the exercise of the power of abstraction, in 
obedience to some general ftoulty or disposition of our natare, 
which ever prompts us to the resesrch, and qualifies ua for liie 
apj)reciation, of ordcr.t Thus we study approximately the effects 
of gravitation on the motions of the heavenly bodies, by a re- 
ference to the Umiting suppontion, that the planets are perfect 



• WhcwcH's Philosophy of the Imluctive Sciences, pp. 71, 77i '213. 

t Of the idea of order it has been profoundly said, that it carries withio itself 
its own justification or its own control, the very trustworthiness of oar faculties 
being judged by the conformity of their results to an order which satisfies the 
reason. •* L'id^e de I'ordre a cela de singulier et d'eminent, qu'elle porte en elle 
m^mc sa justification on son contrdle. Pour trouver si nos autres facultts nous 
trompent ou notu ne trompent pas, nous examinons si les notions qu'elles noas 
donnflot s'MiohatiMiit (no* ■'enehalBi&t pas sviTant on ordre qui satisfasse ,U 
raison.^'-^Cpiimofy JSmoi ncr Us/ondemmOi dt m« ComMnwaaeM. Admitting this 
prbciple at th* giiid« of thoM powers of abatraetioa which we nndoiibtedly pos- 
ieie, it loomi unphilosophical to sanme tliat the ftmdamental Ideat of Um 
•eienoM are not deriTable from experience. Doobtloit the oapedtiee whieh 
hare lieeii givtii to w for the oomprelieiieioii of the actual world wodd avail aa 
in a diflforentlj oonstitoted •cene, if in come form or other the dominioo of 
order wac Btill maintiuned. It ie coaceiTable that in such a new theatre of ye- 
eolation, the lawt of tlie intelleetnal |iroeednre remaining the same, the ftnidn* 
mental ideas of the leieneei might he whoUj diflbrent from thoee with which wo 
are at present acqnainted. 
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qphereB or ephermds. We determine appiozimately the path 

of a ray of light through the atmosphere, by a process in which 
abstraction is made of all disturbing influences of temperature. 
And 8uch is the order of procedure in all the higher walks of 
hamaa knowledge. Now what is remarkab le in oonnezion with 
these of the intellect is the disposition, and the cor- 

responding ahility, to ascend from the imperfect representations 
of sense and the diversities of individual experience, to the )>er- 
oeption of general, and it may be of immutable truths. Where- 
erer this disposition and this ability nnite» each series of ooih 
nected facts in natnie may furnish the intimations of an order 
more exact than that which it directly manifests. For it may 
serve as ground and occasion for the exercise of those powers, 
whose office it is to apprehend the general truths which are in- 
deed exemplified^ but never with perfect fidelily» in a world of 
ehangelbl pluenomena. 

6. The truth that the ultimate laws of tliought are mathe- 
matical in their form, viewed in connexion with the fact of the 
possibility of error, establishes a ground for some remarkable con- 
clusions. If we directed our attention to the scientific trath 
alone, we might be led to infer an almost exact parallelism be- 
tween the intellectual operations and the movements of external v 
nature. Suppose any one conversant with physical science, but 
unaccustomed to rcHcct upon the nature of his own faculties, to 
have been informed, that it had been proved, that the laws of 
those fiusullies were mathematical; it is probable that after the 
first feelings of incredulity had sub.sideil, the impression would 
arise, that the order of thought must, therefore^ be as neces- 
sary as that of the material imiverse. We know that in the 
realm of natural sdencoy the absolute connexion between the 
initial and final elements of a problem, exhibited in the mathe- 
matical form, fitly symbolizes that physical necessity which binds 
together effect and cause. The necessary sequence of states and 
conditions in the inorganic world, and the necessary oonnezion 
of prenuses and conclusion in the processes of exact demonstni> 
tion thereto applied, seem to be co-ordinate* It may posnbly be 
a question, to which of the two series the primary apj)liaition of 
the term ''necessary" is due; whether to the observed constancy of 
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Nature, or to the indufioluble connexion of propositions in all valid 
reasoning upon lier works. Historically we should perhaps give 
the preference to the former, philosophioaUy to the latter view. 

But the fact of the connexion is indisputable, and the analog}- to 
which it points is obvious. 

Were, then, the laws of valid reasoning uniformly obeyed, a 

Lyery close parallelism would exist between the operations of the 
^ltellect and those of external Nature. Subjection to laws mar- 
tfaematical in their form and expression, even the snbjeetion of 
an absolute obedience, would stamp upon the two series one 
common character. The reign ut necessity over the intellectual 
and the physical world would be alike complete and umyerBaL 

But wlule the observation of external Nature testifies witii 
eyer-Btrengthening evidence to the fact, that nnifbrmity of 
operiition and unvarying ol)edience to appointed laws prevail 
throughout her entire domain, the slightest attention to the pro- 
cesses of the intellectual world reyeals to us another state of 
things* The mathematical laws of reasoning are* properly speak- 
ing, the laws of r2i7^f itiuionmgl^iny and their actual transgrea- 
eion is a perpetually recurring phicnonienon. Error, which has 
no place in the material system, occupies a large one here. We 
must accept this as one of those ultimate &cts, the origin of which 
it lies beyond the province of sdence to determine. We most 
admit that there exist laws which even the ngour of thev ma 
thematical lonus docs not preserve from violation. We must 
ascribe to them an authority the essence of which does not con- 
sist in power, a supremacy which the analogy of the inviolable 
order dTthe natural world in no way assists us to cmprehend. 

As the distinction thus pointed out is rea/, it remains un- 
affected by any peculiarity in our views respecting other portions 
of the mental constitution. If we regard the intellect as firee» 
and this is apparently the view most in accordance with the gene- 
ml spirit of these speculations, its fieedom must be viewed as 
opposed to the dominion of necessity, not to the existence of a 
certain just supremacy of truth. The laws of correct inference 
may be violated, but they do not the less truly exist on this ac- 
count. Equally do they remain unaffected in fh ftrft ftt^ and an* 
thority if the hypothesis of necesaty m ito extreme ftnn be 
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adopted. Let it be granted that the laws of YaM reasoning, 
each as they are determined to be in this work, or, to speak more 

generally, such u6 they would finally appear in the conclusions of 
an exhaustive analysis, Ibrm but & part of^ the system of laws by 
which the actual processes of reasoning, whether right or wrongf 
are goyemed. Let it be granted that if that system were known 
to us in its completeness, we should perodTO that the whole iiH 
tcllectual procedure was necessary^ even as the movements of the 
inorganic world are necessary. And let it finally, as a conse- 
quence of this hypothesis^ be granted that the phsenomena of in- 
oomct reasoning or error, wheresoever presented, are due to the 
interferenoe of other laws with those laws of which riglft reason- 
ing is the product. Still it would remain that there exist among 
the intellectual laws a number marked out from the rest by this 
special character, viz., that every movement of the intellectual 
system which is accomplished solely under their direction is 
righty that every interference therewith by other laws is not in- 
terference only, but violation. It cannot but be felt that this 
circumstance would give to the laws in question a character of 
distinction and of predominance They would but the more 
evidently seem to indicate a final purpose which is not always 
fulfilled, to possess an authonty inherent and just, but not 
always commanding obedience. 

Now a little consideration will show that there is nothing 
analogous to this in the government of the world by natural law. 
The realm of inorganic Natmre admits ndther of preference nor 
of^disdnctipns. We cannot separate any portion of her laws 
from the rest, and pronounce them alone worthy of obedience, — 
alone charged with the fullllmeut of her highest puqiose. On 
the contrary, all her laws seem to stand co-ordinate, and the 
larger our acquaintance with them, the more necessary does thdr 
united action seem to the hannony and, so far as we can com- f 
ffrdiend it, to the general design of the system. How oftm the 
most signal departures from apparent order in the inorganic 
world, such as the perturbations of the planetary system, the in- 
terruption of the process of crystallization by the intrusion of a 
Ibireign fi>roe, and others of a like nature* either meige into the 
eonoeption of some more eialted scheme of order, or lose to a 
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aioce attentive and inslnieted gace tMr almomiil aq^eot» it ia 
needleaa to remark. One explaoatkm only of these Acta can be 

given, viz., that the distinction between true and false, between 
correct and incorrect^ exists in the prooesees of the intellect, but 
^not in the region of a phyaioal neoeaaity. Aa we advance firaai 
tbe lower atagea of orgaoic being to the higher grade of oonadooi 
intelKgenoe, this oontnet gradually dawns upon us. Wberevcr 
the phscnomena of life are manifested, the dominion of ri^d law 
in some degree yields to that mysteriotia principle of activity. 
Thua» although the atmoture of the animal tiibea ia confocmabla 
to certain general typea» yet are thoae typea aometiniea» periiapi^ 
in rektion to the highest standards of beauty and proportion, 
always, imperfectly realized. The two alternatives, between 
which Art in the present day fluctuAtea, are the exact imitation 
of individual forma, and the endeavour, by abatraotion from all 
auoh, to arrive at the conception of an ideal graoe and OTpneaAni, 
never, it may be, perfectly manifested in forms of earthly mould. 
Agiiin, those teleological adaptations by which, without the or- 
ganic type being sacrificed, species become fitted to new con- 
ditiona or abodea, are but alowly accompliahed,— -nccompliahed, 
however, not, apparently, by the &teful power of external cii^ 
cnmatanoes, but by the oalling forth of an energy from withm. 
Life in all it.s forms may thus be contrasted with the passive fixity 
of inorganic nature. But inasmuch as the perfection of the types 
in which it ia corporeally manifeated ia in acme meaaure of an 
ideal diaracter, inaamndi aa we cannot preoiady define the 
highest wuggeHed excellency of form and of adaptation, the con- 
trast is less marked here than that which exists between the in- 
tellectual processes and those of the purely material world. For 
the definite and technical character of the mathematical lawa by 
which both are governed, places in etronger light the fundamental 
diflerenoe between the kind of authority which, in their capacity 
of goveniment, they respectively exercise. 

7. There is yet another instance connected with the general 
objects of this chi^ter, in which the collation of truths or fiusti^ 
drawn from different sources, suggests an instructive train of re* 
] flection. It conrists in the comparison of the laws of thought^ in 
J their scientific expression, with the actual forms which physical 
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•peeolatioii in early ages, and metaphysical speculation in all 

ages, have tended to assume. There are two illustrations of this 
remark, to which, in particular, I wish to direct attention here. 

vlst^It has been shown (III. 13) that there is a scientiiic 
eoniiezion between the oonoeptiaiis of unity in Nnmber> and the 
universe i n Logic. They occupy in their respective Bysteme the 
same relative place, and are subject to the same formal laws, 
^sow to the Greek mind, in that early stage of activity, — a stage 
not less marked, perhaps not le88 neceuaryf in the progression of 
the human intellect, than the era of Bacon or of Newton, — when 
tlie great problems of Nature b^gaa to unfidd themeelTeai while 
the means of observation were as yet wanting, and its necesrity 
not understood, the terms " Universe" and "The One" seem to 
have been regarded a^ almost identicaL To assign the nature of 
that uni^ of which all ezistenoe was thought to be a manifeeta- 
tioii, waa the first aim of phiioeophy.* Thales sought for this 
fundamental unity in water. Anaximenes and Diogenes con- 
ceived it to be air. Hip[)asus of Metapontum, and Heraclitus 
the Ephesian, pronounced that it was fire. Less definite or 
less confident in his viewsy Parmenides sunply deckuned that all 
existing things were One; Melissus that the Universe was infi- 
nite, unsusceptible of change or motion, One, like to itself, and 
that motion was not, but seemed to be.f In a spirit which, to the 
retlective mind of Aristotle, appeared sober when contrasted 
with the rashness of previous speculation, Anazagorss of Claco- 
meuB, following, perhaps, the steps of his fellow-citizen» Hermo- 
timuB, sought in Intelligence the cause of the world and of its 
order.J The pantheistic tendency which pervaded many of these 
speculations is manifest in the language of Xenopbanes, the 
founder of the £leatio school, who, surveying the expanse of 



• See Tarious passages in Aristotle's Metaphysics, Book i. 

\ 'Ecoicfi avT<fi TO wdv dirtipov tivai, cat dvaXXoiwrov, rat fiKlvTjToy, gai 
Iv, 5/ioiov iavry coi wX^ptc. ciyqatv rt fii^ tlyai ionlv ii <2vai. — XHo^. Laeri. u. 
cap. 4. 

X Nouv Of r»c iiTTiov iitlvai, KaBdirip iv rol^ si^oif, gnl Iv ry ^vrrn^ rbv 
aiTiov rof' Koa^ov xal rr;c tu^koi; irdrrtfQ olov »'f/pa>»' itpart) irap tiny Xiyovra^ 
rovg TTponpov. ^avtput^ ftiv ovv ' kvalayopav ta^tv d^dntvov rovrttv riv X6- 
ymv^ airiav Ix*^ irfi6rtpov 'Epfiortfiog 6 KXaZofUvtOQ tlwiir^^'-Ariit. lift. t. S. 
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heaven, declared that the One was God."* Perhaps there are few, 
if any, of the forms in whicli unity can be cont rived, in the ab- 
stract as numerical or ratiunal, in the concrete as a passive sub- 
stance, or a central and living principle, of which we do not 
meet with applications in these ancient doctrines. The writings 
of Aristotle, to which I have chiefly referred, abound with allu- 
sions of this nature, though of the larger number of those who 
once addicted themselves to such speculations, it is probable that 
the very names have perished. Strange, but suggestive truth, 
that while Nature in all but the aspect of the heavens must haTe 
appeared as little else than a scene of unexplained disorder, while 
the popuhir belief was distracted amid the multiplicity of its gods, 
— the conception of a primal unity, if only in a rude, material form, 
should have struck deepest root ; surviving in many a thought 
ful breast the chills of a li^ong disappointment, and an eodkss 
search !f 

2ndly. In equally intimate alliance with that law of thought 
which is expressed by an equation of the second degree, and 
which has been termed in this treatise the law of duality, stands 
the tenden<^ of ancient thought to those forms of philosophical 

speculation which are known under the name of diiaUsm. The 
theory of Empedocles,t which explained the apparent contradic- 
tions of nature by referring them to the two opposing principles 

t TIm following Ubm, preserred by SextutEmpirioiis, sad ueribtd to TiMi 
tiM SiUograpb, sro not devoid of pathoi : — 

d/i0orfp6j9Xcirro( (^oMy ^ oBif iU^ar^nv, 
WfH^vyiv^t ir imp) «al dvofif iypivroc d'^Vfc 

tlQ tp r* aM rt w&p dviXviro. 

I quote tlieiB firom Bitter, sad ventaro to give the following version 

Be nine, to pnrtial views no more oonfin*d 
Or soeptie doabts, tlie tmtb-illoidn'd mlad I 
For, long deoeiv'd, jet still on Troth intent* 
Lift's waning years in wand'rings wUd are spent. 
Still restless thongfat the sane high quest essays, 
And still the One» the All, olndes ny gaasb 
t Arist. Met L 4.01 
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of **tita&r and ^^friendabip;" and the theory of Leucippus,* 
which resolved all existence into the two elements oi' a plenum 
and a vacuum, are of this nature. Tiie famous comparison of the 
univerae to a lyre or a bow»t ita recurrent harmony" being the 
product of opposite states of tension, betrays the same origin* 
In the system of Pythagoras, which seems to haye been a combi- 
nation of duali:?m with other element* df rived from the study of 
numbers, and of their relations, ten fundamental antitheses are 
recognised: finite and infinite, even and odd, unity and multitude, 
right and left» male and female, rest and motiout straight and 
cmred, light and darkness, good and eril, the square and the 
oblonGT. In that of Alcmjeon the same fundamental dualism is 
accepted, but without the definite and numerical limitation with 
which it is connected in the Pythagorean system. The grand 
development of this idea is, however, met with in that ancient 
Manichnan doctrine, which not only formed the basis of the re- 
ligious system of Persia, but spread widely through other regions 
of the East, and became memorable in the history of the Christian 
Church. The origin of dualism as a speculative opinion, not 
yet connected with the personification of the Evil Principle, but 
naturally succeeding those doctrines which had assumed the 
primal unity of Nature, is thus stated by Aristotle: — "Since 
there manifestly existed in Nature things opposite to the good, 
and not only order and beauty, but also disorder and deformity ; 
and once the evil things did manifestly preponderate in number 
over the good, and the deformed over the beautiful, some one 
else at length introduced strife and friendship as the respective 
causes of tliese diverse ph»nomena/'J And in Greece, indeed, 
it seems to have been chiefly as a philosophical opinion, or as an 
adjunct to philosophical speculation, that the dualistic theory ob- 
tained groimd.$ The moral applicadon of the doctrine most in 



• Arist. Met. I 4, 9. 

f iraAiiTpoJroc ap^ioviii 8«wc rojov Ka\ X/>orjr — fferaclitun, quoted ia 
Oriyenis Philosophiimena, ix 9. AUo Plutarch, Dt Intdc et Otiride. 

'I lirrti Ct icai rava»-'na roig- aftiOulQ ii'ui'ra ttpairtro iv ry pvan, xai ov 
ftuvuv rusif cai rb xaXbv d\Xd cat draKta Ka't t6 aiaxpov, cai irXtiui ru cacu 
rHv iyaOHy Kai rd favXa rmP KuXiv, ovTm^ d\Xo( fiXiay (t'oijvtycf cat viU 

f WHocM ArittotWt weU-knowa diriTatioa of th« eleamitt firom Um qvali. 
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aoooidiiloe with the Ghneek mind is praienred in the greit FI*- 
tomo antitheeis of being and non-brag,** — ^the oonnenon of the 

former with whatsoever is good and true, with the eternal ideas, 
and the archetypal world : of the latter with evil» with error, 
with the perisheble phfenomena of the present eoene. The two 
forms of specolation which we have eopskiared wete here hknded 
together ; nor was it during the youth and maturity of Gieck 
philosophy alone that the tendencies of thought above described 
were manifested. Ages of imitation caught up and adopted as 
their own the samye spirit. Especially wherever the gemus of 
Fkto exercised sway was this influenoe ftlt. The unity of all 
real being, its identity wi^ truth and goodness considered 
a8 to their essence ; the illusion, the profound unreality, of all 
merely phaenomenal existence ; such were the views, — such the 
dispositions of thought* which it chiefly tended to foster. Henoe 
that strong tendency to mysticism which, when the days of 
nown, whether on the field of intellectual or on that of social en- 
terprise, had ended in (Jreece, became prevalent in her schools 
of philosophy, and reached their culminating |>oint among the 
Alexandrian Platonists. The supposititious treatises of Dionysiiii 
the Areopagite served to convey the same influenoe, mudi mod^ 
fied by its contact with Aristotelian doctrines, to the sohdastie 
disputants of the middle ages. It can furnish no just ground of 
controversy to say, that the tone of thought thus encouraged was 
as little consbtent with genuine devotion as with a sober phi- 
losoi^y. That kindly influence of human affBOtaons, that homely 
intercourse with the common things of ti^ which form so large 
a part of the true, because intended, discipline of our nature, 
would be ill replaced by the contemplation even of the highest 
object of thought, viewed by an excessive abstractioa as aomi^ 
thing conoermng which not a sin^ intelligible proposition could 
ttthor be affirmed or denied.* I would but slightly allude to 
those connected speculations on the Divine Nature which ascribed 



ties •'warm," and "dry," and their contraries. It is characteristic that PUUo 
connects their generation with mathematical principles. — Timtrug, cap. xi. 

* Ai'ToQ Kai viFip Qiaiv ioTt sai d^aipcatv.— Z><m. Areop* Dt IhvmiM JVom 
mimibust cap* ii* 
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to it the perfect unioii of opposite qmlitie0»* or to the remarkable 

treatises of Anselm, designed to establish a theory of the universe 
u\)on the analogies of thought and being.f The primal unity is 
there represented as having its abode in the one eternal Truth. 
The oonlonmty of Nature to her ]«wa» the obedteuce of moaX 
agents to the diotatee of rectitude, are the same Truth seen in 
action; the world itself being but an expression of the self-reflect- 
ing thought of its Author.J Still more marked was the revival 
of the older forms of speculation during the sixteenth and seven- 
teenth centuries. The firiends and associates of Lorenio the 
Magnificent, the recluses known in England as the Cambridge 
Platonists, together with many meditative spirits scattered 
through Europe, devoted tljemselves anew, cither to the ta»k of 
solving the ancient problem, De Uno, Vero, Bono, or to that of 
proving that all such inquiries are futile and vain.§ The logical 
dements which underlie all these speculalaonsy and from which 
they appear to borrow at least their form, it would be easy to 
trace in the outlines of more modern systems, — more especially 
in that association of the doctrine of the absolute unity with the 
distinction of the ego and the nem^o as the type of Nature, 
which forms the bads of the philosophy of Hegel. The attempts 
of speculative minds to ascend to some high pinnacle of truth, 
firom which they might survey the entire framework and con- 



* See especially the lofty strain of Htldebert beginning ** Alpha et O magM 
Dmu." (Trench's Sacred Latin Poetrj.) The principle upon which all thett 
speculations rest is thus stated in the treatise referred to in the last nott, 

OitSiv ovv droirov, ll dftvSpwv iiKOvnf iwl r6 irdvruy aUrtov dva^VT€tQt ^i^'P* 

K0tffii6tc o^OaXfioii 9ttpri<rat vavrn iy rcji wavTuv atrty, Kal tA <i\X^Xo<c tvav~ 
ria fiOvoti^uiQ xal *ivufiivtitQ — De Divinisi Nomimibus, cap. v. And the kind of 
knowledge which it is thus sought to attain is described as a "darkness beyond 
light," t'Ttp^uiroc yvofon. {!>€ MjfMtica Tkeoiojfia, cap. l) Milton has a simi- 
lar thought — 

'« Dsrk wKb nmuif bright Thy skirts appear." 

Fat, Imtf Book m, 
Gootratt with tkeM the aoblw dmplidty oi 1 John, I Sw 
t MfmologiaiB, PkvaologiaiD, and ])• Vtritato^ 

X *• Ideireo oom ipee summiw tpfaitaa dieit Mipram dieit oanda qmm laeta 
0iiiit."^lf«iiplDy. cap. um. 

I 8m disserUttoot In Spinosa, Piena of lliraadala, H. More, &o. Modarm 
Aieassions of this natwe are chiefly in connexion with eesthetiot, the t^rnund tt 
the application being eontained in the formula of AognatiiM : ** Omnia porro 
polebritadiBls forma, oaitat est." 
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nezion of things m the order of deditetwe thought, haye difiered 

less in the forms of theory which they have produced, than 
through the nature of the interpretations which have been as- 
mgned to those forms.* And herdn lies the real question as to 
the influenoe of philosophical systems upon the dispositimi and 
the life. For though it is of slight moment that men should 
agree in tracing back all the forms and conditions of being to a 
primal unity, it is otherwise as concerns their conceptions of 
what that unity is, and what are the kinds of relation, beside 
that of mere causality, which it sustains to themselves. Herain 
too may be felt the powerlessness of mere Lo^c, the insnffideney 
of the profoundest knowledge of the laws of the understanding, 
to resolve those problems which lie nearer to our hearts, as pro- 
gressive years strip away from our life the illusions of its gdden 
dawn. 

8. If the eztremdy arMtrary character of human opinion be 

considered, it will not he expected, nor is it here maintiuncd, tliat 
the above are the only forms in which speculative men have 
shaped their conjectural solutions of the problem of existence. 
Under particular influences other forms of doctrine have arisen, 
not unfrequently, however, masking those portrayed above.t 



• For instance, the learneil nivsticism of Giobcrti, widely as it (liflr- rs in iti 
spirit and its conclusions from the pantheism of Ht»j;i'l (both bein^. pvrhap% 
equally remote from truth), r*'st'nil)lt s it in applying both to thouyht and 
to being the principles of unity and duality. It is a-ske<I : — ''Or non ^ egli 
chiaro che ogni discorso si riduce in fine in tine alle idee di Dio, del luomio, e 
della oreasione, rultima delle qiuJi k il legame deUe duo prime ?" And this qnes- 
tion being affinnatWely antwered hi the fomnila, Tfoto erea k Miiteiiat^** it 
b Mid of that fornmla*— ** Etsa abbracda U reaiti imWerMle netla dnaUti del 
aeoesiario e del eontingente, csprime 11 Tincolo di qnetti doe ordini, e ooUocaD- 
dolo nella creasion nwtansiale, ridvoe la dnalitlk reale a an principio unieo, all 
noitik primordiale dell* Bate non attratto^ Gonpletsivo, e generieo, ma cooerelob 
indiTidnato, aasdiito* e ereatore.**— Beth t dtl Bium, pp. 90, 81. 

f Evidenee in snppcNrt of this statement will be foond in the ranaifcable 
treatise recently published under the title (the correctness of which seems doubt- 
Ad) of Origenia Pkihmpkmnema, The early oorrupUons of Christianity of whieh 
it eeotains the record, though many of them, as is evident Arom their Ophito 
character, derived from the very dre^s of paganism, manifest certain persistent 
forms of philosophical speoalation. For the most part they either belong to the 
dualistic scheme, or recognise three principles, primary or derired, between two 
of which the dualistic relaUoil may be traced^-^Ont^. PAiL, pp. 135^ 198^ 1^ 
235,2^264. 
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But the wide prevalence of the portioukr tlissgnM which we have 
oonridered, together with thdr manifeet analog y with tlic ex- 
pressed law8 o f thought, may justly be conceived to indicate a 
connexion between the two systems. As all other mental acts 
and procedures are beset by their peculiar fallacies, so the opera- 
tion of thai kw of thought termed in thia work(&e law of duality \ 
may have its own peculiar tendenf^ to error, eialtmg mere want 
of agreement into contrariety, and thus form a world which we 
necessarily view as formed of parts supplemental to each other, 
iinuning the conception of a world fundamentally divided by op- 
poeing powers. Such, with some large but hasty inductions from 
plusnomena, may have been the origin of dualism, — indepen- 
dently of the question whether dualism is in any form a true 
theory or not. Here, however, it is of more importance to con- 
sider in detail the bearing of these ancient forms of speculation, 
as revived in the present day, open the progress of real know- 
ledge; and upon this point I desire, in pursuance of what has 
been said in the previous section, to add the fi>llowiiigremarics : 

let. All sound philosophy gives its verdict against such s})e- 
culations, if regarded as a means of determimng the actual con- 
stitution of things. It may be that the progrett of natural 
knowledge tends towards the recognition of some central Unity 
in Nattn«. Of such unity as conrists in the mutual rektion of 
the parts ol' a system there can be little doubt, and able men 
have speculated, not without grounds, on a more intimate corre- 
lation of physical forces than the mere idea of a system would 
lead us to conjecture. Further, it may bAhat in the bosom of 
that supposed unity are involved some general principles of 
vision and re-union, the sources, under the Supreme Will, of much 
of the related variety of Nature. The instances of sex and po- 
larity have been adduced in support of such a view. As a sup- 
positioQ, I will venture to add, that it is not very improbable 
that, in some such way as this, the constitntion of things without 
may correspond to that of the mind within. But such corres- i ^< 
pondencc, if it shall ever be proved to exist, will apj>ear as the 
last induction from human knowledge, not as the first principle 
of sdmtifio inquiry. The natural order of discovery is from the 
pardookir to the universal, and it may confidently be affirmed 
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i that we hsre not yet advanced snffioientiiy ftr on ihis luck to 
\ enable ns to detennme what are the ultiniate fiyraw into whidi all 

I the special differences of Nature shall merge, and from which 
Lthey shall receive their explanation. 

2ndljr. Were this correspondence between the forme of thooght 
and the actwd oonetitation of Nature proved to eziet» whatae- 
eyer connexion or rdation it might be euppoeed to eetablieh be> 
twcen the two systems, it would in no degree affect the question 
of their mutual independence. It would in no sense lead to the 
consequence that the one system is the mere product of the other. 
A tdo great addiction to meti^jeical epeculationB aeeme^ in 
Bome instancee, to have produced a tendenoj toward thisspeeiee 
of illusion. Thus, among the many attempts which have been 
made to explain the existence of evil, it has been sought toa:^^•ign 
^-~Xo the fact a merely relative character, — to found it upon a species 
of logical opposition, to the equally relative element of good. It 
BufBcee to aay, that the aesnmption is purely gratuitons.* What 
evil may be in the eyes of Infinite wisdom and purity, we can at 
the best but dimly conjecture ; but to us, in all its forms, whe- 
thcr of pain or defect, or moral transgression, or retributory wo^ 
it can wear 'but <me aspect, — that of a sad and stem realist 
against which, upon somewhat more than the highest order of 
prudential connderatlone, the whole preventive force of our 
nature may be exerted. Now what has been said upon the 
particular question just considered, is equally applicable to many 
other of the debated points of philosophy ; such, for 
as the external reallly of space and time. We have no wai^ 
— rant for reeolving these into mere forms of the understanding, 
though they unquestionably determine the present sphere of 
our knowledge. And, to speak more generally, there is no war- 
rant for the extremely subjective tendency of much modem spe* 
'culation. Whenever, in the view of the intelleet» difSnrent 
hypotheses are equally consistent with an observed fact, the 
instinctive testimony of consciousness as to their relative value 
~ must be allowed to possess oiithoritt/, 

Srdly. If the study of the laws of thought avails us neither 
to determine the actual ccmstitutionof things, nor to explain the 
facts involved in that oonstitution which have perplexed the wise 
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and saddened the thoughtlid inallageB, — etiU lees does it enable 
OS to rise above the preset conditions of our being, or lend its 
sancdon to the doctrine which affirms the possibility of an in^ 

tuitive knowledge of the infinite, and tbc unconditioned, — who- * 
ther such knowledge be sought ibr in the realm of Nature, or 
above that realm. We can never be said to edmprekemd that 
which is represented to thought as the limit of an* indefinite 
pto e es e of abstraction. A progression ad infinitum is impos- 
sible to finite powers. But though we cannot coniprolicnd the 
infinitet there may be even scientifio grounds for believing that 
hnman nature is constituted in some relation to the infinite. We ' 
cannot perfectly express the laws of thought, or establish in the \ 
most general sense the methods of which they form the basis, with> I 
out at least the implication of elements which ordinary language | 
expresses by the terms Universe" and Eternity." As in the 1 
pure abstractions of Geometry, so in the donuun of Lo^^c it is 
seen, that the empire of Truth is, in a certain sense, larger than 
that of Imagination. And as there are many special departments 
of knowledge which cuu only be coii^plctcly surveyed from an ex- 
ternal point, 80 the theory of the intellectual processes, as applied 
only to finite objects, seems to involve the recognition of a 
sphere of thought firom which all limits are withdrawn* If then, 
on the one hand, we cannot discover in the laws of thought and 
their analogies a sufficient basis ul' proof Ibr the conclusions of 
a too dai'ing mysticism ; on the other hand we should err in re- 
garding them as wholly unsuggestive. As parts of our intellec- 
tual nature, it seems not improbable that they should manifest 
their p re s en ce otherwise than by merely prescribing the condi- 
tions of formal inference. Whatever grounds we have for con- 
necting them with the peculiar tendencies of phy-ical speculation 
among the loniim and Italic philosophers, the same grounds 
exist for associating them with a disposition of thought at once 
more common and more legitimate. To no casual influences, at 
least, ought we to attribute that meditative spirit which then 
most delights to conununc with the external magniiicence of 
Nature, when most impressed with the consciousness of sempi- 
ternal Teritiea, — ^whioh reads in the nocturnal hearens a bright 
manifestatioa of order; or feels in some wild scene among the 
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bills, the intuDatLona of more than that abstract eternity which 
liad rolled away ere yet their dark foimdations were laid.* 

9. JEtefininmg from the farther prosecatkm of a tiMii of thoii^t 
which to some may appear to be of too specalatiye a character, 
let us briefly review the positive results to which we have been led. 
It has appeared that there exist in our nature iaculties which 
enable us io ascend from the particular &ct8 of experieiioe to the 
general propositioiis which form the bads of Sdenoe ; aswdl as 
ficulties whose offioe it is to dedaoe from general propodtioiis 
accepted as true the particular conclusions which they involve. 
It has been seen, that those faculties are subject in their opera- 
tions to laws capable of precise scientific expression, but invested 
with an authority which, as oontrasted with the wathonty of the 
^ laws of nature, is distinct, mt generifj and underiTed. Furthor, 
there has appeared to be a manifest fitness between the intel- 
lectual procedure thus made known to us, and the conditions of 
that system of things by which we are surrounded* — such oondi- 
tions, I mean, as the ezistenoe of 'spedes oonneoted by genenl 
resemblances* of fiots assoqated under general laws; together 
with that union of permanency with order, which while it ^ves 
stability to acquired knowledge, lays a foundation for the liu^ni 
of indefinite progression. Human nature, quite independently 
of its observed or manifested tendenoiesy is seen to be eomtUitUd 
in a certain relation to Truth ; and this rdatioii» conadered as a 
subject of speculative knowledge, is as capable of being studied 
in its details, is^ moreover, as worthy of being so studied, as are 
the several departments of physicid science, considered in the same 
aspect. I would especially direct attention to that view of the 
eonatitution of t he intellect which represents it as subject tokws 
determinate in their character, but not operating by the power of 
necessity; which exhibits it as redeemed from the domTnion of 
iatfi» without bjeing al^aiidpned to the lawlessne ss of chan cer We 
cannot embrace this view wiUiout accepting at least as probabU 
the intimations which, upon the prindple of analogy, it seems to 
fumisb respecting another and a higher aspect of our nature, — its 
subjection in the sphere of duty as well as iu that of knowledge to 
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fixed laws whoee anthority does not condst in power, — its oon- <^ 
stitutum with reference to an ideal standard aiid a final puri)ose. 
It has been thought, indeed, that scientific pursuits foster a dis- 
position either to overlook the specific differences between the 
mond and the material woAd, or to regard the finmer as in no pro- 
per sense a sabjeot for exactlknowledge. Doubtless all ezclunve 
pursuits tend to produce partial views, and it may be, that a mind 
long and deeply immersed in the contemplation of scenes over 
which the dominion of a physical neceasity is unquestioned and su- 
prenie» may admit with difficulty the possibili^ of another order of 
things. But it is because of the exdusiveness of iliis devotion to a 
particular sphere of knowledge, that the prejudice in question 
takes possession, if at all, of the mind. The application of 
scientific- met hoda to the study of the inteUectual phaeaomena, 
conducted in an impartial spirit of inquiry, and without over- 
looking those elements ^ error and distiitbanoe which must be 
accepted as faett^ lliough they cannot be regarded as /Satot, in 
the constitution of our uature, seems to furnish the materials of 
a juster analogy. 

10. If it be asked to what practical end such inquiries as the 
above point, it may be replied, that there exist various objects, 
in relation to which the courses of men's actions are mainly de- 
termined by their speculative views of human nature. Educa- ' 
tion, considered in its largest sense, is one of those objects. The 
ultimate ground of all inquiry into its nature and its methods 
must be laid ii^ some previous theory of what man is, what are 
the ends for which his several fiusulties were designed, what 
are the motives which have power to influence them to sustained 
action, and to elicit their most periect and most stable results. 
It may be doubted, whether these questions have ever been 
considered fully, and at the same time impartially, in the rela- 
tions here suggested. The highest cultivation of taste by the 
study of the pure models of antiquity, the largest acquaintance 
with the facts and theories of modern physiail science, viewed 
irom this larger as{>cct of our nature, can only ap])ear as parts of 
a perfect intellectual discipline. Looking from the same pmnt 
of view upon the means to be employed, we mi|^t be led to in- 
quire, whether that all bat exoliiaive appeal tdueh is made in ^ 
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the {HreMiit day to the spirit of emulatkm or copi^tyy doee Boi 
tend to weaken the influenoe of thoee more eikiiiring motives 
which seem to have been implanted in our nature fbr the imme> 

diate end in view. Upon tlic:«e, luid upon many other qiie^^tions, 
the just limits of authority, the rcJtonciliation of freedom of 
thought with discipline of feelings, habits, manners, and npon 
the whole moral aspect of the question, — ^what unfixedneas of 
ofnnion, what diverrity of prsoticey do we meet with I Yet, in 
the Bubcr view of" leason, there is no object within the compass 
of human endeavours 'which is of more weight and moment than 
this» considered, as I have said, in its largest meaning. Now,, 
whatsoever tends to make more exact and definite our'yiew of 
hnman nature, in any of its real aspects, tends, in the sarnie ftih 
portion, to reduce these questions into narrower compass, and 
restrict the limlt.s of their j)os3ible solutiun. Thus may even 
speculative inquiries prove ihiitiul of the most importaudi prin- 
ciples of action. 

11. Perhaps the most obviously le^tamate bearing of such 
speculations would be upon the question of the place of Mathe- 
matics in the pyftem of human knowledge, and the nature 
and office of mathematical studies, as a means of intellectusd 
discipline. No one who has attended to the course of recent 
discussions can think this question an unimportant one. Those 
who have maintained that the position of Mathematios is in 
both respects a fundamental one, have drawn one of their strongest 
arguments Irom the actual constitution of things. The mate- 
rial frame is subject in all its parts to the relations of number. 
AU dynamical, chemical, electrical, thermal, actiona, aeem not 
only to be measurable in themselves, but to be oonneoted with 
each other, even to the extent of mutual convertibility, by nu- 
merical relations of a periectly deiinite kind. But the opinion 
in question seems to me to rest upon a deepat baria than thia. 
The laws of thought, in all ite proceasea of conception and of 
reasoning, in all those operations of which language is the ex- 
pression or the instrument, are of the same kind as arc the laws 
of the acknowledged processes of Mathematics. It is not con- 
tended that it is neoeasary for us to acquaint ourselves with those 
lawa in order to think coherently, or, in the ocdinaiy aenae of 
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the temiB, to reuoa well* Men dimw infoenoee irithoiit any 
oontdoiumen of thoee elementB upon which the entire prooedure 

depends. Still less is it desiicd to exalt the reasoning faculty 
over the faculties of observation, of reflection, and of judgment. 
But upon the veiy ground that human thought, traced to its 
idtiniate eLenient8» xereek ttaelf in mathemntical fimnsy we have 
a presumption that the mathematical ecieneeB occupy, by the 
constitution of our nature, a fundamental place in human know- 
ledge, and that no system of mental culture can be complete or 
fundamental, which altogether neglects them. 
^ Bat the very tame dase of considerations shows witlCequal 
error of those who regard the etndy of Mathematics» 
and of their applications, as a sufficient basis either of knowledge 
or of discipline. If the constitution of the material frame is ma- 
thematical, it is not merely so. If the mind, in its capacity of 
formal reasoning, cibeys, whether oonsoionsly or nnconseionsly, 
mathematical laws, it daims through its other eapadties of sen^ 
dment and action, through its perceptions of beauty and of 
moral fitness, through its deep springs of emotion and affection, 
to hold relation to a different order of things. There is, more- 
over, a breadth of intellectual vision, a power of sympathy with 
truth in all its &rms and manifestations, which is not measured 
by the force and subtlety of the dialectic ftculty. Even the 
revelation of the material universe in its boundless magnitude, 
and pervading order, and constancy of law, is not necessarily the 
most fully apprehended by him who has traced with minutest 
accuraey the stqM of the great demonstration* And if we em- 
brace in our surrey the interests and duties of life, how little do 
any processes of mere ratiocination enable us to comprehend the 
weightier questions which they present ! As truly, therefore, as 
the cultivation of the mathematical or deductive ilMSulty is a part 
of intellectual discipline, so truly is it only a part. The pr^ 
judioe which would dther banish or make supreme any one 
department of knowledge or faculty of mind, betrays not only 
error of judgment, hut a defect of that intellectual niudej^ty 
which is inseparable from a pure devotion to truth. It assumes 
the office of criticising a constitution of things which no human 
appointment has established, or can annul. It sets ande the 
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andent andr just conoeption of trath as one though manifbld* 
Maoh of thu error, as actually existent among us, seems due 

to the special and isolated character of scientific teaching — 
which character it, in its turn, tends to foster. The study of 
philosophy, notwithstanding a few marked instances of exceptkm^ 
has fiuled to keep pace with the advance of the seyeral depart- 
ments of knowledge, whose mutual relations it u its province to 
determine. It is impossible, however, not to contemplate the 
particular evil in question as part of ji larf^cr system, and connect 
it with the too prevalent view of knowledge as a merely secular 
thing, and with the undue predominance, ahead j adverted to, of ^ 
those motives, legitimate within their proper limits, winch are 
foimded upon a regard to its secular advantages. In the extreme 
case it is not difficult to see that the continued operation of 
such motives, uncontrolled by any higher principles of action, 
uncorrected hy the personal influence of superior minds^ must 
tend to lower the standard of thought in reference to the oljects 
of knowledge, and to render void and inefibctual whatsoever de- 
ments of a noble faith may still survive. And ever in proportion 
as these conditions are realized must the same efiects ibllow. 
Hence, perhaps, it is that we sometimes find juster conceptions 
of the unity^ the vital connexion, and the snbofdinatbn to a 
moral purpose, of the different parts of Truth, among those who 
acknowledge nothing higher than the changing aspect of col- 
lective humanity, than among those who profess an intellectual 
allegiance to the Father of Lights. But these are questions 
which cannot further be pursued here. To some they will iqp- 
pear foreign to the professed deogn of this work. But tbe 
consideration of them has arisen naturally, either out of the 
speculations which that design involved, or in the course of 
reading and reflection which seemed necessary to its aooompiish- 
nient* 
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NOTE. 



In Prop. II., p. 26I» by the " sbsolote probabilities** of the evenu x, s . . it 
noMit simplj what tho probabilitioi of those OTents ought to be» in order that* 
regarding them at independent* and their prolMbilitiee as oar only data, the cal- 
enlated probabUities of the same OYeats under the eondition Fshoold be /», 9, r . . 
The ttatMnent of the appended problem of the am most be modified in a similar 
way. The trae solotion of that problem, as actoally stated* is p' « q», ^ s 09, 
in which e is the arbitrary probability of the oondition that the ball drawn shall 
be either white, or of marble, or both at once. — See p. 270, Case II. 

Accordingly, since by the logical reduction the solution of all questions in 
the theory of probabilities is brought to a form in which, from the probabilities 
of simple events, t. Sec. under a given condition, it is required to determine 
the probability of some combination, of those events under the same eondi- 
tion, the principle of the dinionstration in Prop. IV. is really the following: — 
•*The probability of such eomhination under the condition T must be calcu- 
lated as if the <»vcnts s, t, &c. were independ< nt. and possessed of such probabi- 
lities as wouhl cause tlie derived probabilities of the said events under the same 
condition T to be such as are assigned to theoj in the data." This principle I 
regard as axiomatic. At the same time it admits of indefinite verification, as 
well directly as through the results of the method of which it forms the basis. 
I think it right to add, that it was hn the above form that the prfaioiple first pre- 
sented itself to my mind, and that it is thns that 1 have always understood it, 
the error in the partienlar problem r e fe rred to haTing arisen ttom inadvertenee 
in the eboiee of a material iUostration. 
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ERRATA. 

Pag« 57* Hue 1 1 from bottom, for y r«ai t, 

— 93, — .'5. /or is rffl(/ bo. 

^ 119, — 0, the letter w imperfect, like v, 

— „ — 10, for wx read wz. 

— 120, — 1, last ternif for z readz, 

^ 198^ — 4 from btnUom, far wreodi, 

— 6 from bottom, for xu? + j- read rw + ho. 

^ — 8 from bottom, the letter w imperfect, like 

— 129, — 2, for xffzreadiyz, 

-- 2*21, — \P>, for vy read vy. 

— 231, — 10 from bottom, /or vz read viz. 

— 961, — 3 from bottom. /or p, 7, r, remf |», 9', r'. 

— 2fi2, — 22, for p and q read p and </. 

270, — 6 from bottom, for Xjf read XY, 

— 274, — 11, for /a h read ii h. 

— 288, - 10,d^2»(l)giTeo. 

— 291, — I. ybr y + yi ready + yx. 

_:. 297, — 10 from bottom, prefix = 

_ 308, — 4, /or limit rear/ limits. 

309. — 7, /or «7 (I - 0 read «y (1 - t). 

— 313, — 13 from bottom, /or «i = 0 read ii = 0. 
„ 314, — 9 ft^ bottom, omit tbe oomma. 

.315,— 4 ftiNB bottom, >brii«|..«»rMtf 

_ 322, bottom line, read tho Mcond term M ilxf. 

— 330, line 6, for v read n'. 

.331, 5 from bottom. /or />'»• rwirf A'ai. 

334, — 16, supplv the letter ». 

351, — 10 from bottom,ybr vi rmd Sf 

— 364, _ 21, /or 91 4187 rearf 91--4W. 

— 373, — 1, for p = r read p r. 

— „ — 3, 5, and 6 from bottom, for 1 rtmd 0^. 

— 885, — ^jbrxmreadx,,. 

— 886^ — 1S| w imporfoct, like 9, 

_ 388, — \^f^tm.i rtmdim^i, 

389, — 7 from bottom,>br It . . tm-i read ?i . .?ai.|. 

_ 391, — 5^ amU dumIj. 
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ScHMiTz. Fourth and Obaapar Bfitias. , 
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NIEBUHR'S LECTURES ON 

ROMAN HISTORY. Translated and 
E litod bf LeoHHARD Fschmitz, Ph.D., 
Rector of the High School, EdiDburgb. 
Ntw wid Cheaper Edition, !d 3 Yth,, 
8fo,S4f. 

KIKBUHR'S LEGTURES ON 

ANCIENT HISTORY. Compridnf 
the Asiatic Nations, tho Egvptiana, 
Grecki, Carthaginiant, and Macedo- 
niiM. TmudM hf Dr. L. Soaim. 
8 Toll. 8?«,R lit. 6<2. 

In rrferenee to Babykmia, Aiqrria, and 
Kfjrpt, it U parttraluljr interwtlBf tOBOtke 
kowaiaarljr the histeriun foronaw and antici- 
pated all the irreat di^Kxiverieis which have 
»inw bet-n made in tho-m counlrien. A thou- 
nnd points in the hiittoryof ancient nations, 
irUeh have hitherto been eitbcr orerlooked 
cr aawplart withotttlmaiiT, ara hy» traatad 
wtth amnd arillBtam and plaeed In tbdr 
true light 

NIEBUIIRS LECTURES ON 

ANCIENT ETHNOGKAPHV and 
GEOGRAPHY. Compriaing Greece 
Md IMT GoMm, Italy, tl» lalaada 
of tho Mediterranean, Spahi, Gaiil, 
Britain, Northern Africa, and Phoenicia. 
Tranalated from the German bj Da. 
Lsoiwaiio ScHMiT?, P.R.S.E., Rector 
of the High School of Edinburph, Mrith 
addinom and eometioiM from hia own 
Notea. 2 Vola. 8vo, IL \»^ cM. 

**Wbat, boirevo't eOMCitntea the main 
Talna d tba la n l M 'M aa an cdocatiooal in- 
■MnkaBt, la not tba ancient and modem 
ulnjf and the ingenuity which If 



BBperfliiovw to pr«licate of anr wa^ €f 
Niebuhr. but that good *er\»f^, that natural 
tendency to fact*, which UuiUngm«>he« lum 
from the mere philolottcr. While detecting 
a true reading In an ancient author, or 
tnelng a aubcile link that eomieeta appa- 
iwtiT widely dUhnatteMlct trttel namea. 
ha to ever aeakiiif ef politteal 



and ^tcKial InltiTuuonB, orof MBOteaiBnitieB 
of faniilie« oiul clana,— «*eriaektag,ln other 
word's to appW a profound knowledge of 
the ancient Uvnguagea to its nnbiert end, 
the dlsooTerj- of the life, mitnners, and in- 
atUatiaaa of tboaa trbo ^oka tbcm."— 



THE GEORGICS OP VIRGIL. 

Traaalatod Into Veneby the Rev. W. H. 
BaTRt^aaT, M.A., Rector of Barwick- 
in>Etmct. Fcap. 8vo, cloth, 4*. 6<i. 

A HISTORY OF ROME ; from 

the Earliest Times to the Death of 
Commodos, a.o. 192. hj Dr« L. 
8c«MiT«, Rector of the High Sclwol ef 
Edinburgh, Editor of " NicbuhrN TiCC- 
tuif*r New BdiUon. With 100 llloa- 
trationt on Wood. OnothiokYoloBe. 



QUESnONS ON SOHMITZ^ 

HISTORY OP ROME. By Jom 
RonoM, B. A. 12mo, dotb. 

A HISTORY OF GREECE. 

With Supplementary Chapters ou the 
Literatnr^ Art, and Doncalic Mannen 
of the Greeka. By WiluaM Smith, 
LL.D., Editor of the I>icttonariet of 
"Greek and Roman Antiquities,** 
** Bkgraphjr,** fte. Woodeuta and 
Mapi. Eighth ThMMBd. Potl 8v», 
7i. 6d. doth. 

THE GERMANIA OF TACI- 
TUS. With Btlinologleal DiMirtftlioiii 

and Notes. By Dr. R. O. LaTsaM, 

Author of the " English fiangnage,** Sec. 
With a Map. Dotuy 8vo, \2i. 6d, 

A NUMISMATIC MANUAL, 

or, GUIDE to the COLLECTION and 
STUDY 4»r ORRBK, ROMAN, and 

ENHT-TSH rOTNS. Ilhistratcd by 
Engravings of many hundred typesy by 
means of wbioh OTon imperfect and 
obliterated pieces may bo easily de- 
ciphered. By J. Y. AKUMAiiy F.S.A.t 
8to, 21«. cloth. 

THE BOOK OF ALMANACS. 

With Index, by which the Almanac 
WUnginf tomy yaMrpraiadla«ajki800 

can be found ; with means of finding 
new and full moooa from b.c. 2000 to 
A.n. 2000. By AocosTua Da Mokoan, 
Prafeioor of Mathematics in UniTersity 
College, London. Umbj Sfo, obloof, 
price bt. cloth. 

This U quite a novelty In chronological 
literature. It ia an mniver»al almanne— 
universal, that Is, aa raapaoU time, past, 
preMDt, and fMnra. Tho Main ot^eotof it 

{<•, ai the compiler states, to aopply the 
place of an old almanac, which ia never at 
hand when wanted ; of the older almanac, 
which never wax at hand ; and of the unl- 
VOraal almanac in ovprv shap*! A more 
■natal ehroskokii^cal handbook could scareely 
Mshad. It wm Mto an ' 



bt 

of calculation. 
Invaluable aa a 




THE ODES OF TTORACE, 

translated into Unrhymed Metres. With 
latroductioDS and Notes. Br P. W. 
UnVHAli, Professor of Latin, I nirersity 

CoU^f LoadoB. Chnwa 8vo»8«.cbth. 
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THE ILIAD OF HOMEB, 

faithfully translated into UnrhyiurJ 
Metre. By F. W. Nrwman, Profc«»or 
of Latin iu Uuivereity Uolk-go, LoodoD. 
Om YoL oown 8vo» St. 6d. dotb. 



Smbofsed Books for the 

By MR. FRKIIE, 

Old Tbvtamknt. 
OenesU, St. — ^Exodu^ 7i. 
Joshua, 4t. CC— Judgvs, 4«. M. 
Snnniel I., 8».— flttmufil li.. Stt, 0d 

J' lb, Proverbs W. 
r.Kiilms, I'urt 1., 6#. W. 

Part IL, 6$. ML 

DanM. EatlMr, and Bath, U. 9tL 

N £w Tr, TAMKR (In 8 V<lll.)l 
Matthew, 6#. 
Mark, 5«. (M. 
Luke, 7f. 
John, 5a. ML 
▲eta.7«. 

Romana to Cnriothlaaa, A*. 

Oalatiaiis to PIiilfMinti. W. 
Ilcbrows to ICcvi. htliuiitt, 7t. 

Mtimiug Prnvcnv 2*. 
Bheph«rd of iialisbuiy Plain, St. 
OhMf Hymn% 2t. 
A Orammar, 1«. 

Win Addrensiefl to thr>M who wiab 

to go to llcavua, 1<. M. 
Alt of Teaching toBmdl^EimimtKif 

Bounda^ U, &/. 

Ht, Trere't Works on Prophecy. 

Brief Iutcri>retaU«a of tb» Apooalypaa^ tiwo, 

3*. CvL cloth. 

Central Stnutuic i f th- Ap'.i:il\ j-so. f'V". 2i. 

Thrco T^ottura ou tlio I'ruuhociea, chiefly re- 
lating to the Individnu Auttfllutot of thi 
Laat Daya. Svo, U. 

Eight Lotton on the Prophecies. tIi., on tfao 
Sevanth Vial; the C\\\] and Ecc-lceiafltlcal 
Periods ; and ou tlio Typo of Jericho. 8vo, 
'2s. M. 

Great Contiuental Revolution, uuirkiug the 
expiration of thio "nmM Of llM Oonnlea." 
ttvOfSf. ML 

Pootry. 

DISCOVERY. A Pobm. By 

Edward A loam Lkatium, MjL 

Foolscap 8vo, 2*. 6rf. cloth. 

" lliHtxocutlon ia finished and of a good 
aclKM >1 ." — Sp'i ta tnr, 

"5lr. Leatluiiu's style is vi^rorous, hia 
lines are niUHicul, ami bis. vorsilicaticii is 
comet.* * Uia peroration is truly eloquent." 



POETICAL WORKS OF JOHN 

KBATB. Royal 8vo, sr\v( <1, 2.s\ 

A COLLECTION OF l^OETRY 

FOR Tin: PUACTK'K OK KLOCU- 
TION. Made tor the use of the Ladies' 



Collogo, Bodfofd Sqaara. Bj Ptofeisor 
P. W. NBwiua. Pooltmp 8v«^ St. Sd. 



Hatnnl Philosophy and 
Astronomj. 

COMMON THINGS EX- 

PLAINEO. By DioNvsir* T-ARDsra, 
D.CL. Containing, Air — Earth — Fire 
— Water— Time — The Almanac-— 
Clocks and Watehee-^SpeetMlci — Co- 
lour — Kalddoecope — Pumpa. Fn>ai 
the Museum of Science and An.** 
1 ToL 114 lUoittatiooa, Sil Sd. doth. 

POPULAR ASTRONOMY. By 

OiONYSius Laronbr, D.CL. Cotf 
taining. How to Obaerro the HeaTri:» — 
Latitudes and Lon|:nt^i*^<^3 — Earth 
—The Sun— The Moon— The PUnata: 
aretbeyinhabitodt The Now Phaeti 
LeTerrier and Adams' Pkiiet — The 
Ti'lrs — Lunar Influenm — and the 
Stellar Luimne. From the *' Museum 
•r SdoMo Md Art." 1 ToL, US 
IUiMlimlioi»,2«. SA doth. 

THE MICROSCOPE. By 

Diomrami Laamna^ D«CLto (From 

tltc " Museum of Science and Art,") 
One Tolume, with 147 Engraringii 2*. 

STEAM AND ITS USES; In- 

eluding the Stcnm Knm'nr, the Loco- 
motive auU Steam >aTtg»tion. By 
IHoiiviim LaM»iin« D.C.L. Qfwm 
tlM *<MlltBaai of Science and Art.*^ 
One fdvBM^ with 8!^ Illustrations, 2f. 

THE BEE AND WHITE 

ANTS. Their Manner* and Habit«; 
with Illustrations of Animal Instinct 
■nd Intelligenee. By Drammve 
IiABPMER, D.CL. (From the **Mu- 
•enm of ** Science and Art.") One 
voluiue, with 135 llluttrations, '2i. 

THE ELECTRICTELEGRAPII 
POPULARISED. With 100 lilustra. 
tions. By DiowTiiut LABO]aD^ D.CL. 
From the " Muwum of SeiMM m4 
Art." 12mo, 2i.cloth. 

"The reader will find the most complete 
iitxl intellifjible tb scriptioti of Tflcjrr«ph»c 
Al'i'aratus in I'r Lardnrrs adniiriMe 
ehapters on the sulyect."— AiorU Et%$»sk 
B&mm, 

FAMILIAR LETTERS ON 
THB PHYSICS OP THR EARTH. 

By H. Dt rr, Professor of Physics in 
the Uuiver&ity of G lessen. Edited by 
Dr. A. W. IlonuNM, Profcaaor in the 
Royal College of 
Foolaeap Svo^ &«. 
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HANDBOOK OF NATURAL 
PIlILOSUrHY AND ASTRO- 
NOMY. By DiONY«iua Lakdnfk, 
Formerly Profe»«or of Natural Plnlo- 
lophy aud AftUonomy in Univonily 
College, LondM. A Vvw Edition, re- 
Tited and freatly enlarged, with 13S4 
lllustmtionn. ConHflclo ia 4 
Each 5s. y cloth Ictuictl. 

Mcchunio. 1 vol. 5t, doth. 
Ilydrtw>uitica,FBmiaMtlaa*aiidHMt. IvoL 

3*. cloth. 
OpticA. 1 Tol. 6>f. cloth. 
Bleetrieity, Mag&etkm, ud Aeotutic*. 1 voL 

Af.dolB. 

J%t f)rtaHm «« eompo$ed in a poputar 
tmd gmerally inMligibU mdepen^ 
d*ntly of Ukt lanawHf amd I f iftob ^ 
Ma.'i.e.xntiet. 2»c V«hmm at« wM 

Mparai- 1;/. 

HANDBOOK OF ASTRO- 
HOVLY AND WErEOROLOGY. 
By Dk. LaKOMia, with 37 Platw rad 

200 Woodcutt. 2 Volt., large I2nin. 
Each 5.f. clnth lettered. Vol. 1. 5#. 
September 1. Vol. 2. bs. October 1. 

ELK M EN T A R Y TRE ATI SE 
ON MECHANICS, for the utc of 
Junior Univenlty Stodentt. By 
Ricn»iiD PoTTEK, A.M., ProftMor of 
Naniral Philoftophy in I'nivcriiiy Col- 
lego, LooUon. Third E<liUon, 8vo, 
with BUOMreiit DiifnaM, St. 94. doth. 

ELEMENTARY TREATISE 

on OPTICS, PARTI. By Ricuakd 
PtfTTCR, A.M. Bwo, Seeond Bditioii, 
corrected, with BumenNM Di n n i nn » 

9*. 6</. cloth. 

ELEMENTARY TREATISE 

on OPTICS, PART II., ConUiiang the 
Higher PropoiitiofM, Bf RiCKaftO 
Pornnt. A.M. 8to, with namerout 
Diagraroa, 1 2t. 6d. 

This Tolume contains the diJ«aMiion« of 
direct and obUqne ptnolto to the higher 
■pprosimatioM Moordliiff to (ceiiMuly 
known oiethoda. Alao new diaoaadone of 

thr ahrrtations of oUique pn\cil$ and the 
forum of the ini:igc« prvKlucctI ; tojrpthrr 
\M!ti the application to the theory of Optit al 
laauumenta. Many other new inTcatiga- 
ttooa wiO be Ibaad Ib the vofauM. 

FIRST BOOK OF NATURAL 

PHILOSOPHY; or, an ItttMdvetloa 
to the Study of Static*, I>yiniDici^ 
Hydroitatics, and Optica, with numcront 
ezamplca. By Samubi. Newtu, A.M., 
FbUow of Unh«nity College, Loadon. 
12aK», 3f. 6(1. 



ELEMENTS OF MECHANICS 

and HYDROSTATICS. By Samcbl 

Nkwth, M.A., Fellow of Univorsitj 
College, London. Small 8to, 7«. tic^ 
cloth. 

TWELVE PLANISPHERES, 

forming a Guide to the Star* for crery 
Night la the Y«ar, with an latndactloD. 
8to» 6t. 6tf. cloth. 

EC LIPTI C A L C HARTS, 

HOrRS, 1, 2, 3, 4, 5, 7,9, 10, 11, 
13, 11, 19, 20, taken at the Obtervalorr, 
Kegeut'a I'urk, under the direction of 
OB0MBB»Bor,Bsq.,F.RAd(«. Priee 
2i;6dL «eh« 

ASTRONOMICAL OBSERVA- 
TIONS taken nt the Observatory, 
Kogent'a Park, during the Years 1839 
— 1851, nndar thodlicetion of OwmaB 
Bisiiop, Esq. dee. 4to. Piko 

MR. BISHOP'S SYNOPTICAL 

TABt.E OF TIIK ELEMENTS OF 
THE MLNOK PLAiNETS, between 
Man aud Jupiter, as known nt the 
beginning of 1 855, with the particulars 
relatini; to their discovery, &c. Arranged 
at the Observatory, Ucgcnt's Park. On 
B BhMt. U 



Mathematics, fte. 
ELEMENTS OF A RITII METIC. 

By At>ci-8TU9 Dk Mohoan, Prufess»»r of 
Matheoiatics in University College, 
London. Fifth Edition, with Elevna 
Appeodizet. Royal 12ibo, 6«.eloth. 

D£ MORGAN'S TRIGONO- 

METRY and DOUBLE ALQEBRA. 
Royal rioio, 7*. 6(/. cloth. 

A COURSE OF ARITHMETIC 

aa taught in the Pcttalozziau School, 
Wurksop, Notts. By J. L. EuBil- 
BBBOui. ItiDo, 5i. doth. 

A KEY TO DITTO, 12ino. 1#. (W. 

BARLOW'S TABLES OF 
SQUARES, CUBES, SQUARE 
ROOTS, CCJBB ROOTS, and RBCL 
PROCALS, up to lO.OOn. Stereotype 
Edition, examined aud corrected. Under 
the Superintendence of the Society tot 
tho Diffuiion of Useful KaowMgo^ 
Royal 12mo, Cloth, 8<. 
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▲ MATHEMATICAL COURSE 

FOR THE UNIVERSITY OF 
LONDON^ ; containing ao Outline of 
the Subjects included ia Uie HeguU- 
tlom or the Senate, uid IbeQiMttimt 
a^ked at the Matriculation and B.A. 
Pmi Kwiniiuiiooa, with Solutions of 
til* MatlMiBttldtl Pspert iu th««e 
Eutuinaliona. By Tkfaui KimbeRj 
M.A. Second lune, witli New 
Appendix. 8vo. 99, 

ARITHMETICAL BOOKS AND 

AUTHORS. Fnm iht lavention or 
Printing to the present time ; being 
Brief Notices of a large Number of 
Workt drawn op fmn aetual InspeetioD. 
Bf AvGCBTus De Mokoan, Profewor of 
Mathtmatics in U Diversity College, 
LondMi. Cheap Issue. Eo/al 12uio, 
2t, Bd, doth. 

REINER'S LESSONS ON 

FORM ; or, an INTRODUCTION to 
GEOMETRY, as given in a Pesta- 
lozziaa Sehool, CbMB, Surrey. ISoo, 
with naiMiom Diagnint, Si. 6<Lflloth. 

THE FIRST BOOK OF 
BUCUD EXPLAINED TO BBOIN- 
NBRS. By C. P. Mason, B.A., 
Fellow of University College and 
Principal of Denmark Hill Gramuiar 
School. Fofllacip 8fo» It. 9d. oloth. 

THE GEOMETRY OF THE 

FIRST TUKHE BOOKS OF 
EUCLID, by Direct Pioof from definl- 
tions alone, with an Introduction on the 
PriDdples of the Science. By Hcms- 
uioa WB0OWOOO, M.A., late Fellow of 
OMl's College, CmteMgt. 18m. 
Si.M.cUth. 

HEMMINGS FIRST BOOK 

ON PLANE TRIGONOMETRY. 
Geometrical TrigonoDietry, eikl ile ap* 
plications to Smveying, with nunicrous 
Examples. For the use of Schools. 
19mo, dotli limp, 1«. 6d, 

RITCHIE'S PRINCIPLES OP 

GEOMETRY, familiarly Illustrated, 
and applied to a variety of useful pur- 
peeee. Derifned for the 1 nitruetloii of 

Young Persons. Second Edition, re- 
vised and enlarged. 12mo, with 150 
Woodcuts, cloth liinp, Is. 6rf. 



TABLES OF LOGARITHMS, 

COMMON and TRIGONOMETRI- 
CAL, to FIVE PT-ACKS. Under the 
Superintendence of the Society for the 
DiSuiioQ of Uiefol Kooirie^ieii Fcup. 
8vo, doth ttap, !«. 6dL 

LESSONS ON NUMBER, as 
given at e Peetdenian SehoeU «l 

Obeam, Surrey. By Chaklfs Rriku. 
The Master's Manual. New Kdiiion. 
13mo, doth, 5*. The Scholar's t'liaia. 
12mo, 2ff. benad. 



Greek. 

LEXICON TO ^.SCIIYLUS. 

UooUining a Critical ExpUoation of the 
more DIfllealt Pssasggs in the Seven 
Tmsedies. By the Rev. W. Lmwooo, 

A. M., M.R.A.S. Second 
revised, iivo, 1 24. cloth. 

NEW GREEK DELECTUS; 

Being Sentences for Trai, elation from 
Greek into Eo^liah, and EogUah into 
Greek ; imaged in • Syete maS e Pk». 
prcsiion. By Dr. Raphael Kraan. 
Translated and Edited from the German, 
bj Dr. ALKXAMoxii Allkn. Third Edi- 
tion, revised. 12mo, 4e. doth. 

FOUR GOSPELS IN GREEK. 
Forthe aeeof Schools. Fcap. 8vo. doth 
linps li. 6d. 

THE ANABASIS OF XENO- 

PRON, ezpietsty for Sdioob. With 

Notes, a Geographical and Biograpbicd 
lodes and Map. By J. T. Y. Hakdv. 

B. A., Prindpd of Hudder«add Col- 
lege, and Ernest A daub, denied 
Master in University OdI^§i BAeelt 
12mo, 4a. 6d. cloth. 

By onitHnff the minority of the speeches 

(dways difflctilt to beginners), and ( tber 
passages \^na dJreofly affecfin>f princi- 
]>.il narrative, th.< luilk of tlic Greek text 
lias lM'('n so matorially diminished, as to 
Ipavo little more than a twelvemonth's pro- 
fitable and pleasioc study. ▲ brief abstract 
of each suppressed passa^ bee been sup- 
plied, thus preserving the eootinnl^ 9i 
narrative unbroken. 

LONDON GREEK GRAM- 

MAR. Designed to exhibit, in small 
compass, the Elements of the Greek 
I^nornage. Edited by a GitaooATB of 
the V iiivcrsity of Oxford. Sixth Bfitiea. 
12mo, cloth limp. Is, 6d, 
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GREEK TESTAMENT. Oribb- 

•ACH*« Tkxt, with tlM vuiooa readings 
of Mill and ScnoLZ. Second Editicm, 
rcvUcd. Fcap. Svo, doth. 6jr. (itA 

PLATO. The Apolo^ of Soora* 

TK3, Trito, and part of the Piukdo, 
with Kn^lish Notes, a Life ofSocratei, 
&c. VAiivii by Dr. W. Bmits. flfleond 
BdilioD. 12no» el«tli,£f. 

EOBSON'S CONSTRUCTIVE 
GREEK £X£RCISB8. 12ino, cloth, 
7«.6<L 

Thit n'ork tcMch was ori^inaHjf intended 
to be a new fil,U,ui of " Allen * O'natruetive 
Greek E^ercin's" inU take the plnc< nj that 
look, TiugMmdpnmctpk4q/totk<ur4ui«m- 
Heat, 

INTKODUCTION TO THE 
ART OF COMPOSING GREEK 
IAMBICS, In Initodon of the Greek 

Tra'4odi;ui!«. Designed for the u»e of 
Schools, hy the iUr, Cuakuu Ta^uou 
12mo, 2a. M. 

WHAT IS THE POWER OF 
TUE GREEK ARTICLE; and how 
naj It be eApi eeiie J la the Boflbh 
the New TcsUtMBkP Bf 
JoimTavim. 8vok2c6(f. 

GREEK AUTHORS. Selected 
Ibr th* me of flehoolt ; eentalntng por- 
Hoot of Lucian's Dialo/ueA, Anacreon, 
Homer's Iliad, Xenophon's Memorabilia, 
and Herodotus. I'iiuo, Is. 6d. cJoih. 



NEW LATIN DELECTUS ; 

Beiuf Sentences for Traoslatioa from 
Latin into Enpli-'h, and Knjriish into 
Latin ; anmi^ied in a Sjateutattc Pro- 
frretdon, on tbe plan «f tiM Greek 
T)elcctas. By Dr. AiMummm, Allkn. 
Third EditiM, revised. 12ae» 4«. 

cloth. 

CONSTRUCTIVE LATIN EX- 
ERCISES, for teaching the KlemeuU 
of the Laoguafe on a system uf Aualvsis 
mmi SjntMt; with Latin Reading 
Lessona, and copious Vocabularies. By 
JoHii RoasoN, B. A.,Iate Assistant Master 
in Unireraity College School. TMid 
and Cheaper Edition, thcnogUy ItvlMi. 
I2aM, 4«. dAtk. 



LONDON LATIN GRAMMAR; 

Includin;: thr Eton Syntax and Prosody 
In English, accompaoied with Notes. 
Edited by a GunirATB of the University 
of Oxford. Fifteenth Edition. 12do, 
oloih limp, 1«. 6d. 

FIRST LATIN READING 

LESSONS; with complete Vocabu- 
laries. Intended as an Introduction to 
Cesar. By John Robsom, B.A., Assist- 
ant Matter In Universitj CoUege School. 
12nio, 2«. 64/. cloth. 

TUE TRINCIPAL ROOTS OP 

the LATIN LANGUAGE, simplified 

by a display of their lucorporaliun into 
the Eoglisb Tongue; with copious NoU-s. 
By UsMaY Hall. FIftk Bditkm. 12mo, 
limp doth. It, W. 

TACITUS, GERM ANIA, AGRI- 
OOLA, and Pint Book eC tbn Annala. 
With English Notes, and BdrxioEa's 
Remarks on the style of Tacitus. 
Edited by Dr. W. Smith. Third Edition, 
paviied and mnek Imptovod. ISow, i«. 
dotk. 

GJESAR FOR BEGINNERS. 

Lltln and English ; wiUi the Original 
Tent at Ika and. 12mo, Zm. M. doth. 

MYTHOLOGY FOR VERSIFI- 
CATION ; or, a Brief Sketch of the 
Fttblcs of tlif Aiiriciits, prcfwrcd to be 
reodca'd luto Lutm verso. By the lata 
Rot. p. HonoeoM, M.A., Provaat of 
Eton. New Edition. 12mo, 8*. 
hound. Kav to Ditto. 8vo, 7«. 

SELECT PORTIONS OF SA- 

CRED HISTORY, mnvcvrd in »cnt« 
for Latin Verse*. By the late Rev. 
F. Hodgson. M.A., Provoot of Blon. 
Thiid Edition. 12mo« 3s. td. doth. 
KsT to Ditto. Rojd 8vo^ 64. d. 

SACRED LYRICS ; or, Extracts 

from Ike Prophetied and ether Scrip. 

tuns of ilio 01>! Testament; adapted to 
Latiu VersiHcaUon in Uie principal 
Metres of HoaacR. By the lalo Rev. 
F. HopoftON, M.A., Provost of Eton. 
1*2 mo, 6*. 6./. doik. Km to Ditto. 
8vo, 12«. cloth. 

NEW LATIN READING 

BOOK* consisting of short Sentences, 
aoajr Nanntiona and Descriptions, 
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lelectod from Cirsar's G»llic War ; 
Amuiged ia ■jrttematic ProgroMioD. 
With » DielloMffj. Saoond BdllloB 
nviMdandinprvvad. 12iim^2«.M. 



Hebrew. 

GKAMMAROFTIIEIIEBREW 

LANOUAOB. By Hyman Horwitz, 
late Proreasor of Hebrew in UniTeraity 
College, LoDdon. Fotulh Edition, 
revised and enlarged. 8vo, 13*. cloth. 
Or In Two Ptoto, lold Mptntelj:— 
Elements, 4i. 6d. cloth j 
UMv uu) Stmtaz. 9«. eioUu 



Maps. 
TRACHING MAPS 

L RIVERS AND MOUNTAINS, &c.. 
of England, Walct, mn4 Ftet of 

Scotland. 6d. 

II. TOWNS of Ditto. 6d, 
PBOJECTIONS. Three Maps: 

Mkrcator ; EuKOPS ; Bhitish Isles. 
Stitched in a CoTer, 1«. Single Maps, 

PROJECTIONS ; the same, with 
OoUiMofCoaDlfjr. Three Maps stitched 
iaaOover^It. 8ii«U Mipt,4A«Mh. 



English, fto. 

THE ENGLISH LANGUAGE. 

By Dr. li. O. Latham, F.K.S., late 
Follow of KfDg't College, Cambridge. 
Fourth Edition, grestly onlaigod. 

Two Vols. 8vo, \l. Bt. 

AN ENGLISH GRAMMAR 

for the USE of SCHOOLS. By Dr. 
R. G. Latham, F.a.S., late Fellow of 
KiiV't Coll^ Gamhriiigo. SIxlh Bdi- 
tioD. 12ino^ 4§, IML doth. 

A HAND-BOOK OF THE 

ENGLISH LANGUAGE. By Dr. 
R. O. Latham, F.R.S. Secood Bditioo. 
Oimm Sto, 7s. 6dL elotb. 

The object of tho "Btadbook" to to pre. 
•nt to itiidMits ftar caMfaMkn, fa a more 
g wi Seu w d form, the dtief ftwti and reason, 
tags of "The Engllfih Tjin^n icrr." Lot» 
elaborate than that work, it i» Icsst U mcntary 
than tho " EnffliBh Grammar." Like all the 
other works by the aatne author, it pivca 
rreat prominence to the othnologleal rela- 
tions of our tongue ; and ininsta upon 



torical InTpstiptinn, and the npplicatiao of 
the general principles of comparativr pbtkv 
lofry, an the true moons of exhibiting ito real 
growth and «tnjcture, in nppoeition to the 
more u^mal methu<i of treating it as a mass 
of irregularities. It has the fnrtlier ol^oct ef 
•opplring a knowledge of tfaow Inw af 
speech and principtos of gtMUur lAiCh 
apply to language generally. 

ELEMENTS OF ENGLISH 

GRAMMAR,forUie USE of LADIBS* 
SCHOOLS. Bf Dr. R. O. LanuM, 
V.RA, Foap.Bvo^U6dLeloth. 

HISTORY AND ETYMOLOGY 

of ENGLISH ORAMMAR. for the 
USE of CLASSICAL SCHOOU*^. By 
Dr. R. O. Latham, F.R.S. Secood 
Edition. Fcap. 8vo, 1j. Gd. cloth. 

NEW ENGLISH SPELUNO 

BOOK. By the Rev. Gorham D. ' 
Abbott. Second Edition, with Rcodiag i 
LoMom. 12mo^ Sowed, M, \ 

FIRST ENGLISH READER. | 

By the Rev. O. D. Abbott. Third ' 
Editioo. 12iiHS with lUutntku^ doth I 
liinp^ Ig. 

SECOND ENGLISH READER. 

By the Rev. G. D. Abmtt. ThM 
fidition. 12mo,doth]iaip,l«.€dL 



French. 

A FRENCH GRAMMAR. By 
P. F. Mbrlst, Profciaor <^ French in 
Unimdty CoUoge, Loado«. Now 
Edition. 12mo» 6«. 6<f. bound. 

*,* Or, told in two Parts : pRowrM- 
ciATioN and AcciDBMCR,3«.6d.; Syntax, 
So. 6A K>T, Now BditioD, So. 6dL 

MERLETS TRADUCTEUR ; 

Or, Historical, Dramatic, and 
MisoEixaimooo Sctacrwin ftom dw 

best FHF.Ncn Writers ; accompaniod 
by Explanatory Notes ; a selection <^ 
Idiomt, &0. New E^tion. 12mo, 
St. 6rf. bonad. 

MEBLETS DICTIONARY OF 
THB DIFFICULTIES OF THE 
FRENCH LANGUAGE; containing 
Explanations of every Grammatical DiSC- 
calty ; Synonymeo explained in a con- 
cioonMHnier;Venlieatiou; Etymological 
Vocabulary; Free Exercises, with Notes ; 
Moieuitilo Espranoott Phnoe^ tad 
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Lettan; Eletoentt of Prrncb Compo- 
sition. A new and onUigod EditioD. 

12mo, Cj. 6t/. bound. 

MEULETS FRENCH SYNO- 

NYMES; explained io Alphabetieml 
Ofd«r, iHth Cofiom BnaplM. (From 
t!)e DicTiowARY or DimooitTiB* ") 

l'2mo, rloth, 2a. Gd. 

STORIES FROM FRENCH 

WRITERS ; lotcrlinear. (From Mer- 
Wt "TndiwlMr.") 12Bo,3t. 



German. 

THE ADVENTURES OF 

ULYSSES : a Gorman Reading Book ; 
iHth ft tbort Oimmar Mid A ▼•caboUry. 
By Paul Himch. Twonly-tonr Wood- 
12aM, cloth 6«. 



Sqparateltf, 

A SHORT GRAMMAR OF 
THE GERMAN LANGUAGE. 
12mo, cloth, 2s. 



Italian. 

PANlZZrS ITALIAN GRAM- 
MAR. r2n)o, cloth, limp, 1«. &d. 

FIRST ITALIAN COURSE; 

Being a Practical and Easy Method of 
Ijearnliif the El«in«ili of th* ItaUaa 

Tinnguagc. By W. BaowNiNo Smith, 
M.A., Second CUtitcal Matter of the 
City of London School. Royal 18mo^ 



Interlinear Translations. 

Chcdp IsjtiU, at Is. ()d. i>€r volume. 

LOCKE'S SYSTEM OF CLAS- 
SICAL INSTRUCTION, lertoring the 
Method of Teaching foruicrly practiMd 
in all Public Schooli. ThcSrHcsconaUti 
of the foUovring Interlinear Translation* 
wHh tbe Origtad Text, In ivbldi the 
quantity of the doubtful Vowels is 
denoted ; critical and eaplaaatoty 
Notes, &C. 

••• By means of time Werto, that 

cxcc'.lrnt ST^trm of Tiiitinn i« cfri-cr'i'»!1y 
rcftnmi which wa* r>tab;i*l)( d hy lH ;m 
Colct, Erasrouis and Lily, at Iho fuun<l;ition 
of 8t- Paul'* School, ami w«« tht n enjoined 
by anthohty of the Statr, to be adopted in 
•U other Fobttc Beminarias of Isaminc 



U.0d. 



LATIN. 

1. PHjroHrs's Fablks or ^sop. 

2. Otid's MaTAMoajpBOMtt. Book I. 
8. ViKott** Mhko, Book I. 

4. Parsing LnaomTO TiuiL. 

5. Cmak's iMTaaHmov SuTam. 

GREEK. 

1. Luctaii'a Duunjue*. Solections. 

2. Tub Dsn or Aiiaeaaeif . 
S. Homkr's Iliad. Book I. 

4. Parsino LxasoNs to IIomeb. 

5. XsMoraoii** Mbmorabilu. Put I. 

6. HnoDonm'aHimBm. Setoetlona. 



FRENCH. 

the Battles of 
PoiCTixaa. 



CasMT and 



OmuM Waim*. 

•,• A Second Edition of the EfWir ex. 
plruiainrv of the Hyalem, with an Outline of 
the Mi'thiMl of Ktudy, It pObUilMd. " 

sewed, price &d. 



BARON VON BEICIIEN- 
BA0H*8 EBBRABOHBS ON MAO- 

NETISM, ELECTRICITY, HEAT, 
LIGHT, CRYSTALLISATION, amo 
CHEMICAL ATTRACTION, IN 
THBIR RELATION TO THB 
VITAL FORCE. Tianslated a.ul 
Edited (at the express desire of tho 
Author) by Dr. OaaooaT, of the Uni- 
versity of Edinburgh. Cheap Imm. 
One Volnme, 8vo, cloth 6«. 6d. 

"The mnits of this remarkable Tolmne 
are irreat. The painstakinfr, conncientiouK, 

cautiiiiis, inj:rnloUis — wcliaci alnmi' •aiui, the 
rrlitfioui, and Cfrf.iinly the w 1 1 - ] >■ .•»'io*-it\l 
fnthu«i.L<m with whuh ttir < \|« iiJiuntiil 
clue i» fotli>^til from turn turn of the 
labyrinth, i^ f<urp:u>MMl by nothing of the 
ivnole] 



Medicine, Chemifitry, Ae. 

DR. QUAIN'S ANATOMY. 
Edited by Dm. SaAarav and Ma. Ellis, 
ri efcuiw t/t Awtoasy esd Pbysiolofy 
in UniTenity College, Looden. A Ntm 
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DEMONSTRATIONS OF ANA- 

TO MY. A Guide to the DiMcction of 
the Uuinao Bod/. By Geokgc Vinek 
Ellis, Profouor of Aaatomy in Uoi- 

mtk$Frem» 

THE ESSENTIALS OF MA- 
TERIA MBDIOA. TSBRAPBU- 
TICS and Ihe PHARMACOPCEI Aa 
For tb« Um of StudeDti and PracUiion- 
tn, Bj ALraxD Baring Garrod, 
FMbMOr of Materia Medica and The- 
rapeutics in UniTcrsity College^ Londoil* 
Foolscap 8to, 6«. 6d, cloth. 

PRACnOAL PHARMACY. 

Tlie Arraiigcmctils, Apparatus* and 
Manipulations of tbo Pharmaceutical 
Shop and Laboratory. By Francis 
Mooa, Pb. D., of Ooblentc ; and Thc- 
OFHILUB Rkdwood, Profefsor of Che- 
miatry and Phartuacy to the Pharoaaceu- 
tieal Boctoljr of Omt Brftdn. 400 
Eofimviiigioii Wpod* 8fo>6».6«LcloUi. 

A HANDBOOK OF PHYSIO- 
LOGY. By WilAUM Sbnhousb 

KiHKKS, M.D., Dcnjnnstrator of Morbid 
Anatomy at St. BarUiuluoiew's Uos- 
pitaL Aiihtei hj Jamt Paoirr, 

Lecturer on General Analomy and 
PhyMology at St. Bartliolomew's Hos- 
pital. 7'hird EdUion in the PreM. 

LECTURES ON THE PRIN- 
CIPLES AND PRACTICE OF 
MIDWIFERY. By Eow«rd Wm. 
Murphy, A.M., M.l^., Professor of 
Midwifery in Uiiivcrsily Cnll« j;c, Lon- 
don. One Volumcy Sto^ many lUustra- 

"The work will take rank amonfr the beat 
treatise* oa the obstetric art. Hy this work^ 
Dr. Mttiplqr has placed his reputation and 
bit Chm on R aoUd and donlito famdilton." 
— DliMh MaHcal Pru$. 

CHLOROFORM, ITS PROPER- 
TIES, AND SAFETY IN CUILD- 
BIRTH. B]rPkiiraniMtMinni«9]|.D. 

PHYSICAL DIAGNOSIS OF 
THE DI8BA8BS OP THE ABDa 

MKN. By FnwARD Ballard, M.D., 
Late Medical Tutor in Univertdiy Cut. 
lege, London. Lw]ge 12mo, 7«. 6(i. 
doth. 

"Hw nioftwton ia mnch indebted to Dr. 
Bdlard vat tfali snpretending little volume, 
irlilGli,ira faaleHtaln, If oantellj itadiad, 



will aecompHuh object of rrmoMn? v.\my 
of^ Uae diffl culti— at present »urrourHiiM£ liie 

A PRACTICAL TREATISE 
ON DISEASES OP THE HEART 

AND LUNGS, tbdr Symptom* ani 
Treatment, and the Principles of Ph)- 
•ical Diagnosis. By W. li. WaLtMK, 
M.D.. ProfeaMir of the Prindplee wU 
Practire of Medicine ami Cliuiral Medi- 
cine in Unirertity College, London ; 
PbyMdM to Unbonitf Ool1fl|o H«o- 
pital, and Consulting Physician to the 
Hospital for Consumption and Disuses 
of the Chest. A new and considerably 
•olufododitbo. OaeYeL IgfcOd. d adi, 

"This work is what itaname indicmteait 
to be— emlnMittf praetfcRl. Thatitwiaadi 
larfrely to tlw auwdy greet r^ratatiasof ill 

author, no quci^tion can be entf rtaiacd. It 
is &r in advance of any other Treatiae OO 
Di<«easee of the Chest, either in this or aay 
other country. Krery page — we were abotU 
to nay ercry line- conuins a fact, often new, 
and «Uiea|ie regting on Uu Autktr'9 omm 
tkmntlUtm. Cawi arequetedto p i u wmj 
iitwiteiMiiint,«nd to wt^ftan oeaiyigM. 
SMBtoddooeduioppontiflntoettien. Ytotte 
practitionCT, the clinical true* - r-. .rd to the 
atudent, this work will prove alike invatn- 
•hlei.'^JffidiMl l^fMM. 

TH£ NATURE AND TREAT. 

MENT OF CANCER. By W. H. 
Walshb, M.D., Professor of Medicine 
in Univfraity College, PhjaiciRn t« j 
Vnlvtnity Collego Hotpittl, nad Cos- | 

suiting Ajrician to the Hospital for 
Consumption and Diseases of the Chest. ' 
One Volume, 8ro, with Illuatnuiona. i 

ON THB NATURE OF I 

CHOLERA, as a QaMt to Treatment. 
By WiLLUM SoowioL Poot Oil 

cloth. I 

" Thoee intcrestod in theimportant ques- 
tion of the iiiti[ii:4ty uaturu ol this (iv*etvse, 
will find much tliat is suggestive in our 
Author's idca-i; luuch that is .-u-rau..'^ i m » 
new form ; and much, probably, that 
excite iu them a spirit of eontroveny. 
Brititk tmd Foreign Mtdieo^Mr. Rtwwtm. 

ON PAIN AFTER FOOD ; 

ITS CAUSES AND TREATMENT. 
By EowAjio Ballaao, M.D., Lous. | 
Leetniw on the Pknetiee of Modidan nt 
the School of Medicine adjoining St. 
George's HospitaL Author of the 
" Physical Diagnoaia of Diaeaaes of the 
AhdoMD."a«. 1 V«L4t.M.dodi. 

THE DISEASES OF THE 
RECTUM. BjRiauBBQiMiii,F.RjS., 
PkofMtor of Cltnietl Baigoif ia Uai- 
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vtnlty Collff*, tad Barftea f UbImt- 

lltjrCoIlegeHospttal. With Litliozmpltic 
Plates. Second Edition, eoltiged. Poat 
8vo. Is. 6(2. cloib. 

" This Treatise U cmlncntlT of a practical 

character, uiul conluins much oriiruial uul 
Taiuable niatu r. It id not inde ed :i literary 
oompilation, but ratlur an rxpofitinn of the 
wathac'B o^nioM uxi juractiM ia 



THE SCIENCE AND ART OF 

SURGERY. Being a TkaUm oq 
8ai|iad lojurMS, D iMM »t» and Opera* 

tioni. By John Ekichssk, rrofettur of 
8ui]gery is Univmitjr College, and 
8tti|MB M Uaivanitj College Uoapiul. 

"The nim of Mr. Erichncn itppearn to be, 
to impruve ui><)ti the pUn of Samuel Cooi)cr ; 
and by connrcliug in one volume the science 
and art of Surgery, to supply the (student 
with li t«xt-booK and the practitioner wiih a 
work of rdrrenect in vhwh aolwitiflo princi- 
pl«8 mA praetkal detaUa m tUkt UMinded. 



** It mnat ralaatlM chanoiw «f tke author, 
and refUct great credit upon tko OoUege in 

which he is Professor, and wc can cordially 
recommend it as a work of reference, both 
to studMliaad pmarttiaom.*— MtMml 

Tn 



THE MICROSCOPIC ANA- 
TOMY OF THE HUMAN BODY 
IN HEALTH AND DISE.VSE. 
IlloaCimlod with nameroa* Drawinga in 
Colour. Bj AnTHt^R Hill Ha»alL| 
M3., Fellow of tbe Liun»aa Societ/, 
Meaktr «r iIm Bojd CoU^ Bnr- 



HASS ALL'S HISTORY OF 
THE BRITISH FRESHWATER 
ALOJB, fadadiaff DateriplioBt «f tbe 
DetmidcaB and DiatooMoeae. With up> 
wards of 100 Plates, illuatratin^ the 
Tarioua specioi. 2 volt. 8vo, 2L hi. 



fliTourably of the freneral execution of 
tbe'work. The coloured Utbofranba are. for 
the 8Mat part, well drawn, and faltUbUj 
lepr Mia t Uie bnwd iMtarea of the aereral 
IMurta. tiM wtwdeata are well enRraTcd, and 
¥8iy dearly exhibit the point." which t?i< y :ire 
iateaded to {Uu!<traip. NVr ttuiik that .Mr. 
Oidaa's contributions in no di xnc lull i«h<>rt 
of tie oriKinal work; and wc tr\i>t that the 
▼oUime in its complete form will iind acordlal 
reeepUoa from ttie 



A SERIES OF ANATOMICAL 

PL.\TES IN LITHOGRAPHY. 
Edited by Jomks Quain, M.D.^ tad 
Eaasmus WiuoM, F.R.S. 

A remarkahfy cheap issue u 
now on ioU at /oUowing low 
prien: — 

THE COMPLETE WORK. In Two £ t. d. 
Volamea, Beynl MeTHmMnd 

Moroeeo 6 6 0 

THE 8AME,FullColoured, Ualf-bouud 

8 B 0 



gepanUe portions, hotmdm OloM ttnd 
Lettered, oi/oUom: — 



Muscles. 01 riatea • • . 

fiertrw. atPtatee 

Viscera. ^2 Plati-s . 

Booea and Ligaiuouta. 90 Flatoa 



Muscles. 51 Platea 

Vessels. 60 Plataa 

Nenrea. 86 Plataa 

Viseaea. 8 



FIAIX. 

£ : d. 

ISO 
16 0 
1 1 0 

0 17 0 
0 17 0 



£ «. if. 
t 4 0 
SCO 
1 14 0 
110 0 
10 0 



%* n$ Vclmmm mt mid mpatatd^. 



MORTON'S SURGICAL ANA- 
TOMY OF THE PRINCIPAL 
REGIONS. CoroplcUd bj Mr. Cadcc, 
late Assistant Surgeon, UuiTersitjr CoU 
lege Hoaphal. Tweatj-flva litbognphie 
Illustrations Coloured, and Twenty- 
five Woodcuts. Royal 8vo, 2U. cloth 
lettered. It may also bo bad at under— 
PerinKuiu, B*. ; Groin, Femora), and 
Popliteal Rcpions, 7*. 6d. ; Inguinal 
Hernia, Tcatiaaod ita Cevcringa, 7«. 64I ; 
Htid ud Neek, tiM AxiUL tad th« 
BiBdaril»eBlbow,7«.M. 

**1lM warit tiraa eaiplBtad eonatitntca a 
auM laUa t» tke atadaal, and ranem. 
hnam lo tto wmtW k mm , Wteutiviak 



ON GRAVEL, CALCULUS, 

AND GOUT; chiefly an Application 
•r Fnhmar lieWf't Physiolo^rj to tlM 
Plavtntion and Cure of those I)i»eaM's. 
By H. Bawcp. Jones, M.D., F.K S., 
Pbysiciaa to St. Oeorye'a HoapitaL 
dath, yciet te. 



PRINCIPLES OF AGRICUL- 
TURAL CHE.MISTRY, with special 
reference to tbe late reaearciies made in 
B«glMid« ByJofrntavLiniAi 8bmU 
8ffa» 8f.6d«lolk. 
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FAMILIAR LETTERS ON 
CHBMI8TRT. In ito Mlfttlont to 

PIiy«iol«iXf Dietetics, AfrteuUure, 
Comm^rci', ami Pulitical Kconomy. By 
Justus Von Likbig. A Now and Cheap 
Kdition, nvlsed thrmighoQ^ iHlh mmnj 
■dditlonal Lettere. Cnoiplctc in Ono 
Volttme, Foolscap 8vo, price 6i. dotb. 

HANDBOOK, OF INORGANIC 

A N A LYSIS. Dy Priedrics WSblrr, 
M.I)., Profctsor of Citomistrr iu tlio 
Uuivenitj of GottingOD. Timuslaied aud 
•ditod by Pk. Homaiw, Profciiof fa the 
Royal College of Chemittiji London. 
Lufo 12mo, 6t. 6d. cloth. 

"Nest to Booe of Berlin in the ranka ot 
llTfoir analytie itfifmirti, nrHeolarly In the 

inr r / inir drpartment of the art, ataoda 
Frieanth Wi'.hler, who has in this biK>k (fivm 
Uf u ( >nii)*mliurn of inorganic ritmlyiii, illuiu 
trntod by cxamiilcs of the nu-ihtj<t« to b« 

Eursued In the i x iinination of minerals, 
oUi of a simple and complex constitution, 
^ridah, if ftiUowed oot by the student with 
ordinary em nd petlinoe^ and with aoae 
little praetlod hntrnethn, wtU not ftdl to 
Tvniler him a tliorotiirh maslor of this 
division of chcnucui JuMwledge." — Auocie^ 



HANDBOOK OF ORGANIC 

ANALYSIS. By JiTsTus Liebio. 
Edited by Dr. Uofmann, Professor in 
tlM Royal Oollego of Chemtotry^ Lon- 
don. f.nr(rc 12ii)(). IlluBtrated by 85 
Wood KngiaTiogt. 5«. cloih. 

"The work now hefbre na to a most 
vdnohle eontribution to our knowledge on this 

OMMt important iiuhjr-ct. The style i« lucid, 
and the proccwscs urc nut ouir explained to 
the mind, but arc made manifest to the eje 
a prOhiaicm of baaotifol illostrationi.*'— 



GREGORY'S HANDBOOK 

OP INORGANIC CHEMISTRY. 
For the use of Students. By Wil- 
liam Grtoort, M.D., Professor of 
Chemistry tn the Univenlty of Edin- 
burgh. Thitd Edition, revieed and 
enlarged. I2mo, 5^. Gc^. 

^'A yoong nan wlio iuw maxtered these 
ftm and by no mcene doeely printed p<tge^ 
may venture to bee any board of examiners 
on Cbcmutry, witiioot hm of being poeed by 



GREGORY'S HAND-BOOK 

OF OllGANIC CHEMISTRY. For 
the Use of Students. One volume, 
large l2ao. New Kdilion. ISi. Oloth. 



ELEMENTS OF CHEMICAL 
ANALYSIS, QuAUTATivB ann Qnam« 
TATivK. By Eowann Amnmr Pammuit 

Author of '* Applied Chkmistry ; iw 
Arts, M«NurACTuucs, amd Domcstic 
BoowoMT." Seeond Bditioa, reviaed 
throu^rhout, and enlarged by thenddhion 
of 200 p^eVf Ovo^ Cheap laraau 8i« 
cloth. 

ANIMAL CHEMISTRY; or, 
CnmnnrnT ni m AmjcaTMnia re 

Pbtsioloov and Patiiologt. By 
Justus Libbio, M.D. Edited from the 
Author's Manuscript, by Willuh 
Orcoort, M.D. Third Edition, almost 
wholly rt^written. 8to, Part I. (the 
ftnt half of the work) 6«. 6dL doth. 

LIEBIG'S RESEARCHESINTO 
THE MOTION OF TUB JUICES 
IN THB ANIMAL BODT. 8vo, 

CHEMISTRY IN ITS APPLI- 

CATION TO AGRirULTURE AND 
PHYSIOLOGY. By Jusrtn Ltsam, 
M.D. Edited, firom thn Maaneoipt of 
the Author, by Lyon PnvrAin, Ph. D., 
and Wm. Gre4x>rt, M.D. Fourth 
Edition, reriaed. Cheap Isaoe. Bto, 
8a. 6il. doth. 

DYEING AND CALICO 

PRINTING. Bv Edward Akdkbtw 
Parmkll, Author of Elenienu of 
Chemieal Analysis." {ReprinUd from 
Fhmell'a ** Applied Chemistry in llann* 
fjirtures, Arts, and Domestic Economy, 
1844.") With lUuitrationa. 8vo, 7a. 
doth. 



OUTLINES OF THE COURSE 

OP QUALITATIVE ANALYSIS 

followed in the Giessen Laboratorr. 
By Ukmry Wiu., Ph. D., ProfoH^ 
SSctraordlnary of Cbeniiby fa the 

University of Giossen. With a preface 
by Baron Liedig. 8vo, G^., or with 
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